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PREFACE 


My chief excuse for writing a book on the Properties of Steam is 
that the greater part of my life has been devoted to experimental 
and theoretical researches directly bearing on the subject, and to 
the training of rising engineers in physics and thermodynamics. 
The investigation of the properties of matter is the province of 
th(5 physicist rather than of the engineer, and it is appropriate that 
the j)hysicist should occasionally take a hand in discussing the 
application of the results to engineering problems. The discussion 
has been restricted to problems depending primarily on the pro- 
perties of the working fluid, which are of fundamental importance, 
but arc necessarily relegated to a secondary place in works dealing 
with the details of construction of machines. I hope for this reason 
that the present work may prove a useful supplement to treatises 
on Steam Power written from the engineering standpoint. 

In the twenty years which have elapsed since the first publica- 
tion of my equations for steam, the importance of the thermo- 
dynamical aspect of the problem has been more widely recognised. 
The extensive adoption of the turbine has raised a number of new 
problems, and many important researches have been published 
on the physical side. It was frequently suggested that my tables 
were becoming out of date and inaccurate in the light of subsequent 
knowledge, and already required serious alteration and revision. 
The Original papers explaining the theory appeared in a variety 
of pulilieations, some of which were difficult of access and were 
frecpicntly misquoted. This gave rise to a number of misappre- 
hensions which it was important to remove. I felt that I owed a 
duty to those who had done me the honour to adopt my system, to 
writ e a eonucjctcd account of the theory and experiments on which 
it was based, to show how well it fitted with subsequent work, and 
how the cipiations and tallies might best be applied to more recent 
developments. The defence of my work against common mis- 
apprehensions necessarily gives the book a personal character, 
which may lie distasteful to some readers. In view of the circum- 
stances, this was unavoidable, but it is less to be regretted because 
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most of the objections raised afford good illustrations of thermo- 
dynamical principles and methods, which might otherwise appear 
devoid of practical interest. 

I have been blamed in some quarters for delay in answering 
objections, which have sometimes :|3een accepted as sound on 
account of my silence. This book was to have appeared in 1915 at 
the same time as the Steam Tables, but owing to the occupation of 
our buildin;^ and equipment by Research Departments of the 
War Office, etc,, my own time was entirely devoted to the work 
of national defence, and the absence of the junior staff on war 
service made it very difficult for me to obtain any assistance in the 
exacting work of revising the figures and calculations. The Table 
of Heat-Dro|), VIII, in Appendix III, was calculated by my son 
G. S. Callendar, Sub.-Lieut., R.N.V.R. (now a first year student 
of the Imperial College). I have also to thank Miss M, Reeks, 
Technical Artist of the Imperial College, for valuable assistance 
in preparing some of the figures and diagrams. With these excep- 
tions I am solely responsible for any mistakes or imperfections in 
the work, which I trust may be pardoned on account of the troublous 
conditions under which it was completed. 

In the latter portion of the book, dealing with the Thermo- 
dynamical Theory of Turbines, some new methods have been 
introduced which I hope may prove useful to engineers. These are 
necessarily of a somewhat tentative character on account of the 
scarcity of suitable experimental data, but the residts seem to 
correspond with practice so far as they can be tested, and it appears 
possible that they may have a wider application. An attempt has 
also been made to calculate the effects of superheat and super- 
saturation in a consistent manner. The latter have akeady been 
recognised by engineers, notably by Mr H. M. Martin in his New 
Theory of the Steam Turbine, but they appear to be more amenable 
to calculation than is usually supposed and to afford a promising 
field for experimental investigation. 

H. L. CALLENDAR. 


Oct. 1920 . 
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INTRODUCTOEY 

NOTATION, UNITS AND CONSTANTS 

I. International Notation. The symbolic notation adopted 
in this work is based as far as possible on the recommendations of 
the International Commission for the Unification of Physico- 
Chemical Symbols made at the meeting in Brussels in Sept. 1913. 
The list given in their report has been supplemented and extended 
along consistent lines by a special Committee of the Physical 
Society of London {Proc. Phys. Soc. 27, p. 205, 1915). The list is 
fairly complete as regards the science of heat, but the Committee 
recognise the necessity of using the same symbol with different 
meanings in different parts of a subject. A few such cases are 
indicated in the following list, with references to the chapters and 
sections in which the symbols occur. 

Alphabetic Index of Symbols 

A = IjJ, reciprocal of mechanical equivalent of heat (II, § 8). 
a = numerical factor for reducing PF to heat units (IT, § 8). 

B = constant of integration in expressions for E and H (III, §§ 19, 26). 
h = covolume in characteristic equation (III, §§ 24, 28). 

O = cooling-effect of Joule and Thomson (III, § 23). 

(Also consumption per horse-power-hour for a turbine (XV, § 161).) 
c = coaggregation volume in characteristic equation (III, § 28). 

D = finite drop or difference, e.g. DH = heat-drop (XIII, § 140). 

(Also diameter of a rotor or cylinder (XV, § 156).) 
d = differential sign denoting an infinitesimal difference. 

E = intrinsic energy of vapour per unit mass in heat units (II, § 8). 
e = base of natural or hyperbolic logarithms. 

F{)= symbl)l for function, e.g. Carnot’s function (VII, § 63). 

F = relative efficiency, of a turbine (IX, § 94). 

/ - stage efficiency at any point of the expansion (XI, §§ 127-128). 

G = - H, Gibbs’ function or thermodynamic potential (VII, § 69). 

g = acceleration of gravity (I, § 2). 

H ■- E + aPY, total heat of vapour (II, §§ 8, 14). 
h = total heat of liquid under saturation pressure p (II, § 11). 

J = mechanical equivalent of heat (I, § 5). 

- 1 
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1 and 0 are not used as symbols owing to confusion with numerals I and 0. 

K and k (not being required in the present Avork for thermal conductivity and 
diffusivity, as recommended by the Committee) are employed for 
occasional constants and constant coefficients in the equations. 

L ™ latent heat of vaporisation in thermal units (I, § 7; II, §§ 16-18). 

I ~ leakage clearance in a turbine (XV, § 157). 

M - mass-flow (lbs./.sec. or kg./sec.) (X, § 99). 

in = index in equation PV — kP\ or H - B ~ kpm (jx, § 95). 

N number of .stages or pairs in an expansion (XI, § 126). 
n = index in c = c„ (Tg/Tr.BolB = n + 1 = 13/3 for steam (I, § 7; III, § 28). 
P = pressure of vajjour generally under any conditions. 
p = vapour-pressure of liquid, or saturation-pressure of vapour. 

Q = quantity of heat supplied per unit mass in thermal units (II, § 9). 

<] = quality, or dryness-fraction of Avet steam (VII, § 66). 

R = gas-constant, or limiting A^alue of aPV/T at Ioav pressures (I, § 7). 

(Also used for rev./min. of a turbine (XV, § 156).) 

T = ratio of expansion or pressure (XII, § 135; XIII, § 143). 

(Also used for radius of a wheel or tube (XI, § 129), etc.) 

S = specific heat of vapour at constant pressure (III, § 19). 
s = minimum specific heat of liquid (II, § 12). 

T = temperature reckoned from absolute zero (I, § 7). 

t = temperature reckoned from 0° Centigrade or Fahrenheit. 

TJ ~ velocity of fluid, ft./see, or metres/sec. (II, § 10; X, § 98). 
u = velocity of blades in a turbine (XI, § 114). 
ir = work done by vapour (II, § 10; VII, § 63; IX, § 84, etc.). 
w = work done on liquid in feed-pump (IX, § 93). 

X = cross-section of nozzle or annular area in a turbine (X, § 99). 

X = linear dimension of nozzle or annular area (XI, § 126, etc.). 

Y = surface tension of liquid (X, § 102). 
y = capillary elcA’-ation (VIII, § 80). 

Z = dimensional constants (XIV, § 145). 

2 = velocity ratio (XI, § 114, etc.). 

a = discharge angle with axis. 

iS = discharge angle with blade-ring (XI, § 115). 

7 = index in adiabatic equation PFv = X (X, § 99). 

7T = ratio of circumference to diameter. 

S = symbol of summation of finite quantities (XV, § 156). 

$ = entropy of vapour. 

^ = entropy of liquid (VII, § 66). 

It is a matter of practical convenience to represent corre- 
sponding quantities for the vapour and liquid as far as possible by 
capitals and loAver-case symbols respectively, because these com- 
monly occur together in the same equations, and would otherAvise 
have to be distinguished by using different letters, or by suffixes, 
Avhich are frequently required for other purposes. It is not un- 
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common in many books to see two or even three suffixes attached 
to the same symbol, which is extremely confusing to the reader, 
in addition to being troublesome to write or print. 

Initial and final states in expansion may conveniently be dis- 
tinguished by single and double dashes, provided that these do 
not interfere with numerical indices representing powers. Thus 
V', v', represent initial volumes of vapour and liquid at P', T', 
and V", v", the final volumes at P", T". Initial or limiting values, 
defined by the vanishing of some other quantity, are denoted by 
the suffix (o), thus is the limiting value of (S' at P = 0, and 
is the initial value of the total heat at zero velocity (C7 = 0) in 
flow through a nozzle. The suffix (J is employed for indicating the 
state of dry saturated steam, thus F^, are the volume, 

total heat, and entropy of dry saturated steam. The suffix (g) is 
similarly employed to imply that the steam is wet, but these 
suffixes may be omitted if the state is otherwise obvious, especially 
in the case of the liquid, for which h and v are always required under 
saturation pressure p. 

Abbreviations and References. The three systems of units 
most "I'ommonly employed by engineers, are indicated by the 
abbre-^iations, K.M.C., F.P.C., and F.P.F., as explained in the 
next section. 

References to scientific papers in periodicals are generally given 
in the form adopted by Science Abstracts, the editors of which have 
had great experience in this respect. 

The author’s original papers explaining the theory, which 
appeared (1) in the Proceedings of the Royal Society, Vol. 67, pp. 266- 
286, June, 1900, and (2) in the articles. Calorimetry, Thermometry, 
Thermodynamics, and Vaporisation in the Encyclop)aedia Britannica, 
10th edition, 1902, requiring frequent citation, are referred to in 
the present work by the abbreviations (P. S. 1900), and {E. B. 1902), 
respectively. 

A list of other scientific papers by the author, directly bearing 
on the subject of this work, is given at the end of the book. The 
reader must refer to these papers for experimental details which, 
though essential to accuracy, are not of sufficient general interest 
for reproduction. 

Cross references in the body of the work are generally made to 
the sections, which are numbered continuously throughout the 
book. The equations and tables in each chapter are numbered in 
separate series, and are referred to when necessary by the munber 
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of the chapter in roman type with the number of the equation in 

brackets. , ■ . , 

In order to avoid repetition, the majority of the purely m^^ie- 
matical relations required in the course of the work, are collected 
in Aupendix I, Thermodynamical Relations, where they are de- 
veloi)ed as a connected series. It is hoped that this procedure wi 
render the relations themselves more intelligible to the student, 
and will ser^■e as an introduction to the practical use of partial 
differential coefficients in thermodynamics. 

Directions with regard to the use of the Steam Diagram, issued 
with tins book, are collected in Appendix II ; and the Steam Tables, 
with a summary of the more important equations, are collected in 
Appendix III to facilitate reference. The greater part of these two 
appendices has already been published separately (Edward Arnold, 
1915). 


2. Systems of Units. One of the chief difficulties in reducing 
the results of different experimentalists, or comparing values given 
in different Steam Tables, arises from the fact that they are often 
expressed in different systems of units, and that the fundamental 
quantities involved are not always defined in precisely the same way. 
It is therefore necessary to explain with some care the system of 
units adopted as the basis of the present work, the selection of 
the fundamental constants from experimental data, and the theory 
by which the values given in the tables have been calculated. 

The Centimetre-Gramme-Second, or C.G.S. system of units, is 
now almost exclusively adopted for scientihc purposes, and is 
generally used, in conjunction with the Centigiade scale of tem- 
perature, for expressing the results of the most accurate experi- 
ments. But the systems most in vogue among steam-engineers are 
(1) the Foot-Pound-Fahrenheit (F.P.F.) system, (2) the Foot- 
Pound-Centigrade (F.P.C.) system, and (3) the Kilogramme-Metre- 
Centigrade (K.M.C.) system. The K.M.C., or Metric system, is 
naturally employed by Continental nations who have adopted 
the metric system of weights and measures for all their machines 
and measuring instruments. The F.P.F., or British system, was 
at one time exclusively adopted by engineers in English-speaking 
countries, where nearly all the machines and measuring instruments 
are still constructed and graduated according to the British system 
of weights and measures, and where the Fahrenheit scale is the 
most familiar scale of temperature. The F.P.C. system is now largely 
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employed in English text-books, and is gradually displacing the 
F.P.F. system among engineers, owing to the superior simplicity 
of the Centigrade scale, and the great convenience of expressing 
all quantities of heat-energy by the same numbers as those employed 
by Continental engineers and in accurate scientific work. It is a 
comparatively simple matter to change the thermometric scale, but 
it is out of the question at present to discard the foot and the pound, 
which are in other ways very convenient units for steam. The Foot- 
Pound-Centigrade system has accordingly been adopted for general 
purposes in the present woi’k as the most suitable compromise, 
because it greatly facilitates reduction to either of the other systems 
when exact comparisons are required. But in the majority of 
important cases the corresponding values .and formulae in the 
other two systems have also been given. 

Reduction Factors. In constructing the Steam Tables, the 
following factors have been employed as being sufficiently accurate 
for the purpose in reducing and comparing experimental results 
expressed in different systems. 

Length, 1 foot = 0-304800 metre, 

Mass, 1 pound = 0-453592 kilogramme, 

from which we obtain the factor for Density or Specific Volume, 

Density, 1 pound per cu. ft. == 16-0184 kilos per cu. metre. 

Specific Volume, 1 cu. metre per kilo. = 16-0184 cu. ft. per lb. 

The unit of Pressure, expressed in terms of weight per unit area, 
(pounds per sq. in., or kilograms per sq. cm.) depends on the value 
of the intensity of gravity assumed at the place of observation. 
English engineers generally take the intensity of gravity at mean 
sea level in London as the standard. The value of gravity varies 
appreciably along any given parallel of latitude, so that it is 
necessary to specify a particular place or value assumed. American 
and Continental engineers generally take the conventional value 
of the acceleration of gravity at sea level in latitude 45°, namely 
980-665 C.G.S. The acceleration of gravity at sea level in London 
exceeds this conventional value by 1 part in 2000, or may be taken 
as 981-16 C.G.S. with an accuracy sufficient for the present purpose. 
This is equivalent to 32-190 ft./sec.^. One pound per sq. in. at 
London, and one foot-pound at London have been taken, in the 
tables as the units of pressure and work. The values of pressure 
given in the tables must accordingly be increased by one part in 
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2000 if it is required to reduce them to the corresponding con- 
ventional values in latitude 45°. 

The reading of a pressure-gauge generally represents the 
differenee from atmospheric pressure at the time of observation. 
The pressure in excess of atmospheric is commonly called the gauge- 
pressure, the defect below atmospheric pressure is commonly 
called the vacuum. 

The absolute pressure reckoned from zero is the quantity re- 
quired in most calculations and experiments. To find the absolute 
pressure it is usually necessary to read the barometer, and deduce 
the atmospheric pressure by applying suitable corrections for 
temperature and gravity. The absolute pressure is deduced by 
adding the atmospheric pressure (expressed in the same units) to 
the gauge-pressure, or by subtracting the vacuum from the 
atmospheric pressure. 

Readings of gauge-pressure or vacuum are often stated with 
reference to a barometric standard of 30 inches of mercury, which 
at 62° F. is equivalent to 14-690 Ibs./sq. in., or is practically equal to 
one standard atmosphere in the latitude of London. But 80 inches 
of mercury at 0° C. or 32° F. is equivalent to 14-780 Ibs./sq. in., 
which is appreciably different. 

Barometers for meteorological purposes are often graduated in 
millibars, 1000 millibars being equal to the C.G.S. atmosphere of 
one megadyne per sq. cm., which is very nearly equivalent to 
750 mm. of mercury at 0° C. in latitude 45°, or to 14-496 Ibs./sq. in. 
in London. 

The reading of the barometer, and the correction of mercury 
columns for temperature, are frequently of considerable importance 
at low pressures. Thus at 28 inches vacuum an error of a tenth 
of an inch in both barometer and vacuum-gauge may make an 
error of 10 per cent, in the corresponding value of the absolute 
pressure. 

High pressures are frequently stated in atmospheres, and low 
pressures sometimes in percentage of an atmosphere. It is desirable 
in such cases to specify the kind of atmosphere intended. The 
term atmosphere should not be used as synonymous with a pressure 
of 1 kg./sq. cm., which differs by 3-3 per cent, from the standard 
atmosphere of 760 mm. 

The temperature of 100° Centigrade is defined as being that at 
which the pressure of saturated steam is one Standard Atmosphere, 
or is equivalent to a column of mercury 760 mm. high, of standar 
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density 13-59545 grams per cu. cm. (corresponding to 0° C.), at a 
place where the acceleration of gravity is 980-665 C.G.S. This 
pressure is equivalent to 14-6890 pounds weight per sq. in. at 
London, or to 14-6964 in latitude 45°. 

We have therefore the following reduction factors for pressure 
and work, 

1 atmosphere (760 mm. Hg, lat. 45°) = 14-6890 Ibs./sq. in. (London), 
1 Ib./sq. in. (London) = -070807 kg./sq. cm. (London), 

„ = -070342 kg./sq. cm. (lat. 45°), 

1 foot-pound (London) = -138255 kilogrammetre (London), 

„ „ = -138324 „ (lat. 45°). 

3. Units of Heat. It is taken as axiomatic that the quan- 
tity of heat required to raise the temperature of a given mass of a 
particular substance through a given range must always be the 
same under the same conditions, and may therefore be made the 
basis on whieh quantities of heat are measured. 

The -unit of heat generally adopted in scientific work is the 
quantity of heat required to raise the temperature of 1 gramme of 
water under a constant pressure of 1 atmosphere by 1° C., measured 
on the scale of the standard hydrogen thermometer in the neigh- 
bourhood of some particular temperature, generally either 15°, 
or 20° C. These two units differ slightly in value and are generally 
referred to as the “gram-calorie at 15° C.” and the “gram-calorie 
at 20° C.” respectively when great precision is required. Instead 
of the gram, the kilogram, or the pound, may be taken as unit of 
mass, in which case the unit is called the “kilocalorie” or the 
“pound-calorie.” 

The British thermal unit, or B.Th.U., is defined in practically 
the same way in terms of the pound and degree Fahrenheit. It is 
seldom used for scientific purposes, but may be taken as f of the 
pound-calorie under similar conditions. 

The calorie at 20° C. is the most suitable unit for accurate 
calorimetric work at ordinary temperatures. But for expressing 
the properties of steam, the Mean Calorie, which is generally 
defined as one-hundredth part of the quantity of heat required to 
raise the temperature of unit mass of water from 0° to 100° C., is 
the most convenient unit. The mean calorie has the advantage 
that its definition depends only on that of the fixed points, and 
that it simplifies the expression for the “heat of the liquid.” This 
unit has accordingly been adopted as the basis of the present work. 
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4. Variation of Specific Heat of Water. The relation 
between these units of heat is of primary importance in accurate 
calorimetry, and is required in the construction of steam tables 
for determining the values of the fundamental constants to be 
employed. Since the accurate comparison of the units of mass 
jDresents no difficulty, the problem is reduced to that of determining 
the variation of the specific heat of water with temperature mea- 
sured on the gas-scale. It might be thought at first sight an easy 
matter to determine the required variation by simply mixing known 
quantities of water at different temperatures in a calorimeter. 

But wdien this is done at temperatures above 50° C, the thermo- 
metric difficulties are considerable, and the calorimetric errors due 
to evaporation or to heat-loss in transference of the hot water to 
the calorimeter, become so uncertain that this method has led, 
even in the hands of skilful experimentalists, to most discordant 
results. The experiments of Regnault were most carefully per- 
formed, and were for many years accepted as the standard, but 
he was ^unable, owing to the defective state of thermometry, to 
detect with certainty any variation of the specific heat of water 
between 0° and 100° C., or any systematic divergence of the scale 
of the mercury thermometer from the gas-scale between these 
limits. From his experiments on the total heat of water between 
100° and 200° C., he was led to infer a gradual rise of specific heat 
from 0° to 100° C,, but his experiments failed to give any direct 
or reliable information with regard to the variation of specific 
heat between 0° and 40° C. In calorimetric work a great deal 
depends on the accurate observation of small differences of tem- 
perature, for which the mercury thermometer is not well suited, 
owing to its errors of stem-exposure, and to its temporary varia- 
tions of zero, which had not been sufficiently studied in Regnault’s 
time. Even when special attention has been paid to these thermo- 
metric difficulties, as in Liidin’s experiments (Inaugural Disserta- 
tion, Zurich, 1895), the method of mixtures has not given satis- 
factory results. Thus Liidin’s observations show a rapid fall of 
specific heat near the boiling-point, which is probably erroneous. 

The most consistent results have been obtained by observing the 
rise of temperature due to the supply of measured quantities of 
electrical or mechanical energy. These methods are intimately 
associated with the determination of the mechanical equivalent j 

of heat, a problem of primary importance in the theory of the 
steam-engine, which requires more detailed consideration. i 
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5- The Mechanical Equivalent of Heat. .Toil It* showed 
jy a considerable variety of experiments between the years 184-2- 
1850 that, whenever heat was generated by friction, the quantity of 
heat produced was, within the limits of experimental error, pro- 
portional to the quantity of mechanical work expended, and was 
independent of the nature of the materials employed and of other 
conditions. He also showed that the same coefficient of propor- 
tionality between work and heat applied when the conversion was 
effected by means other than friction. His final result, obtained by 
fiiction of water {Phil. Ti'ans., 1850), was that 772’5 foot-pounds 
of work at Manchester were equivalent to the quantity of heat 
required to raise one pound of water 1° F. in temperature at 62° F. 
on the scale of his mercury thermometers. At a later date, when 
the absolute value of the British Association Unit of electrical 
resistance had been determined, experiments by the method of 
electric heading were found to give a smaller result than Joule’s for 
the mechanical equivalent. At the request of the British Association 
Joule accordingly repeated his experiments in 1878 on a larger 
scale, but found the same result as before. The error was subse- 
quently found to lie chiefly in the determination of the B.A. unit 
of electrical resistance. Joule’s result, when reduced to the scale 
of the gas-thermometer and latitude 45°, must be raised to about 
776 foot-pounds per pound-Fahrenheit unit, but this correction is 
somewhat uncertain as the scale of his mercury thermometers 
could not be tested under the exact conditions of the original 
experiments. 

Rowland, in repeating Joule’s experiment in 1879 on a larger 
scale, with many refinements, over an extended range of tem- 
perature from 5° to 35° C., discovered the previously unsuspected 
fact, of vital importance in accurate ealorimetry, that the specific 
heat of water diminished from 5° to 30° C. by nearly 1 per cent., 
instead of increasing continuously from the freezing point as had 
previously been assumed. Flis experiments were probably most 
accurate in the neighbourhood of 20° C., where the uncertainty of 
reduction is of the order of 1 in 2000 only. He made the kilocalorie 
at this temperature on the gas-scale equivalent to 426-2 kilogram- 
metres in latitude 45°, or the pound-Fahrenheit unit equivalent 
to 776-8 foot-pounds under the same conditions, a result agreeing 
remarkably well with that of Joule. 

Expressed in absolute units on the C.G.S. system, which are the 
most convenient and the most commonly adopted for comparison, 
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Rowland’s value of the equivalent of the gram-calorie at 20° C. 
is 4'*180 joules, the joule being defined as 1 watt-second ol electric 
energy, or 10'^ ergs C.G.S. 

The equivalent of the mean thermal unit (0° to 100° C.) in 
mechanical energy was directly determined by Reynolds and 
Moorby [Phil. Trans., 1898) by heating a measured stream of water 
from the freezing to the boiling point in a Froude-Reynolds 
hydraulic brake mounted on the shaft of a 100 H.P. steam-engine. 
In spite of the difficulties of accurate measurement on so large a 
scale with the calorimeter at the boiling-point, they succeeded in 
obtaining a result comparable in accuracy with that ol Rowland 
at ordinary temperatures. When allowance is made for the fact 
that the water was not supplied exactly at the freezing point (where 
its specific heat varies somewhat rapidly with temperature) tire 
value which they gave the mean gram-calorie in absolute units 
may be taken as 4T84 joules, which is equivalent to 426-6 kilo- 
grammetres per kilocalorie, or to 777-6 foot-pounds per B.Th.tJ. 
in latitude 45°. In order to compare this result with that of Row- 
land, it is necessary to know the variation of the specific heat from 
0° to 100°, or at least the ratio of the specific heat at 20° C. to tire 
mean over the whole range. Liidin’s formula {loo. cit.) gives 1-0063 
for the ratio of the mean calorie^.to that at 20° C., which would 
make the mean-calorie equivalent to 4-206 joules, if the calorie 
at 20° C. is 4-180. The discrepancy between 4-206 and 4-184 is 
beyond the probable limits of error of Reynolds’ and Moorby’s 
experiments, and may be taken as an indication that Liidin’s 
formula is incorrect. Better agreement has been obtained by 
electrical methods of measurement. 

6. Electrical Methods of Calorimetry. Griffiths [Phil. 
Trans., 1895), and Schuster and Gannon {Phil. Trans., 1896) 
measured the rise of temperature produced by passing an electric 
current through a resistance immersed in water in a calorimeter, 
and deduced values of the mcclianical equivalent of the gram- 
calorie from those of the electrical standards employed. If their 
residts are corrected for an error (at that time suspected, and 
subsequently proved) in the electromotive force of the Clark 
Standard cell, they become 

Griffiths, gram-calorie at 20° C. = 4-187 joules, 

Schuster and Gannon, gram-calorie at 19° C. '= 4-188 joules. 
Griffiths’ observations extended over the range 15° to 25° C. and 
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conJirmed Rowland’s results for the diminution of the specific heat 
of water over this range of temperature. 

In the continuous electric method^'' of Callendar and Barnes, 
a steady current of water passing through a fine tube is heated by 
an electric current through a central conductor. The difference of 
temperature between inflow and outflow is taken by a single reading 
of a pair of differential platinum thermometers, which permits a 
much higher order of accuracy than is obtainable with mercury 
thermometers. The annexed Fig. 1 shows a diagram of the 
arrangement. The flow-tube and thermometer pockets at either 
end are hermetically sealed in a vacuum- jacket to minimise external 
loss of heat. The method possesses special advantages for observing 
the variation of the specific heat, because the external water 
jacket surrounding the calorimeter can be maintained by a regu- 
lator at any temperature at which the specific heat is required. 
The absolute electromotive force of the standard cells employed 
was determined at the same time by Kingf with an clectrodynamo- 
meter specially designed by the author for the purpose, and was 
probably correct to 1 in 1(),00(). King’s work has recently been 
verified by Prof. Norman Shaw:[;, who has succeeded in obtaining 
a very high order of aecuracy with the same instrument. 

The results obtained by this method for the specific heat of 
water at various temperatures are indicated in Fig. 2. The values 
of the total heat deduced from the specific heat agreed with 
Rowland’s values to one-hundredth of a calorie over the range 5° 
to 30° C. The result obtained for the equivalent of the mean gram- 
calorie over the range 0° to 100° C., was 4-1868 joules, exceeding 
that found by Reynolds and Moorby by less than 1 in 1000, which 
is probably within the limits of error of their experiments. 

Dieterici {Ami. Phys., 16, p. 598, 1905) employing an electrical 
method with an ice-calorimeter, reading to about 1 in 1000, subse- 
quently found the result 4-1925 joules for the equivalent of the 
mean gram-calorie. 

Adopting the value 4-1868 joules as the equivalent of the mean 
gram-calorie in absolute units, we ol)tain the following value for 
the pound-calorie : 

1 mean Pound-Caloric (0° to 100° C.) - 1400-00 foot-pounds 
(London). 

* Callendar and Barnea, B. A. Reports, 1897, p. 662, and 1899, j). 624; Phil. 
Trans., 1902, pp. 68-263; also Bakerian Lecture, Phil. Trans., 1913, pp. 1-32. 

t Phil. Trans., 1902, p. 81. 

% Phil. Trans. A, 214, pp. 147-198. 
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Owing partly to the great convenience of having an exact 
round number for the mechanical equivalent, this value has been 
adopted in the present work. The corresponding value in latitude 
45° would be 1400-7 foot-pounds, and for other units 

1 mean B.Th.U. = 1400 x = 777-78 foot-pounds (London) 

_ 778-17 foot-pounds (lat, 45°), 

1 mean kilocalorie = 426-93 kilogrammetres (lat. 45°). 

7. The Absolute Scale of Temperature. A necessary pre- 
liminary to all accurate calculations for gases and vapours is the 
definition of the scale of temperature employed. This is generally 
defined in practice as that of the hydrogen thermometer below 
100° C., and as that of the nitrogen thermometer at higher tem- 
peratures. A discussion of all the available data in a paper* read 
before the Physical Society of London in March 1901 led to the 
conclusion that intervals of temperatures reckoned on these 
thermometers from the freezing point upwards agreed with the 
absolute thermodynaznic scale almost, if not quite, within the 
limits of error of experiment. It is generally assumed that thermo- 
metric readings are reduced to the scale of one of these gases, and 
it would be useless lor the present piu’jzose to attempt further 
reduction to the absolute scale. Since gas thez-morneters arc quite 
unsuitable for the majority of experiments, tlie reduction to the 
hydrogen or nitrogen scale is gezierally effected in practice by 
comparison with a platinum thermometer, or preferably by tlie 
direct use of a platinum thermometer, if aceurzicy is required. If 
the reading of the platinum thermoracter pt reduced to true 
temperature t by means of the formulat, 

t - pt - 1-50^ {t - 100) X 10~^ 

the experience of many independent observers has shown that the 
values of t obtained agree with temperatures on the absolute scale 
within the probable limits of error of experiment. 

The value of the freezing-point of water in degrees Centigrade 
reckoned from the absolute zero of temperatiii’e, or the number to 
be added to the temperature t reckoned from 0° C. in order to 
obtain the temperature T on the absolute scale, was taken as 

* Published Phil. Mag., Jan. 1903. 

-j- Phil. Trans. A, 1887. This scale has recently been adopted by the Reichs- 
anstalt, Berlin, April 1, 1916, as the official scale of temperature for accurate 
testing of thermometers. 


15 


I] NOTATION, UNITS AND CONSTANTS 

273-0 in the author’s original paper {R. S. 1900), in accordance 
with the value given by Lord Kelvin (E. B. 1882). It was shown, 
however, in the paper above referred to, that the true value was 
certainly within two or three-hundredths of a degree of 273-10. 
Ihe difference is quite appreciable in accurate reductions, and the 
value 273-10 has accordingly been employed for the present work. 
Ihis value has been verified, within the above limits, by many 
subsequent computers, though the exact values given are to some 
extent a matter of taste, depending on the weights attached to 
the various series of observations on which the result is based. We, 
therefore, employ the formulae 

T + 273-10° C. - i 459-58° F. 

Most of the fundamental constants required in calculating the 
pioperties of steam depend directly or indirectly on the values 
selected for the mechanical equivalent and for the absolute zero 
of temperature, as well as on the unit of heat. The determination 
of each constant is liable to errors of experiment, which will be 
discussed in the following chapters. For these reasons the absolute 
values, even of the best determined constants, such as R and L 
at 100° C., are uncertain by at least 1 part in 2000. But in order 
to obtain relative values in the tabulation of the various properties, 
sufficiently exact and consistent for the investigation of problems 
depending on small differences, it is necessary to take the values 
of the fundamental constants to five significant figures, and to 
work the results in each case to a hundredth of a thermal unit. 

I he values a,dopted for the most important of these constants 
are : 

Latent heat at B.P., L = 539-30 C., = 970-74 F., 

Gas constant for steam per unit mass, R = 0-11012, 

Specific heat at zero pressure, A,, = 0-47719, 

Ratio 1 = 13/3, Index - 10/3. 

The value of L depends on the scale of temperature, whether 
Centigrade or I ahrenheit, but those of R and Sq are independent 
of the temperature scale, and are the same in all practical systems 
of units, when expressed in terms of thermal units per degree. The 
value of R for steam can be estimated from the molecular weight 
in terms of hydrogen and oxygen. The limiting value oiaPVjT = R 
at low pressures is found for or Ng by calculating the value at 
N.T.P . from the observed density, and correcting the value of PV 
to zero pressure by Amagat’s coefficient. The value of R for steam 
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is found by multiplying the result for by the ratio Oa/HgO of 
the molecular weights. Values obtained in this way from different 
data agree to about 1 in 2000. The value of Sq is variable to a 
slight extent with temperature, but the range of variation according 
to different experiments is uncertain, and is of little practical 
impoitance for the present purpose. A mean value is accordingly 
selected, having a simple ratio to R, in order to simplify the adia- 
batic equation, as explained in Chapter III, § 25. 


CHAPTER II 


V THE TOTAL HEAT OF WATER AND STEAM 

8. Intrinsic Energy and Total Heat. In accurate calori- 
metric work, especially with gases and vapours, it is often important 
to define the exact nature of the quantity measured, which depends 
on the conditions of pressure and volume as well as on the tem- 
perature. 

The quantity of energy existing in a body in a given state is 
called the internal or intrinsic energy, and is denoted by the symbol 
E when measured per unit mass. The intrinsic energy E per unit 
mass is commonly expressed in thermal units, e.g. in pound- 
calories Centigrade per pound, but the Centigrade unit of intrinsic 
energy may be more briefly referred to as the calorie-Centigradc, 
because it is obviously independent of the unit of mass. The 
number representing the intrinsic energy of any substance in a 
particular state is evidently the same whether expressed in pound- 
calories per pound or in kilogram-calories per kilogram, provided 
that the same scale of temperature is employed in both cases. 
When however it is required to reduce the intrinsic energy ex- 
pressed in Centigrade calories to British thermal units, the value 
in Centigrade calories must be multiplied by the factor 1-8 or | to 
reduce to the Fahrenheit scale. 

The state of a substance may in general be sufficiently defined 
by the pressure P and the volume V of unit mass. The product PV 
has a definite value for any particular state of the substance 
considered, and represents the work done in forcing unit mass into 
an enclosure against a steady pressure P. The product PF is ob- 
tained in foot-pounds if the pressure is expressed in pounds weight 
per sq. ft. and the volume V in cubic feet. More commonly the 
pressure is expressed in pounds per sq. in., in which case the work 
done is 14<4PF foot-pounds. This may be reduced to its equivalent 
in mean pound-ealories by dividing by 1400, the equivalent of the 
mean calorie in foot-pounds. The letter A is very commonly 
employed to represent the reeiprocal of the mechanical equivalent 
(in this case 1/1400), which has different numerical values in 
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different systems of units. The letter a will be employed to denote 
the numerical factor (144/1400 on the F.P.C. system, or its equi- 
valent in other systems) required to reduce the product PV to 
calories when P and V are expressed in arbitrary, units. Ihesc 
numerical factors are very often omitted altogether in books on 
thermodynamics, because it is tacitly assumed that all the terms 
in any physical equation must be expressed in the same units; 
but in a work like the present it will be more convenient to indicate 
them by special symbols {a, etc.) explicitly in the equations. 

The reduction factor a is that most often required in thermo- 
dynamical equations. Nearly all the equations in this book will 
give consistent results in any practical system of units, not only 
for P or F, but also for any of the other quantities concerned, 
provided that the appropriate numerical value of the reduction 
factor a is employed for each system. 

When the unit of II or E is the mean calorie Centigrade, the 
values of the reduction factor a are as follows for various units of 
I* and V, as previously defined 


Unit of P 

Unit of V 

Unit of P V 

Value of a 

lloci],)rocal 
of a 

Bystom of 
units 

1 Ib./sq. in. 

1 kg./sq. cm. 
760 mm. Hg 
] mm. Hg 

1 in. Hg 

1 ob. ft./lb. 

1 cb. m./kg. 

1 litre/gm. 

1 cb. cm./gm. 

1 cb. ft./lb. 

144 ft. Ibs./lb. 
10000 kgm./kg. 
101-33 j,/gm. 
1333-3 erg/gm. 
70-7 ft. lbs./lb. 

144/1400 

10000/426-7 

24-20 

3-185 xl0“® 
0-0606 

9-7222 

0-04267 

0-04132 

314.00 

19-80 

F.P.C. 

K.M.O. 

Atmo-litro 


When the unit of II is the mean B.Th.U., the value of a on the 
F.P.F. system (with P in Ibs./sq. in.) is 144/777-8 = 1/5-4012. If 
the unit of P is the weight of unit mass on one face of the unit cube 
(e.g. 1 Ib./sq. ft. with V in cu. ft./lb.) the value of a is the reciprocal 
of J; but this unit of pressure, though often employed in equations, 
is inconvenient in practice, and is seldom used in graduating 
pressure-gauges. 

In writing an equation, it is usually most convenient to insert 
the factor a explicitly, as in aPV, but in working a term of this 
form, or of the form liJaV, on a slide-rule, it is generally more 
convenient to employ the reciprocal of a, as given in the above 
table, because the operation P (1/a) x V, or E'-h V x (1/a), 
requires fewer settings of the slide than the direct multiplication 
a X P X F, or the division E ^ a V. 

The value of a in any other sys tem of units is the ratio of the 
work equivalent of the product of the units of P and F to the 
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mechanical equivalent of the thermal unit expressed in the same 
work units as PV. 

The necessity of repeating an equation in different systems of 
units is in most cases avoided by inserting the symbol a for the 
reduction factor. This method will be found to save a great deal 
of uncertainty and loss of time in the numerical application, and 
in the comparison of results of different experiments, expressed 
in various systems of units. 

The intrinsic energy E may also be expressed in foot-pounds or 
other units of work by multiplying the value in thermal units by 
the appropriate value of the mechanical equivalent J, or dividing 
by A. It may also be directly measured in mechanical units by 
electrical or mechanical methods. But it is most commonly ex- 
pressed and measured in thermal units, and it may be assumed that 
it is expressed in Centigrade calories throughout this work unless 
it is otherwise specifically stated. 

The total heat denoted by II is defined as the sum, E + aPF, 
of the intrinsic energy E and the work aPV expressed in the same 
units. The total heat is the quantity generally tabulated for steam, 
because it is more often required in steam-engine practice, and also 
more easily measured in calorimetric experiments, than the in- 
trinsic energy. It will always be expressed, like the intrinsic energy, 
in Centigrade calories, unless otherwise stated, and may be reduced 
to other units by the same fectors as in the case of intrinsic energy. 
The total heat thus defined is a function of great generality and 
importance in thermodynamics, but it does not exactly correspond 
with Regnault’s definition of the total heat of steam, which refers 
only to a special case. Some writers use the term “total energy” 
for the quantity E + aPV, for the sake of distinction, retaining 
the term “total heat” in the special sense of Regnault’s definition. 
But the term “total energy” appears to be more appropriate for 
the sum of the total heat E -|- aPV, and the kinetic energy A U‘^j2g 
(expressed in calories), when the fluid is moving with velocity U. 
The kinetic energy is a very important factor in many steam 
problems, and it is useful to inelude it in the term “total energy.” 
The advantages gained by adopting the wider definition of total 
heat* (including Regnault’s total heat of steam as a special case) 
are so great that the term total heat and the symbol H are now 
generally used as denoting the function E H- aPV. 

* Phil. Mag., 1903, p. 50. E. B., 1902, Thermodynamics and Vaporisation, 
vol. 33, pp. 285 and 628. 
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9. Calorimetric Measurement of E and H. When a 
quantity of heat MQ, is supplied to a body of mass M, the whole of 
the heat goes to increase the intrinsic energy, say from E-^ to E^ , 
provided that there is no external work done by expansion or 
otherwise. The quantity of heat Q supplied under this condition 
per unit mass, divided by the rise of temperature, is called the 
mean specific heat at constant volume over the range of temperature 
considered, and is equal to the increase of intrinsic energy per 
degree at constant volume. 

If on the other hand the body is allowed to expand, say from 
specific volume to specific volume Fgj under a constant external 
pressure P, part of the heat Q supplied per unit mass is expended 
in performing external work, which is equivalent to aP {V 2 — V^) 
per unit mass when reduced to calories. We have therefore the 
equation 

Q = E 2 ~ E^ + aP (Fa - Fj) 

= (Pa + aPFa) - (Pj + aPFi) = - Pi, (1) 

which is simply the expression of the law of conservation of energy. 

The expression on the right hand side is the change of total 
heat at a constant pressure P. The heat supplied per unit mass at 
constant pressure divided by the rise of temperature is called the 
mean specific heat at constant pressure, and is equal to the increase 
of total heat per degree at the same constant pressure. It is seldom 
practicable to keep the volume of a liquid or solid constant while 
it is being heated, so that the change of intrinsic energy at constant 
volume cannot as a rule be measured directly by experiment. But 
it is nearly always possible to keep the pressure constant, and to 
observe the specific heat at constant pressure, or the increase of 
the total heat, from which the change of intrinsic energy may be 
deduced if required. In the case of solids and liquids, the changes 
of volume are small, and the difference between the total heat and 
the intrinsic energy is comparatively unimportant at moderate 
pressures. But in the case of gases or vapours the difference may 
be of great importance, on account of the large changes of volume. 
For instance, in the case of water, the expansion from 0° to ],()0° C. 
under atmospheric pressure is 4-3 per cent, of the volume at 0° C. 
The term aP (Fg — F^), (taking a = 144/1400, P = 14-70 Ibs./sq. in., 
Fi - -01602 cu. ft./lb., F 2 - Fi = -043Fi), reduces to -00105 of a 
calorie, which is only 1 part in 100,000 of the increase of total heat, 
namely 100 calories. The change of intrinsic energy at constant 
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pressure is for all practical purposes the same as that of total heat 
in this particular case, but in the case of a gas or vapour the two 
may differ by 30 per cent, or more, and it must not be hastily 
inferred that the distinction is immaterial even in the case of a 
liquid or solid. 

Thus, if the volume of water could be kept constant while it 
was heated from 0° to 100° C., the pressure would increase by about 
850 atmospheres, and the increase of II would be greater than that 
of E by the term a{P — Pq) Vq, which amounts to about 21 cals. 
The actual increase of H would be about 15 calories greater than 
in the previous case in which the water was heated under a constant 
pressure of one atmosphere, and that of E would be about B calories 
less. 

In work of precision it is usual to define the pressure under which 
the measurements are made, though the effect of pressure, in the 
case of a liquid like water at ordinary temperatures, is too small to 
be detected in the majority of experiments. The usual definition 
of the mean calorie is equivalent to one-hundredth part of the 
change of total heat of water when heated from 0° to 100° C. 
under a constant pressure of one standard atmosphere. But since 
the accuracy of a calorimetric experiment rarely surpasses 1 in 1000, 
the calorie might equally well be defined for most practical purposes 
in terms of the change of intrinsic energy under the same conditions. 

In the present work, the unit of heat in terms of which the 
total heat of water is expressed has been taken as one-hundredth 
part of the change of total heat of water between 0° and 100° C. 
when the water is heated under the pressure of its own vapour only. 
The quantity of heat required in this case exceeds that required 
when the pressure is kept constant and equal to one atmosphere, 
by the small quantity a — po) V(„ which amounts to 0-024 cal. 
or about one part in 4000 of the whole. The mechanical equivalent 
of the mean gram-calorie thus defined is taken as 4-1868 joules, 
in which case that of the mean gram-calorie under atmospheric 
pressure would be 4-1858 joules. The difference between these two 
units is beyond the limit of accuracy with which the mean calorie 
can be determined, the best estimates ranging from 4-1882 
(Reynolds and Moorby) to 4-1925 (Dieterici). The quantity chiefly 
required in steam-engine work is the total heat h of the liquid 
under its own vapour pressure, and it is a matter of some con- 
venience that the values of h at the fixed points 0° and 100° C. 
should be exactly 0 and 100 respectively. 
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10. The Equation of Steady Flow. One of the simplest 
illustrations of the law of conservation of energy, and one of the 
most important for the theory of steam, is the case of steady flow 
of a fluid. Suppose that steam or water or any other fluid enters 
an enclosure AB (Fig. 3) through the inlet A with constant velocity 
Ui at a constant pressure and specific volume and leaves the 
enclosure at B with constant velocity , at a constant pressure 
and specific volume V^. When the flow has become steady, it 
follows from the law of conservation of mass, that for each unit 
mass of fluid entering the enclosure at A, unit mass of fluid must 
in the same time leave the enclosure at B, provided that there is 
no leakage or other outlet. The enclosure AB may contain a throttle 
valve, or a porous plug, or an expanding nozzle, or a calorimeter. 



or a turbine, or any other apjjliance which admits oi' steady flow. 
It may even contain a reciprocating engine, provided that the 
dimensions of the receivers at the inlet and outlet arc sulllcient 
to render the flow practically uniform at these points. 

The energy entering the enclosure at A with each unit mass oJ’ 
fluid, is the Total Energy per unit mass, + aPiJ'\ ~\~ AU^^/2g, 
consisting of the sum of the intrinsic energy E^, the work aPiV-^, 
and the kinetic energy AU^^l2g, in the initial state. The energy 
leaving the enclosure at B per unit mass is similarly the total 
energy + ciP^V^ + ALl^l2g in the final state. By the law of 
the conservation of energy, the difference between the total energy 
entering and the total energy leaving the enclosure per unit mass, 
must be ecpial to the sum of the external loss of heat measured 
per unit mass passing through, and the external work A W done 
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by the appliance, measured in equivalent calories per unit mass. 
The complete equation may be written, 

- U^^)l2g + Q, + AW (2) 


This includes a number of special cases which may be considered 
separately, 

(1) The Throttle. If the appliance is a simple throttle valve, 
or porous plug, or small aperture, the function of which is simply 
to reduce the pressure, without any external work, or loss of heat, 
or increase of velocity, we may put the terms on the right hand side 
equal to zero, and we obtain the very simple and important result 
that the total heat remains constant, ©r = TI^. This is the 
essence of the “porous plug” method (Chapter III) devised bj^ 
Joule and Thomson for investigating the variation of the total 
heat of a fluid. 

(2) The Nozzle. The object of a nozzle, as employed in an 
impulse turbine, is to convert as much as possible of the energy 
into the kinetic form without external loss or work AW. 
Putting these two terms equal to zero, we obtain the condition 

II, ~ II, ^ A {U,^ - U,^)/2g (3) 

which shows that the kinetic energy generated is equal to the drop 
in total heat provided that there is no external loss. If there is 
friction, the drop in total heat is diminished, but the equation still 
holds. If eddies are formed, part of the kinetic energy will be 
unavailable. The flow must evidently be frictionless and linear to 
secure the maximum velocity. The maximum velocity obtainable 
under ideal conditions is given by the drop of total heat in “ adia- 
batic” expansion, as will be explained later (Chapter VII). 

(3) The Turbine. The object of the turbine is to obtain the 
.maximum of external work AW, without heat loss or excessive 
waste in kinetic energy AU,^l2g of the steam rejected. If = 0, 
and U, ^ U,, we obtain 

II,-- II, = AW, (4) 

which shows that the external work done is equal to the drop in 
total heat. The maximum drop of total heat obtainable under given 
conditions without external loss is that due to adiabatic expansion. 
There is necessarily a great deal of fluid friction and eddying motion 
in a turbine, which has the effect of reducing the drop of total heat 
to about I of the ideal maximum. But this effect is included in 
the equation, where II, — II, represents the actual (and not the 
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adiabatic) value of the drop of total heat. There is generally some 
external loss which must be subtracted from the heat-drop 
H, - H, in estimating the actual output, W (Chapter XI). 

(4) The reciprocating engine, with the limitation already im- 
plied, leads to the same law. 

It will be observed that all the equations in which the work W 
is involved give no direct information with regard to the wo 7 'k 
oUainahle. They simply assert that, if external work is done, there 
must be an equivalent drop of total heat, which is all that can be 
obtained from the law of conservation of energy. To find the limit 
obtainable it is always necessary to refer to Carnot’s principle, as 
explained later (Chapter VII). 

(5) The Calorimeter. The object of the calorimeter is to measure 

the change of total heat between given states by observing 

the quantity of heat Q per unit mass which must be abstracted 
to reduce the fluid from the first state to the second. The change of 
kinetic energy, and the work W are generally negligible, but can 
be allowed for if appreciable. The most convenient way of measuring 
Qa, is by observing the rise of temperature of a steady stream of 
cooling water. Qa, is often measured in this way in steady flow 
methods of calorimetry. It is also possible to reverse the process, 
and observe the increase of total heat produced by supplying energy 
with a stream of hot water, or an electric current, or a friction 
brake, or other means admitting accurate measurement. Other 
methods of calorimetry in which the flow is not steady, may gener- 
ally be reduced to the equivalent case of steady flow, without 
material uncertainty as to the results. Two of the best examples 
are afforded by Regnault’s measurements of the total heat of 
water and steam which he denoted by h and 7/ respectively. 

1 1 . The Total Heat of Water, h. The intrinsic energy and 
total heat of water are generally reckoned from a zero corresponding 
to the state of water at the freezing point, because we are concerned 
only with changes of energy, and it is impossible to specify ac- 
curately the absolute value of the energy in any given state. Below 
100° C. and atmospheric pressure, the changes of pu in the case of 
water are so small that it is seldom necessary to make any practical 
distinction between the intrinsic energy and total heat as already 
explained. Above 100°C. the distinction becomes more important as 
the pressure and volume increase, and it is necessary to consider the 
method of experiment employed, and the quantity actually measured. 
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Regnault operated by allowing 10 litres of water, under satura- 
tion pressure in a boiler at various temperatures between 107° 
and 187° C,, to pass through a throttle-valve into a calorimeter 
containing 100 litres of water at atmospheric pressure and tem- 
perature. Passage through a throttle -valve does not alter the total 
heat, as we have already seen, provided that there is no external 
loss of heat and no change of kinetic energy. If kinetic energy is 
generated, it is reconverted into heat in the calorimeter. The result 
of Regnault’s experiment is the same as if the water from the 
boiler, after passing the throttle, had a quantity of heat Q per unit 
mass abstracted from it, and were rejected at the final temperature 
of the calorimeter and atmospheric pressure. The quantity Q^, 
estimated in the usual way from the thermal capacity and rise of 
temperature of the calorimeter, measures the change of total heat, 
h - \ , from boiler pressure and temperature to the final tem- 
perature of the calorimeter and atmospheric pressure. Unfortu- 
iiately Regnault was ignorant of the variation of the specific heat of 
water at ordinary temperatures (subsequently discovered by Row- 
land), and of the temporary variations of zero of a mercury ther- 
mometer, which cannot be neglected in accurate calorimetric work. 
The first source of error can be corrected by reference to the original 
data with a fair degree of certainty, but the second only by estima- 
tion from the behaviour of similar mercury thermometers. 


12. Explanation of the Formula for h. The formula 

employed for the heat of the liquid h in the author’s original paper 

{U. S., 1900) represented a combination of Regnault’s results with 

those of the continuous electric method. It was shown, however, 

by MacFarlane Gray* (Proc. Inst. C. E., 1901-02, Part I, vol. 147, 

p. 3) that the results of the continuous electric method could be 

represented very closely above 40° C. by a thermodynamical 

formula, , 

h = St + al v (dp/dT), (5) 


* According to Gray (letter dated June 15, 1901) this formula was given by 
Paul de St Robert {Thermodynamique, Turin, 1867) as representing Regnault’s heat of 
the liquid, but without any exact definition of the quantity denoted, which could 
in fact hardly have been expected at such an early date, when the function JE + aP V 
was practically unknown, having been first applied by Joule and Thomson in their 
investigation of the equations of steady flow {Proc. B. S., 1856). The simplicity and 
accuracy of all the derived relations given in this book depend primarily on the exact 
definition of the quantity denoted by the formula. On this point see also R. E. 
Baynes {Science Abstracts, 2059, Nov. 1902). After a long correspondence on the 
subject Gray refused to be converted to the author’s definition of total heat and of 
the quantity denoted by h in the formula (5). 
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in which (dp/dT) represents the rate of increase of the saturation 
pressure p with temperature at T. Gray defined h in the same way 
as Regnault, and took the above expression as representing “the 
quantity of heat taken in by the liquid from 273 to 2\ the pressure 
during the heating being that due to the higher temperature.” 

In the revised equations {E. B., 1902) the author adopted this 
expression, but with an essential change in the definition, as 
representing the thermodynamical total heat E + apv of tlie liquid 
under saturation pressure p. The total heat under this condition 
is greater than the quantity of heat involved in Gray’s definition 
by the difference a {p — Pq) Vq approximately, which cannot be 
neglected in considering the properties of the liquid at high pres- 
sures. The advantage of this definition is that it greatly simplifies 
the relations between the volumes and total heats of the liquid and 
vapour, and gives a simple and exact expression for the entropy. 

The formula for h was also interpreted a,s implying that the 
liquid contains in solution its own volume of the vapour, the 
latent heat of which contributes the term vLI{V — v) to the total 
heat of the liquid, where V is the volume of the dry saturated 
vapour {Phil. Trans. A, 1902, p. 147). If h is to be zero by definition 
at 0° C., we require to add to the formula the small constant term 
— 0-003, representing the value of vLI{V — v) at 0° C., but this 
is so small that it may usually be neglected. We thus obtain the 
expressions 

, h ^ St + vLliV - v) ~ 0-003 = St -i- {E - st) vjV ~ 0-003, ...(6) 
which are exactly consistent with Clapeyron’s equation, namely 


E -h=^L = aT {V - v) (dp/dT), (7) 

and lead to the convenient relations 

(h - st)/v = LI{V - D) = (E - st)IV, (8) 


which are much simpler than coidd be obtained by neglecting the 
variation of the specific heat of the liquid entirely, and are pre- 
ferable to any of the purely empirical formulae commonly employed 
for the variation of h. 

If the value of the constant s is determined by the condition 
that h is to be 100 mean calories at 100° C., where the value of the 
term vLJ{V — v) is 0-337 calorie, we obtain 

5 - 0-99666 - 1 - 1/300 nearly (9) 

The value of s found in this Avay is practically equal to that of the 
minimum specific heat at 37-5° C. indicated by the continuous 
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electric method, which is 0-9969 in terms of the mean specific heat 
between 0° and 100° C. 

It will be observed that the formula does not pretend to repre- 
sent the effect of the ice molecules in the liquid, which produce 
impoitant effects on the variation of the specific heat in the neigh- 
bourhood of the freezing point. The maximum error from this cause 
is only a tenth of a calorie between 20° and 40° €., with smaller 
deviations at lower and higher temperatures. This is so unimportant 
in steam-engine work, where h is rarely required for small differences 
at low temperatures, that it was thought undesirable to complicate 
the formula by including a term to represent the ice molecules. In 
accurate calorimetry on the other hand, since the results depend 
chiefly on small differences of total heat in this region, it is essential 
to employ a formula which includes the effect of the ice molecules, 
such as that proposed by the author in a more recent paper {Phil. 
Trans. A, 212, p. 1, 1913). 

13. Comparison with Experiment. The effect of the ex- 
perimental evidence on which the formula is based, is most readily 
appreciated .by plotting the value of the small difference h - t as 
in Fig. 4 (p. 32). Between 0° and 100° C. the difference is too 
small to be shown clearly on the scale of the diagram, and is quite 
unimportant in comparison with the uncertainty of the total heat 
E of steam. The formula is represented by the full curve above 
100° C. ill relation to the observations of Regnault and Dieterici, 
which are distinguished by -h and x crosses respectively. 

The observations of Regnault have been expressed in terms of 
the mean calorie by reference to the original calorimetrie data, 
assuming the variation of specific heat given by the continuous 
electric method between 0° and 100° C. But they have not been 
corrected for errors of thermometry because any such correction 
would be highly speculative. Each point represents the mean of 
5 to 10 experiments differing from the mean by two or three parts 
in 1000 in either direction. The results at 110° and 120° C. are 
evidently too high, and the general trend of the points plotted 
shows a systematic deviation from the formula which might easily 
be explained by thermometric errors. The experiments agree 
distinctly better with the author’s definition of h than with Gray’s, 
because tlie quantity actually measured by Regnault was the 
change of E + apv, as previously explained, and not the heat 
supplied at constant pressure j:). If Gray’s definition of the quantity 


28 PROPERTIES OF STEAM [cii. 

a 

represented by the formula were adopted, it would be necessary to 
depress each of Regnault’s points by the corresponding value of 
apv, shown in the lower curve, which would appreciably increase 
the discrepancy. 

The observations of Dieterici {Ann. Phys. 16, p. 593, 1905) were 
not available at the time when the formula was published, but 
have the advantage of being comparatively free from thermometric 
uncertainties. He employed hermetically sealed bulbs of quartz- 
glass containing suitable quantities of water, which were heated to 
the required temperatures and dropped into a Bunsen ice-calori- 
meter at 0° C. The results which he gives are expressed in terms of 
the mean calorie, and represent the change of intrinsic energy E 
from 0° to t under saturation pressure. In order to deduce the 
corresponding values of h as represented by the formula, it is 
necessary to add the value of apv shown by the lower curve. This 
correction has been applied to the points as plotted, and brings 
them into very good agreement with the formula, except for one 
observation at 156°, which is evidently an experimental error. 
Dieterici continued the observations as far as 300° in spite of 
increasing difficulties, but the results at these temperatures arc of 
little importance for steam-engine work, and are not shown in the 
figure. Up to 240° C. they agree very well with the formula. Beyond 
this point they fall slightly below it. This may indicate failure of 
the formula at high pressures, but it is equally likely that the differ- 
ence is to be explained by experimental difficulties. Up to 220° C. 
the thermal capacity of the quartz-glass bulbs was about equal to 
that of the contained water. Beyond this point it was necessary to 
make the bulbs much thicker in order to withstand the pressure, 
and the thermal capacity of the bulbs was about four times that 
of the contained water, which would greatly increase the uncer- 
tainty of the results for the total heat of water. 

Many steam tables (such as those of Mollier) still employ 
Regnault’s formula for the total heat of water, namely 

h = t + 0*00002^2 + 0-0000003^2, (10) 

with or without a reduction to the mean calorie. The values given 
by this formula when reduced to the mean calorie by dividing by 
1-005, are shown by the dotted line in the figure. This line would 
represent Regnault’s observations very fairly if they were all 
dejnessed by 0-5 calorie, which is the probable error at 110° C. 
But the empirical formula is not nearly so simple as the thermo- 
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dynamical formula, and disagrees materially with . Dieterici’s 
experiments. Many recent tables employ Dieterici’s formula for 
the mean specific heat above 100° C., but neglect the correction opw. 
His formula is of the same type as Regnault’s and equally incon- 
venient in practice. It is obvious from the figure that the thermo- 
dynamical formula, with the author’s interpretation, represents all 
the available experiments within the limits of probable error. It 
has accordingly been retained without modification, since it is 
greatly to be preferred for theoretical reasons. In any case the 
uncertainties of the total heat of the liquid are of very small practi- 
cal importance as compared with those of the total heat of the 
vapour, which are shown on the same scale in the upper part of 
the same figure. 

The thermodynamical basis of formula (5) is further explained 
in Chapter VIII, where its application is extended to the critical 
point. 

14. The Total Heat of Steam, H. The total heat of dry 
saturated steam was defined and measured by Regnaiilt* as the 
quantity of heat required (1) to raise unit mass of the liquid from 
0° C. to the temperature t of the boiler and (2) to evaporate it 

* In the author’s original paper (JB. S. 1900) all the expressions were worked out 
in terms of intrinsic energy E according to the usual custom in thermodynamics 
at that time. Regnault’s definition was also adopted for the total heat H of saturated 
steam, for comparison with the values given by his experiments. The heat of the 
liquid h was taken from a formula which was assumed to represent the intrinsic 
energy. This afforded a perfectly consistent system which is still often adopted. 
The exijressions given for H (as defined by Regnault) were necessarily less by the 
term a {p -pg) & than the expressions given for H as now defined. The new definition 
of total heat as a name for the function E + aP V was first introduced in the revised 
expressions (E. B., 1902), but the exxrressions for the intrinsic energy and entropy 
remain unaltered. The change of definition necessitated in the first instanee the 
use of a different symbol P {Phil. Mag., Jan. 1903) for the total heat E + apV, 
but the new definition has been adopted in the International Notation, and is now 
so well understood, that no confusion is likely to arise. Since everytliing required, 
including Regnault’s heat of formation, can be more sim^fiy and accurately expressed 
in terms of H=E + aPV than in terms of Regnault’s defiziition of H, it hardly seems 
necessary to retain his symbol in its original signification, which dates from a period 
before the first law of thermodynamics was formulated, and before the important 
properties of the function E + aPV were investigated by Ranldne, and by Joule 
and Thomson (1854-1856). Mollier employs the symbol I for E + ciPF, and calls it 
the total energy. He also uses Regnault’s formula for h (giving /qoo = 100’5), which 
complicates many of the expressions unnecessarily, and introduces minor discre- 
pancies in the calculations, especially in the deduction of the saturation pressure, 
and in the calculation of the entropy of the liquid by integrating {dhJdt)IT (see 
Chan. VIH. 
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at that temperature, the whole operation being performed under a 
constant pressure p equal to the saturation pressure at the tem- 
perature of the boiler. The heat of formation thus defined may be 
regarded as consisting of two parts. The second part is evidently 
the latent heat of vaporisation L at saturation pressure and 
temperature, about which there is no question. But the first part, 
the heat of the liquid, is the change of total heat li from 0° to C. 
at constant pressure p, and differs slightly from the quantity 
actually measured by Regnault in his calorimetric experiments 
on the liquid. The difference amounts approximately to a {p — p-y) , 
where represents the volume of the liquid at 0° C. and atmo- 
spheric pressure The numerical value of the difference is zero 
at 100 C., and only 0-85 calorie at 200° C., which is much less than 
the probable error of Regnault’s experiments and is quite un- 
important in the case of steam. But it has given rise to some con- 
fusion, and the correction has often been applied with the wrong 
sign. The heat supplied to the liquid in the boiler at constant pres- 
sure is less ^ by the amount a {p — p^) approximately than the 
quantity which Regnault measured for the liquid and denoted 
by h. So that the total heat of steam, which Regnault measured 
by condensing steam in a calorimeter under a pressure equal to 
that of saturation maintained by an artificial atmosphere, would 
be equal, neglecting experimental errors, to 

L + h-a{p~ po) Vq. 

The last term represents approximately the work done by the 
feed-pump in forcing the water into the boiler against the excess 
pressure p — p^. This energy is not actually supplied as' heat in 
this particular case, but shoidd obviously be included in the total 
heat, which then reduces to L + h. 

If on the other hand the total heat of dry saturated steam were 
measured in the same way as Regnault measured that of water, 
namely by passage through a throttle and eondensation at atmo- 
spheric pressure (which has been done by Willans and others), 
the quantity measured (when corrected to zero) would be simply 
L + h, which is the quantity really required. More generally this 
method gives the change of total heat H, defined as the .thermo- 
dynamic function E -j- aPV , from steam to water at atmos] 3 heric 
pressure, whatever be the initial state of the steam with regard to 
tempeiature, pressure, superheat or wetness. The name Total Heat 
appears particularly appropriate on this account, because the 
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change of II is the total quantity of heat actually measured under 
experimental conditions. 

15. Regnault’s Experiments on H and L, Regnault re- 
presented the results of his experiments on the total heat of saturated 
steam between 0° and 200° C. by the simple linear formula, 

II = 606-5 -H 0-305^, (11) 

which was universally adopted for more than fifty years, and gives 
in reality a very fair value of the mean rate of variation between 
100° and 200° C., where his experiments were most concordant. 
That this formula did not represent the variation below 100° C. 
(which is most important in these days of turbines) in an equally 
satisfactory manner, was first shown by the experiments of Dieterici 
{Wied. Ann. 87, p. 506, 1889) at 0° C., and of E. H. Griffiths 
{Phil. Trans. A, 186, p. 261, 1895) at 30° and 40° C. These observa- 
tions have been confirmed by all subsequent work, and there is no 
doubt at the present time that Regnault’s formula is insufficiently 
accurate in this region as well as theoretically inadmissible. 

In order to appreciate the value of the experimental evidence, 
the results of Regnault and subsequent observers are plotted in 
Fig, 4 on the same scale as that already employed for the total 
heat of water. Since the object of the figure is to bring out clearly 
the differences between various methods, the difference of each 
result from the yalue given by Regnault’s formula at the same 
temperature is the quantity plotted in the figure. Regnault’s 
formula is represented by the horizontal straight line marked 0. 
Observations giving a lower result than Regnault’s formula lie 
below the line, those giving higher results above. The differences 
are plotted in mean calories Centigrade. The actual observations 
recorded by Regnault himself are shown by the plain circles, each 
of which represents the mean of several experiments under similar 
conditions. The crossed circles represent results of subsequent 
observers. The plain circle giving the value 636*7, or 0-3 calorie 
less than Regnault’s formula, at 100° C., represents the mean of 
38 experiments giving 636-7 for the total heat at atmospheric 
pressure; or 536-2 calories for the latent heat at 100° C., if Regnault’s 
formula is adopted for the total heat of the liquid. Regnault was 
well aware that this result was probably too low on account of the 
presence of a small proportion of water in the steam, but he was 
unable to eliminate this source of error completely. The four plain 
circles between 65° and 85° C. represent the results of 22 experi- 
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I merits in four groups, some of which nearly reach the line, while 

others lie 5 or 6 calories below. The mean of all shows a defect from 
the formula of 2-5 calories, or 0-4 per cent, of the total heat at 
75 ° C. Combining the mean of these with the observation at 100° C. 
we should obtain a rate of increase of 0-40 in place of 0-30 for the 
total heat between 75 ° and 100° C., as remarked by Griffiths. 

Regnault’s observations are liable to another source of error 
which has not previously been noticed. The calorimeter gains heat 
by conduction through the pipe by which the steam is admitted. 
Regnault estimated this gain by observing the rise of temperature 
of an exactly similar calorimeter, with similar connections, to 
which no steam was admitted. He assumed that the gain of heat . 
by conduction through the connecting pipe would be the same for 
the calorimeter in which the steam was condensed as for the idle 
calorimeter, since both were connected to the same distributing 
tap at the temperature of the steam. This assumption is evidently 
unsound, because the flow of steam would necessarily reduce the 
temperature gradient in the connecting pipe, on which the flow of 
heat by conduction depends. He made a similar error in his experi- 
ments on the specific heats of gases. The effect of overestimating 
the correction in this manner was to make his results too low. 

In the experiments above 100° C. the possibilities of error from 
leakage increased rapidly with increase of pressure. Great trouble 
was experienced from this cause and the effects of leakage became 
very obtrusive when the pressure reached 10 atmospheres. The 
joints had to be renewed daily, and many other precautions taken 
which had previously been neglected. It would appear that errors 
from leakage were largely responsible for the low points between 
150° and 175° C., since Regnault gave no weight to these points 
in selecting his formula. 

The three sources of error above mentioned would all tend to 
make the results too low by an uncertain amount for which no 
correction can now be applied. The observations are also affected 
by the calorimetric errors previously mentioned in the case of the 
liquid, for which some appropriate correction might be estimated. 
But these corrections are so small in comparison with the un- 
certain sources of error that it has not been thought necessary to 
make any reductions of this kind in the case of steam. 

Regnault’s observations between - 2° and 16° C., the means of 
which in three groups are indicated by the plain circles in the 
neighbourhood of 8° C., were obtained with a different method and 
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apparatus under conditions most unfavourable to accuracy. The 
results of experiments under similar conditions varied by 10 or 
15 calories, and though the mean of all agreed fairly with his formula, 
it is plain that Regnault himself attached little weight to this 
series of observations. 

l6. Dieterici, Griffiths and Joly. Dieterici {loc. cit 1889) 
measured the latent heat at 0° C. by evaporating a known weight 
of water in a Bunsen ice calorimeter and observing the weight of 
mercury extruded. The observations were very concordant, seldom 
differing by more than one calorie from the mean value 596-8, 
which is indicated in the figure by the point marked D at 0° C. The 
weakest point of the determination was that he assumed the 
constant of the ice calorimeter to be 15-44 milligrams of mercury 
per mean calorie from the mean of the results of previous observers. 

GrilFiths {loc. cit. 1895) measured the latent heat of evaporation 
by observing the supply of electrical energy required to keep the 
temperature of his calorimeter constant while a known weight of 
water was being evaporated. He at first employed a current of 
air for evaporating the liquid, but finally succeeded in obtaining 
much better results by evaporating the water drop by drop under 
its own vapour pressure from an accurately weighed tube. His 
results for the latent heat in terms of the calorie at 15° C. were 
578-7 at 30-0°, and 572-6 at 40-15° C. He observed that these two 
results lay very nearly on the straight line, DGR in Fig. 4, joining 
Dieterici’s value at 0° C. and Regnault’s value at 100° C., so that 
the variation of the total heat between these limits coidd be repre- 
sented with considerable accuracy by a linear formula with a co- 
efficient 0-40 in place of Regnault’s 0-805, provided that Dieterici’s 
calorie and Regnault’s unit were both equal to the calorie at 15° C. 

In order to test the possibility of this assumption, Griffiths 
persuaded Joly to make a determination of the relation between 
the latent heat of condensation at 100° C. and the mean specific 
heat of water from 12° to 100° C. with the Joly steam calorimeter 
which was admirably adapted for the purpose. The results of ten 
closely concordant experiments gave the mean specific heat from 
11-89° to 99-96° C. as 0-9952, if the latent heat at 99-96° C. were 
assumed to be 536-66. This showed either that the mean thermal 
unit must be much smaller than the calorie at 15° C., or that 
Regnault’s value of the total heat at 100° C. was too low. The latter 
supposition was the more probable, because July’s method was 
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free from nearly all the uncertain errors already enumerated in 
the case of Regnault’s method. 

A satisfactory comparison between these important results 
hrst became possible in the course of the preliminary reduction 
ot the observations on the variation of the specific heat of water 
between 0° and 100° C. by the continuous electric method (Brit. 
Assoc. Rep. 1899) which showed (1) that Griffiths’ unit was in 
fact very nearly equal to the mean calorie, as he had supposed, and 
(2) that the value of the latent heat at 100° C. deduced from 
Joly’s experiments should be 539-3 in terms of the same unit. 
The points marked G and J are plotted on this assumption in Fig. 4. 

The- continuous curve marked GJC passing through these 
points and extending from 0° to 200° C. represents the theoretical 
curve of variation of the total heat of steam deduced from measure- 
ments of the specific heat and the cooling effect as described in 
the next chapter. This curve agreed very well with Joly and 
Griffiths, but appeared to indicate that all Regnault’s results 
between 100° and 200° C. were too low. It was impossible to 
escape from this conclusion if the results of Joly and Griffiths were 
admitted, because it was obvious that the curve of variation must 
be continuous, and the agreement with Joly ai\d Griffiths below 
100° C. afforded very strong evidence in favour of the theoretical 
curve at higher temperatures. 

Dieterici’s value at 0° C., though agreeing far better with the 
theoretical curve than Regnault’s value, could not be brought into 
exact agreement with it unless the constant of the ice calorimeter 
were 15-50 in place of 15-44 mgm. per calorie as assumed by 
Dieteiici. The constant was subsequently redetermined by Die- 
terici with great care in 1905 {loc. cit. p. 603). He found the value 
15-491, which has recently been confirmed by E. Griffiths (^Proc. 
Phys. Soc. 26, p. 1, 1913), who found 15-486 for 4-184 joules, or 
la 498 per mean calorie of 4-187 joules as here employed. The 
corrected result obtained by employing this value of the constant 
is distinguished by a double circle which falls very nearly on the 
theoretical curve at 0° C. 

The equation of the theoretical curve for dry saturated steam 
at a pressure p is as follows : ' 

H — 0-47722’ ~ SCp + 464 calories C, (12) 

wheie S is the specific heat atp, and C the Joule-Thomson cooling- 
effect. 
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17. Results of Later Observers. Subsequent observations 
of the latent heat have tended to confirm the conclusions thus 
reached. Henning {Ann. Phys. 21, p. 849, 1906) obtained values 
of the latent heat at six points between 30° and 100° C. by a 
modification of Griffiths’ method, suggested by Ramsay and Mar- 
shall’s experiments {Phil. Mag. 41, p. 38, 1896). His residts are 
expressed in terms of the calorie at 15° C. which he takes as equi- 
valent to 4-188 joules from the observations of Jaeger and Steinwehr 
{Zeit. Inst7\ 25, p. 104, 1905) with similar Weston cells. His results 
are indicated by circles enclosing ( -i- ) crosses at 30-1, 49-1, 64-9, 
77-3, 89-3, and 100-6° C. Each point represents the mean of a 
number of observations, which are not qiute so consistent as those 
of Griffiths, because the external loss of heat was not so perfectly 
compensated. Three of the points lie practically on the curve, but 
the two at 30° and 49° are appreciably higher, while that at 100° 
is -slightly lower. 

A. W. Smith {Phys. Rev. 25, p. 145, 1907), employing a current 
of air for evaporation, expressed his results for the latent heat in 
jqiiles per gram, assuming the electromotive force of the We.ston 
cell to be 1-01888 volts at 20° C. His values are reduced to the same 
unit as that here employed by taking the electromotive force of the 
Weston cell to be 1-0183 volts, and the mean calorie to be 4-187 
joules”'. His observations are indicated in the figure by the circles 

* There is necessarily some uncertainty in reducing results, such as those of 
Smith, expressed in terms of the electi’ical units. Tortunately Griffiths’ results, 
though obtained by electrical methods, were directly referred to the calorie at 16° C., 
the absolute values of his electrical standards and of the mechanical ec][uivalent of 
heat being immaterial for the purpose of reduction (Griffiths, loc. cAL, p. 272). 
Dieterici also determined the constant of his ico-calorimeter directly by means of 
water at 100° C., so that his results can be corrected with a fair degree of certainty 
to mean calories, since no electrical measurements were involved. Henning’s results, 
as given in terms of the calorie at 15 C., were similarly independent of any assumption 
with regard to the electromotive force of the cells employed, because the same cells 
were employed in the determination of the equivalent factor for reduction. Henning 
{Ann. Phys., 29, p. 444, 1909) complains with apparent reason that Smith reduced 
his results incorrectly. Smith also reduced the results of Griffiths and Dieterici to 
joules, for comparison with his own observations, by making certain assumptions 
with regal d to the electrical units. These reductions brought the results of Dieterici, 
Griffiths, and Henning, into very good agreement with Smith’s, but involve material 
errors and uncertainties. Unfortunately Davis and other writers have accepted 
Smith s reductions implicitly. Thus Dieterici’s result, expressed in mean calorics 
and corrected for the constant of his ice-calorimeter, after conversion into joules 
by one factor and reconversion back into calories by another, is brought nearly 
into agreement with his original uncorrected value! Griffiths’ and Henning’s 
results are similarly raised from their original values in terms of the calorie at 15° C., 
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with diagonal ( x ) crosses, at 14-0, 21-2, 28-1, and 39-8° C. They 
are seen to be systematically higher than those of Griffiths and 
Henning, but agree closely with Dieterici’s uncorrected result. 
At a later date {Phys. Rev. 33, p. 181) Smith took, some observations 
at 100 C. The point shown at 100° C. with a diagonal cross is one 
which Smith obtained by slow evaporation, and is nearly 1 calorie 
higher than Joly’s observation. He obtained much lower values 
by rapid boiling, which he explained by supposing that water was 
carried over in minute quantity with the steam, a very probable 
source of error in such cases. He considers that the highest values 
merit the greatest confidence on this account. There is a good deal 
ot truth in this, especially at high temperatures on account of the 
density of the vapour, but the discrepancy affects all Smith’s 
observations to a similar extent, and might easily be explained by 
other causes. In any case it would not materially affect the form 
of the curve of variation. 

Ilenning (Ann. Phys. 29, p. 441, 1909) subsequently made a 
series of observations of the latent heat at 5 points between 100° 
and 180 C., the results of which are indicated in the figure by 
( “H ) crosses. The values of the total heat are deduced from those 
of the latent heat by adding the total heat of the liquid obtained 
fiom Dieterici s formula, which is in practical agreement with 
that employed by the author, and cannot introduce any material 
discrepancy. The results are too discordant to be represented by 
any reasonable formula, but confirm the conclusion that Regnaiilt’s 
observations in this region were considerably too low. The wavy 
line marked Henning s Table ” represents his table of the probable 
values of the total heat, which has commonly been adopted by 
subsequent writers. But this curve was deduced by a graphic 
process of smoothing and does not represent the actual observa- 
tions satisfactorily. It is obviously inadmissible for theoretical 
purposes, as it involves a discontinuity in the curve at 100° C. 
and would necessarily introduce inconsistencies in all the thermo- 
dynamical relations. Three of the five observations are in very fair 

whereas they should have been slightly lowered in reduction to mean calories, 
because the calorie at 15° C. is about 1 in 2000 less than the mean calorie. All un- 
necessary reductions of this kind are strongly to be deprecated. It has seemed better 
in the present work not to apply any reductions to the work of other observers when 
the correction is small as compared with the uncertainty of measurement. It is 
well to bear in mind such corrections when comparing observations or choosing a 
formula. ^ But they may prove very confusing to subsequent computers who are 
not familiar with all the conditions assumed in the reductions, and have frequently 
resulted in material errors of the kind described. 
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agreement with the author’s theoretical curve, but the other two 
are lower by about 0-5 per cent., which is quite a possible error in 
such difficult experiments, and is less than the differences between 
the individual observations at each point. 

The method of deducing the variation of the total heat from 
observations of the specific heat and the cooling effect, as explained 
in the next chapter, has the great advantage that the observations 
are comparatively simple, and that errors from wetness, or leakage, 
or loss of heat, are easily eliminated. Moreover, the whole variation 
between 100° and 180°, C. is less than one-twentieth part of the 
total heat, so that an error of 1 per cent, in the specific heat, or 
in the cooling effect, would produce an error of less than a twentieth 
of 1 per cent, in the value of the total heat at 180° reckoned from 
100° C. The results prove conclusively that the true values of the 
total heat at 140° and 160° C. cannot possibly be so low as Henning’s 
observations at these points would appear to indicate. Although 
no satisfactory observations of the specific heat or the coaling 
effect are at present available at pressures above 10 atmospheres, 
it seems justifiable to extrapolate the saturation curve to 200° C., 
and to give greater weight to Henning’s observation at 180° C. 
than he does himself on account of its close agreement with the 
theoretical curve. 

1 8. Empirical Formulae for H;, and L. Since Regnault’s 
linear formula for the total heat of steam was shown to be un- 
satisfactory, many attempts have been made to construct more 
suitable empirical formulae to represent the observations. The most 
obvious type to select is a parabolic formula such as that proposed 
by Ekholm {Fort. Phys. 46, ii, p. 371), 

H - 596-75 + 0-440H - 0-000634i;2 (13) 

Regnault calculated many similar formulae to rep],*esent his obsei’N'-a- 
tions on other vapours. It, is very easy to calculate a formula of 
this type to represent any selected values of the total heat of 
steam over a limited range. But such a formula has no theoretical 
significance, and cannot be trusted for extrapolation. A formula 
capable of extrapolation is particularly desirable in the case of 
steam, because the direct observations are numerous and fairly 
concordant between 0° and 100° C., but the observations at higher 
temperatures are comparatively few, and rapidly become uncertain 
and discordant with increase of pressure. 
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Of empirical formulae hitherto proposed for the latent heat, 
the most suitable type for extrapolation is that of Thiesen (Verh. 
Deut. Phys. Ges. 16, p. 80, 1897), which has been found to suit a 
great variety of cases. It is based on the generally accepted view 
that the latent heat must vanish at the critical temperature , 
and was originally given in the form 

L = (14) 

where is a constant representing the value of L when i = 1, 
and the index | was at first assumed to be the same for all sub- 
stances. It appears necessary, however, to admit slight variations 
in the value of the index for different substances. 

In the case of steam, Henning represented his observations 
below 100° C. by a formula of this type, namely, 

L = 94*210 (365 - ^)o*31248^ 

in which the critical temperature is assumed to be 365° C. Davis 
and Jakob in reducing results of experiments on the specific heat 
above 100° C. employed a similar formula, namely, 

L = 92*93 (365 ~ ^)o*3i5o 

A formula of this type has generally been adopted by other com- 
puters for the purpose of extrapolation. It is essential, however, 
if the formula is to have any weight for this purpose, to employ the 
correct value of the critical temperature, which makes a very 
considerable difference in the results. 

Traube and Teichner {Ann. Phys. 13, p. 620, 1904), by the 
meniscus method, found the critical point of water to be 374° C. 
This observation is easily verified with a silica tube, and there is 
no doubt that their figure is a close approximation to the true 
critical temperature. If this value is inserted in the above formulae, 
keeping the index and the value of L at 100° C. the same, and putting 
the expression in the logarithmic form, as required for practical 
calculation, we obtain, for Henning’s formula, 

logL - 1*96955 + 0*31248 log (374 - t) (17) 

Similarly with the formula employed by Davis and Jakob, if 
we keep the same value of the index, but alter to 374, and take 
L = 539*3 at 100° C., we obtain 

logL = 1*96393 + 0*3150 log (374 - t). 


(18) 


40 


PROPERTIES OF STEAM 


[CH. 


If on the other hand we take the same value of L at 100° C., 
but calculate the value of the index to make L == 594-3 at 0° C., 
we obtain 


log'L = 1-97145 + 0-31192 log (374 - t) (19) 

The values given by these formulae are collected in the fol- 
lowing table for comparison with those given by Henning and 
Jakob. 


Table I. Values of L by Formulae of the Thiesen type. 


Temp. 

Cent. 

11 

O 

CO 

Davis and Jakob 

A: =0-3150 
«« = 366 «<, = 374 

Author 

/c = 0 - 3 1 1 9 Theoretical 
t„ = 374 formula 

0° 

695-4 

593-7 

696-1 

694-8 

694-3 

694-3 

20° 

685-1 

683-6 

586-6 

584-6 

684-2 

683-8 

40° 

574-3 

673-1 

674-7 

674-0 

573-7 

573-2 

60° 

562-9 

662-2 

663-3 

662-9 

662-7 

662-3 

80° 

561-1 

660-7 

651-4 

561-4 

651-3 

66M 

100° 

538-7 

638-7 

638-9 

539-3 

639-3 

639-3 

120° 

625-7 

626-1 

526-7 

526-6 

626-7 

626-9 

140° 

511-9 

612-8 

511-8 

613-2 

613-4 

513-6 

160° 

497-2 

498-7 

497-0 

498-9 

499-3 

499-3 

180° 

481-6 

483-6 

481-2 

483-7 

484-2 

483-9 

200° 

464-6 

467-4 

464-1 

467-4 

468-1 

467-4 


All the formulae agree in giving higher values than Henning’s 
table between 120° and 160° C. even when 365° is taken for tg. 
The substitution of the correct value of the critical temperature 
raises the values by about 3 calories at 200° in each case, and 
brings them into close agreement . with the author’s theoretical 
formula. It also improves the agreement with the observations 
of Griffiths and Dieterici, especially the latter, if the point at 100° 
is raised to 539-3. 

The employment of the erroneous value 365° for the critical 
temperature appears to have led computers, who have commonly 
employed this formula for extrapolation, to raise all the values of 
H and L unduly at low temperatures, and to depress them exces- 
sively at 200° C., against the weight of experimental evidence. If 
the correct value of the critical temperature had been recognised 
sooner, it is probable that more weight would have been attached 
to Henning’s value at 180° C., and it would have been admitted 
that Regnault’s values at 190° C. were probably still too low like 
his values at 100° C. Thiesen’s formula undoubtedly gives some 
useful indication of the values of the latent heat to be expected 
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between 100° and the critical temperature. At the same time it 
must be remembered that it is merely an empirical formula, 
without thermodynamical foundation apart from the vanishing 
of the latent heat at the critical temperature. The dotted curve 
shown in Fig. 4 represents the values of the total heat obtained from 
the formula lor the latent heat shown in the last column but one 
of the table, calculated from the observations of Dieterici and Joly 
at 0 and 100° C. This curve agrees with the full curve representing 
the theoretical lormula within 1 in 1000, intersecting the author’s 
curve at 160° and again at 260° C. Between these two points, it 
lies a little above the author’s, and it is very likely that it gives too 
high results at 200° and above, though the index is very nearly the 
same as Henning’s. The index 0-3150 employed by Davis and Jakob 
gives exact agreement with the author’s values at 100° and 200°, 
il the critical temperature is 374°, and it is to be preferred for 
extrapolation, above 200° C. It agrees with the theoretical formula 
wrthm lesj than 1 in 1000 Itoiu 100° to 200°, and within 1 in 5000 
from 200° to 230° (where the agreement is again exact), and the 
difference is still very small at 250° C. The author’s formula for 
the total heat, which applies to dry steam in any state, superheated 
or supersaturated, and is in many ways sinq^ler and more con- 
venient than Thiesen’s, has accordingly been extrapolated in the 
tables to 259° C. Although the direct experimental evidence does 
not extend beyond 180° C., it seems reasonable to infer that the 
values are sufficiently accurate for practical purposes at higher 
temperatures, because the calcidated values of the saturation 
pressure (which depend on small differences and afford a very 
severe test of the theory) also agree with observation to within less 
than 1° C. at 250° C. The values of the saturation- volume, in so 
far as they depend on clpjdt, are much less certain than those of the 
total heat, but are probably as accurate as any that can be ob- 
tained by experiment at these pressures. In any case they are 
exactly consistent witli the adiabatic equation and other formulae, 
and will serve as a useful guide for theoretical extensions. 
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THE JOULE-THOMSON METHOD 

19. Origin of the Present Theory. Since the measure- 
ment of the specific heat of steam, and the application of the Joule- 
Thomson method to deduce the variation of tlie total heat, formed 
the starting- point of the present theory, the conclusions will be 
rendered more intelligible if some account is here given of the 
steps by which they were reached. 

It was early remarked by Rankine (1850), and subsequently by 
Kirchhoff (1858), that the coefficient. ()*8()5 in Regnault’s formula 
for the total heat of saturated steam, ougiit to be equal to the 
specific heat S at constant pressure, if steam obeyed the laws of 
an ideal gas with constant specific heat, for whicli 

aPV ET, and E -h aPV = ST + B (1) 

where B, S, and B are cons fcants. The specific heat S of superlicated 
steam was measured shortly afterwards by Rcg-nault at atmospheric 
pressure over the range 124° to 222° C., and found to be ()>48, 
which greatly exceeded tlie value 0-305 required by the formula 
for the total heat on the ideal-gas theory. The experimental value, 
S = 0-48, was generally accepted, and the discrepancy explained 
by supposing, as Kirchhoff suggested, that steam at low ‘presmrea 
departed widely from the ordinary gas laws. Some writers, how- 
ever, held that the value 0-48 was probably in error, because the 
quantity of heat corresponding to the superheat, of the steam 
from 124° to 222° C., namely 47 calories, on which the experi- 
mental value of S depended, was only a small fraction of the total 
heat, about 700 calories, measured in condensing the superheated 
steam in the calorimeter. But this objection would apply with 
even greater force to the value of the constant 0-305 in the formula 
for the total heat of saturated steam obtained by condensing steam 
at widely different pressures. 

One of the most consistent views was that held by Osborne 
Reynolds and Perry {Steam-Engine, 1899, p. 582) who considered 
that the specific heat should approximate to 0-305 at low pressures 
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and temperatures, but increased considerably with temperature, 
rising to a mean value in the neighbourhood of 0'48 over the range 
124 to 222° C. This view received some support from a calculation 
made by MacFarlane Gray on the basis of Regnault’s experiments. 
He noticed that if the specific heat were calculated from the 16 ex- 
periments at 123-7° C, giving 645-63 as the mean value of the total 
heat at this point at atmospheric pressure, assuming H = 636-68 
at 100° C., the value of S obtained, namely 8-95/23-7, or 0-378, was 
intermediate between 0-305 and 0-48. Gray himself believed that 
the specific heat was constant and equal to 0-385 (as calculated 
previously by Raiikine on the assumption that the ratio of the 
specific heats was 1-40), and explained the difference between 
Regnault s experimental values, 0-38 and 0-48, over different 
ranges, by supposing that “any particles of moisture in the steam 
at 100° C. would not be evaporated up to 124° C. ; but they would 
be more likely to be evaporated in the higher range of temperature.” 
Zeuner, on the other hand {Zeit. Ver. Deut. Ing. xi, p. 41, 1867), 
succeeded in fitting the value S = 0-48 with other properties of 
saturated steam by admitting large deviations from the ideal 
state at low pressures, and considered that S should be independent 
of the pressure in accordance with his well known equation for the 
volume (Chap. IV, equation (1)). It will be seen that the state of 
uncertainty with regard to the actual value of the specific heat 
of steam was most unsatisfactory about this time, and that it 
was a matter of some practical importance to make further appeals 
to experiment by new methods. 

20. The Throttling Calorimeter. Joule and Thomson were 
the first to explain how it was that saturated steam became dried 
and superheated by throttling to lower pressures, but they do not 
appear to have made any measurements for steam. The first 
application of their method to steam seems to have been made by 
Peabody {Thennodynamics of the Steam Engine, p. 237) in the use 
of the “Throttling Calorimeter” for determining the wetness 
fraction 1 — q. According to Regnault’s formula, the total heat 
H' of wet steam at t' is 

ir^ 637 + 0-305 {t'- 100) - (1 - ?) L', (2) 

where L' is the latent heat at t'. If the steam is throttled to atmo- 
spheric pressure, the total heat remains the same (provided that 
there is no loss or gain of heat or kinetic energy) and is given in 
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terms of the mean specific heat S at atmospheric pressure the 
expression 

H'= 637 + S (t"- 100), (3) 

where t" is the observed temperature of the throttled steam. 
Equating the two values of the total heat, we obtain a formula for 
the wetness fraction 

(1 - q)L' = 0-305 {f- 100) - S {t"- 100) (4) 

The method is very delicate, because an increase of 1 per cent, in 
the wetness of the initial steam lowers the temperature t" observed 
after throttling by about 10° C. Ewing and Dunkerley (JS. A. 
Report, 1897, p. 554) applied this method to find the value of S 
in terms of Regnault’s coefficient 0-305 for the variation of total 
heat of dry saturated steam. They took the steam as directly as 
possible from a separator to the calorimeter, and calculated S, 
assuming q= 1? by means of the formula 

^ = 0-305 {f- 100) (5) 

In this way they found values of S intermediate between 0-305 and 
0-48, but no details were given in the report. 

A very complete investigation, founded on the same principle, 
was made in the laboratory of Osborne Reynolds by J. H. Grinclley 
{Phil. Trans. A, 1900, p. 1), who found values of S ranging from 
0-387 at 100°, to 0-665 at 160° C. These experiments were of great 
value, and will be more fully discussed in a later section, but they 
left the true value of S more uncertain than ever. 

Prof. J. T. Nicolson and the author in their experiments “ On 
the Law of Condensation of Steam” {Proc. Inst. C. E., 1898), 
employed a throttling calorimeter of the type shown in Fig. 5, 
connected to a large vertical steam-pipe supplying the engine. The 
steam-pipe could be made to act as a fairly efficient separator by 
turning the entrance nozzle as indicated in the figure. The steam 
was throttled through a thin tube of small bore, in order to eliminate 
the error due to conduction of heat through the throttle, to which 
most forms of throttling calorimeter then in vogue were liable. 
After circulating round the thermometer pocket, the throttled 
steam, before leaving the apparatus, was made to circulate twice 
round the calorimeter to minimise external loss. The whole ap- 
paratus, including the steam-pipe and the throttle tube, was well 
lagged in the usual way. The pressure after passing the throttle was 
generally atmospheric, but an exit throttle and gauge were provided 
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for raising the pressure and observing its value when required. The 
exit could also be connected, if desired, to a condenser vacuum, or 
to a surface condenser at atmospheric pressure, when it was re- 
quired to measure the quantity of steam passed. Provision was also 
made for readily changing the throttle tube, to suit different initial 
pressures. 

The wetness fractions determined with this apparatus, employing 
formula (4) with Regnault’s coefficients, persisted in coming out 
negative (which was obviously impossible), in spite of all precautions 
which experience in calorimetry could suggest. This showed either 
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Kg. 5. Single Throttling Calorimeter. 


that Regnault’s value of S was too high at temperatures near 
100° C., as many had already suggested, or else that his value of 
the coefficient 0-305 for the variation of the total heat was too low 
in the same region, and should be more nearly 0-40, as Griffiths 
{loc. cit. 1895) had proposed as the result of his experiments on the 
latent heat. 


21. Experiments on the Specific Heat of Steam. It was 

accordingly decided to make a direct determination of the specific 
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heat at atmospheric pressure by the continuous electric method, 
which had been devised some years previously for the determination 
of the mechanical equivalent, and which had already been brought 
to a fairly high degree of accuracy by investigating the various 
sources of error incidental to the method. A steady current of 
steam at atmospheric pressure, superheated by throttling in the 
manner already described, was passed through a tube, suitably 
jacketed externally and containing an electric heating coil. Tlie 
electric energy supplied was measured by means of Weston instru- 
ments, calibrated by the potentiometer method. The rise of tem- 
perature, due to the watts supplied, was observed by a pile of 
several thermo-junctions in series, standardised by comparison 
with a platinum resistance thermometer. The external loss Avas 
eliminated by taking two sets of observations at the same rise of 
temperature with different currents of steam, the current of steam 
in each case being measured by condensation in a surface condenser. 
The results obtained for S shoAved discrepancies of 1 or 2 per cent, 
as was to be expected from the comparative roughness of the 
method of measurement and the difficulty of keeping the steam 
current perfectly steady, but indicated a value of tlic specific heat 
falling from O-SO to 0'49 over the range of temperature from 110“ 
to 160° covered by the experiments. This Avas regarded as a 
decisive confirmation of Regnault’s value over the higher range, 
and as shoAving that the limiting value of the specific heat at zero 
pressure Avas probably nearly constant, as in the case of many 
other gases. 

22. Variation of the Total Heat. Having thus obtained 
by direct experiment the values of the specific heat at abmosplieric 
pressure over the required range of temperature, it Avas possible to 
deduce the variation of the total heat of dry saturated steam at 
temperatures above 100° C., from the observations already taken 
with the throttling calorimeter, by means of the equation 

/f, - Hioo = 'S' (r- 100), (6) 

where //, is the total heat of dry saturated steam at the initial 
temperature and pressure, and S is the mean sjDecific heat at 
atmospheric pressure from 100° C. to t", the temperature observed 
after throttling to atmospheric pressure. The curve of Amriation 
of total heat found in this Avay, as shoAvn in Fig. 4, p. 32, instead 
of being straight like Regnault’s, with a constant coefficient 
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dHjdT = 0-305, showed a decided curvature, the rate of increase 
falling from 0-40 calorie/1 ° at 100° C. to 0-30 at 160° C. This in- 
dicated that Regnault’s coefficient 0-305 might be a fair average 
over the range 100° to 200° C., where his experiments were most 
concordant, but that the coefficient probably increased at low 
temperatures, approximating to the value 0-475 (as it should 
according to Rankine s theory) at low pressures, where the vapour 
should behave nearly as a perfect gas. This view, while disagreeing 
materially with Kirchhoff’s, and with Regnault’s observations of 
H at low temperatures, gave good agreement with the experiments 
of Dieterici at 0° C., and of Griffiths at 30° and 40° C., but the 
curve could not be fitted with either if Regnault’s value at 100° C. 
was adopted. I’ortunately Joly’s observation at 100° C., when 
reduced on the highly probable assumption (since verified by the 
results of the continuous electric method), that the mean specific 
heat of water from 0° to 100° C. was nearly equal to that at 15° C., 
served to bridge the gap by indicating that Regnault’s value at 
100 C. was probably 2 or 3 calories too low. These results agreed 
in showing that the coefficient clE/dT for saturated steam was not 
constant and equal to 0-305, but diminished from 0-4S at low pres- 
sures, Lo 0-40 at 100 C., and about 0-22 at 200° C., in consequence 
of the increasing deviation of the volume of the vapour Ixom the 
ideal value with increase o:f pressure. This diminution of dll/dT was 
clearly necessitated by the existence of the Joule-Thomson cooling 
effect, which also required a corresponding variation of the specific 
heat with pressure. This is easily seen by considering the relation 
between the specific heat, the cooling-effect, and the variation of 
the total heat. 

23. The Cooling- Effect, C. The cooling-effect C is defined 
as the ratio of the fall of temperature to the fall of pressure in a 
throttling process at constant total heat. It is a coefficient of equal 
importance in theory to the specific heat, but has the advantage in 
practice of being more easily measured, since no measurements 
of heat quantities are required. 

To illustrate the relation of C to S and dHjdT, we may refer to 
the annexed figure, drawn to scale, which shows a portion of the 
saturation line AC on the p, t diagram giving the pressure p of 
saturated steam in lbs. per sq. in. for temperatures t between 140° 
and 160° C. If dry steam is taken at any point A, say at 80 lbs. 
and 155-5° G,, and is throttled to a lower pressure, say 60 lbs., 
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the state of the steam after throttling will be represented by the 
point B at 151° C. The temperature at this point is lower by the 
difference BD == 4-5° C. than the initial temperature at A, but the 
total heat II is the same at B as at A. The line AB represents a line 
of constant total heat on the p, t diagram. The cooling-effect C is 
the slope of such a line at any point, and is measured by the ratio 
BD/AD of the drop of temperature dt to the drop of pressure dp, 
which is commonly denoted by the differential coefficient 
where the suffix II indicates that the ratio of dt to dp is taken under 
the condition of constant II. Since the lines of constant II are nearly 
straight, the numerical value of C, namely 4-5/2(), or 0‘225°/lb., 



Kg. 6. Cooling-Effect on p, t Diagram. 


found in this way over a finite range, may be taken as representing 
very nearly the slope of the curve AB at the middle point of the 
range, namely at 70 lbs. and 158‘2° C. The cooling-effect C has a 
positive sign when a drop of temperature accompanies a drop of 
pressure, as is usually the case in dealing with vapours. 

Since the total heat at A is the same as that at B, the drop of 
total heat dll from A to C along the saturation curve is the same as 
the drop of II from B to C, namely the product S x BC of the 
specific heat S at 60 lbs. and the drop of temperature BC, since BC 
is a line of constant pressure. The drop of total heat per degree fall 
along the saturation curve, denoted by {dIIIdT)s, is therefore 
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equal to x BC/DC, since DC is the drop of t corresponding to the 
drop of H, between A and C. In other words, {(IHjdT)^ must be 
less than S in the ratio BC/DC. The temperature at the point C, 
taken from the tables at 60 lbs., is 144-8° C. Hence 

DC - 155-5 - 144-8 = 10-7° C. 

But BC = DC - DB - 10-7 - 4-5 = 6-2° C. 

So that the ratio BC/DC = 6-2/10-7 = 0-58 at this point; or the 
rate of increase of Hg with temperature is little more than half the 
value of S. But the value of S at 60 lbs. near the saturation line is 
not quite the same as at atmospheric pressure. 

It is easy to put the relation in a more general Ibrm in terms of 
known coefficients. Since DB == C X DA, by the definition of C, 
and since DA/DC is the ratio of the drop of pressure to the drop of 
temperature (or the familiar coefficient dp/dt) along the saturation 
line, the ratio BC/DC is 1 — C {dpjdt), or 

{dlljdT), = S (1 -- Cdp/dt) (7) 

This well known relation is mathematically exact in the limit for 
small differences of p and t, being in fact simply the general ex- 
pression for the variation of II in terms of S and C, a])piied to the 
saturation line (Appendix I (15)). It shows tiiat the rate of increase 
of //, will be practically equal to S at 0° C. (since dp/dt is very small), 
but must diminish rapidly at high pressures since dp/dt increases 
much faster than C diminishes with rise of temperature. It is 
also clear that {dll/dT)^ must vanish, or the total heat of saturated 
steam must reach a maximum, when Cdp/dt = 1, or when the line 
of constant total heat becomes tangential to the saturation line 
on the p, t diagram. Beyond this point saturated steam woidd 
increase in wetness, instead of being dried, by throttling. But this 
point is beyond the range of any existing experiments on C, or S, 
otII,. 

In applying mathematical relations of this kind to the residts 
of experiment, we are often met by the difficulty tliat the coeflicicnts 
required, such as S and C and djj/dt, have to be measured over 
finite ranges of temperature, as in the foregoing numerical example, 
and that the values so found will not be quite exact when applied 
to points indefinitely close to the saturation line, where they 
cannot actually be measured. The only satisfactory way of meeting 
this difficulty is to frame a simple theory of the relation of tlie 
coefficients concerned. Any such theory must be exactly consistent 
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with the laws of thermodynamics, and must at the same time repre- 
sent the actual variation of the coefficients within the limits of 
accuracy of experimental measurement. 

24. The Joule-Thomson Equation. The experimental 
methods of determining S and C depend essentially on observing 
variations of II, but it is most important that the expressions 
chosen to represent the results of such experiments, especially the 
variation of C with temperature, should be thermodynamically 
consistent with the variations of the volume V , the next most 
important quantity required in practical thermodynamics. This 
agreement is readily tested by means of the second law of thermo- 
dynamics (Appendix I (39)), which gives the relation 

SC = aT {dVldT)„- aV (8) 

This important relation was first given by Joule and Tliomson in a 
different form {Phil Trans., 185'!, p. 855), but they reduced it at 
a later date (Phil Trans., 1862, p. 5S7) to the above shape which 
is most convenient for the purpose. 

Joule and Thomson found as the result of their experiments on 
air and COg, that the cooling-effect in both cascis was independent 
of the pressure, but diminished rapidly with lisc of temperature. 
The diminution of C with rise of temperature might have been 
represented by a great variety of empirical formulae*''; but they 
adopted the expression C == KjT^, because it gave a solution of the 
thermodynamical relation (8) agreeing closely with an equation 
which Rankine {Phil. Trans., 185J, p. 837) had deduced from 
Regnault's experiments on the deviation of the volume of COg from 
the ideal value. By integrating equation (8) on the assumption 
that S was constant, and that V must approximate indciluiitcly 
to RT/P a,t high temperatures, Joule and Thomson obtained their 
well known form of characteristic equation for V in terms of T 
and P, namely, 

aV = ET/P - KSjBT^ (9) 

The original equation of Joule and Thomson was liable to the 
objection that it did not represent the result which they observed 
in the case of hydrogen, namely a rise of temperature with fall of 
pressure (or a negative value of C), which increased instead of 

* Other -writers have in fact suggested different formulae for C, some of -which 
fit the actual observations of 0 hotter, hut give absurd results for V. It is therefore 
most important to select a suitable type of formula {Phil. Mag., Jan. 1903). 
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diminishing when the temperature was raised. It appears probable 
that, at sufficiently high temperatures, all other gases would 
behave in the same way as hydrogen does at ordinary tempera- 
tures. This is most readily included in the formula by putting 
F — & in place of V in the left hand side of (9), where & is a small 
constant representing the limiting volume beyond which the gas 
cannot be compressed however great the pressure. The introduction 
of h into the equation considerably improves the agreement at 
high pressures. 

The method of integration, assuming S constant, is obviously 
inadmissible if S is really variable. We find in fact that the original 
equation of Joule and Thomson does not represent the properties 
of CO 2 quite satisfactorily with the value of K deduced from the 
observations on the cooling-effect. The agreement is greatly im- 
proved if account is taken of the known variation of S with tem- 
perature. The easiest way to do this {PUL Mag., Jan. 1908, p. 75) 
is to proceed in the inverse order if the variation of S' is known. 
Assume an equation of the type 

F ~ 6 = PT/aP - KjT^ (10) 

and deduce the values of K and n by comparing the experiments 
on S and C with the resulting expression for SC by relation (8), 
namely, 

SC=:^a{n+l)KIT^~ah (11) 

In the case of steam it was evident from the magnitude of the 
cooling effect, and its rapid variation with temperature, that there 
must be a considerable variation of S with pressure, according to 
the thermodynamic relation, which follows from the first law 
(Appendix I (35)), 

{dSldP)t = - (dSCIdT)^ (12) 

The large variation of S with pressure, while not at all affecting the 
previous deduction of from equation (6) by the throttling method, 
for which the value of S at atmospheric pressure alone was required, 
raised a fresh difficulty in another quarter. It appeared at first 
sight to be inconsistent with some previous experiments on the 
adiabatic expansion of steam, which required a constant value of 
the index representing the ratio of the specific heats. The solution 
of this difficulty was not immediately obvious, but it ultimately 
led to a considerable simplification of the expressions for the 
various properties of steam. 
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25. The Adiabatic Equation for Dry Steam. In the 

experiments on the Law of Condensation of Steain at McGill 
College in 1895, a large number of observations of the temperature 
of steam under various conditions in the cylinder of a steam-engine 
had been taken by means of a delicate platinum thermometer, 
constructed of wire -001'' in diameter, which was sufficiently sen- 
sitive to measure the temperature of the steam to about 0*1° C. 
under favourable conditions with the engine running at 100 revs., 
per min. In most cases the temperature found was sunply that of 
saturation corresponding to the pressure shown by the indicator. 
But when the steam was dry, the relation between pressure and 
temperature was that given by the adiabatic law, = constant. 

The index of T in this equation is the ratio Sjli in the ease of a 
perfect gas, and is constant if S is constant. Contrary to expecta- 



tion, the value of the index 71 -|- 1 was found to be remarkably 
constant for steam, and to be very little affected by condensation 
on the walls, or by leakage, or by variation of pressure. Leakage 
and condensation would both very seriously affect the value of the 
index deduced from the curves shown on the indicator card, 
represented by = constant, since the ma.9.s would not remain 

constant. But neither condensation nor leakage had much effect 
on the pressure-temperature relation, because the thermometer 
showed the temperature in the middle of the cylinder where the 
change was practically adiabatic. The constancy of the index was 
tested by a special series of observations, in which the ports of the 
cylinder were blocked with lead to prevent leakage, while the 
cylinder was heated with steam in the jacket and steam-chest. 
Under these conditions it was possible to test the law over a wide 
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range of pressure and temperature. The value of n + 1 found in 
this way for steam was 13/3, or 4-33. Observations were also taken 
with air in the cylinder under the same conditions as a check on 
the performance of the thermometer, because the adiabatic law 
was known for air with a fair degree of certainty. The thermometer 
was automatically compensated for conduction along the leads by 
connecting a short loop of the same -001" wire to the ends of the 
compensating leads, as shown in the annexed Fig. 7. The radiation 
error was checked by the experiments on air, and found to be 
very small if the wire was clean. The method, though at first sight 
so unpromising, proved to be the most accurate (as is now generally 
recognised), for measuring the adiabatic index. 

26. General Type of Characteristic Equation. The re- 
sult that the index n + 1 was constant for steam and equal to 13/3, 
■fitted extremely well with the view that S was constant and equal 
to 0-477, because the value of R for steam is -1101, and the ratio 
SjR is 4-33. But it was not at first sight obvious how the index 
could be independent of the pressure for an imperfect vapour, when 
it was found -fhat S varied so widely with pressure. It was shown, 
however, by theoretical investigation, that this property would be 
possessed by any vapour, however imperfect, provided that its 
iixbrinsic energy E could be represented by the expression 

E = anP {V -h) + B, (13)'!' 

where b and B are constants. It was also found that the character- 
istic equation of the vapour must be of the general type 

aP{V-b)IT = F{PJT^+^), (14) 

where F represents any arbitrary function of the argument 
(P/T^+i), which remains constant in adiabatic expansion. The perfect 

* If lU=anP {V -h)+B, and H=:a (n + l) P (V -b) +d)P + .B, it follovs that 
the specific heats at constant pressure, Sp, and at constant volume, 8^, are 


8p = a{n-\-l)P {dVldT)p, and 8y=an {V -h) {dP/dT)^ (16) 

But the difference 8p - 8^ is given by the well known expression (Appendix I, 
(45)), 

8p-8^=aT {dP/dT)^ {dVldT)p (17) 

We thus obtain a simple differential equation for T, namely, 

T = {n + l)P {dTldP)^-n{V -b) [dTIdV),,, (18) 


the general solution of which is (14), as given in the text. The solution may be put 
in a great variety of forms, since it involves an arbitrary function, but the special 
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gas is a special case in which the function F is constant and equal 
to B, but this does not satisfy the other conditions of the problem. 
The solution next in simplicity of a suitable type is obtained by 
taking 

aP (F - b)IT = R + KPIT-+\ (15) 

where B is the constant to which aP {V - &)/T approximates when 
P is small, and K is another constant to be determined by observing 
the deviations from the ideal state as the pressure increases. It 
was impracticable in the case of steam to follow the methods 
adopted in the case of gases, of observing the deviations from 
Boyle’s law, or the coefficient of expansion and the pressure- 
coefficient. Attempts had been made in this direction, but showed 
little promise of leading to results of sufficient accuracy. It was 
obvious from the measurements already made that the cooling- 
effect C was roughly independent of the pressure, as Joule and 
Thomson had found, but their method of integration, assuming 
S constant, was inadequate in the case of such largo variations of 
specific heat as had been indicated in liie case of steam. It was 
accordingly decided to repeat the throttling experiments with 
additional precautions in order to test the jiossibility of this 
solution, and if found satisffictory, to deduce the value of tlie 
constant K. 

27. The Differential Throttling Calorimeter. The 

single throttling calorimeter previously employed was well axhipted 

form (16), given, in the text, is the most convenient for the purpose for which it is 
required. 

further, since the general expression (App. I (40)), for heat received, clQ, is 
dQ =SpdT - aT (dV/dT),, dP (19) 

it follows by substituting the above value (10) for 8p, tliat when dQ=0, in an adia- 
batic process, we must have 

dPIP = {n + l)d,TIT, which gives P/r/’“ 1-1 = constant, (20) 

By expressing dQ in terms of S^, we similarly obtain (F ~ h ) = constant, or by 
combining the two, P(F - 6 )/P= constant, for the adiabatic equation. 

These thermodynamical relations are more fully discussed and explained in 
Appendix I. 

Since the general expression for the variation of FI is, App. 1 (14), 
dTI=MT~8GdP, 

the assumption that 8G is a function of the temperature only, agreeing with 
equation (15) or (21), gives a much simpler expression for IF, namely equation (24), 
than the assumption that (7 is a function of the temperature only, as made by Joule 
and Thomson, which is inconsistent with their assumption 8 constant, and leads 
to a difierent type of characteristic equation, as shown in the next chapter, § 39. 
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for obtaining the differences of over a considerable range (as 
from saturation to atmospheric pressure), required in the previous 
experiments, but it was not so well ’adapted for obtaining values 
of the cooling-effect C at a particular point. The value of C at a 
particular temperature and pressure could be obtained only by 
successive observations (during which the state of the initial steam 
might vary), or by differentiating the curves of constant total heat. 
Since a change of 1 per cent, in the wetness of the steam produced 
a change of about 10° C. in the temperature observed after throttling, 
it was most important to employ a differential method in which such 



changes were automatically eliminated. This was effected by con- 
necting two exactly similar calorimeters (Fig. 8) to the same steam 
supply, and adjusting the terminal pressures p' and p" by inde- 
pendent valves to a suitable difference p' — p" read on a differential 
gauge. The corresponding difference of temperature t' ~ t" was 
read with a differential pair of platinum thermometers. From 
which the value of the cooling-effect C == {f — t")f(p' - p") at the 
mean pressure and temperature is directly obtained, with almost 
complete elimination of errors due to variation of wetness or 
external loss of heat. The calorimeters were made of thin steel 
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tube, and each, was well lagged and drained, and doubly jaeketed 
with its own exhaust, so that a steady state was reached in about 
5 minutes after turning on the steam. This apparatus was completed 
early in July 1897, and was exhibited to several members of the 
British Association on the occasion of their visit to McGill College, 
but, owing to pressure of other work, the observations taken with it 
could not be reduced in time for the meeting at Toronto, These 
were supplemented by some taken by the fourth year students 
during the following session, and showed that the proposed form 
of characteristic equation (15) afforded a satisfactory solution of 
the difficulty'^'. 

28. The Coaggregation Volume c. For moderate ranges 
of pressure, such as are commonly required in practice, the relation 
between the pressure, volume, and temperature of a gas or vapour 
may most conveniently be written in the form 

V ~ h = RTjaP - c.^ (21) 

The constant 11 is the limiting value of the ratio aPVjT in mean 

* The main results of tlioso experiments wore inoludod in the original paper 
{Proc. JR. S,, 67, p. 266, 1900, roforred to by tlio abbreviation (li. 8., 1900) in this 
work), but the details of the observations and apparatus were reserved for later 
communications, referred to (Zoc. c4t., p. 268) as “the papers which follow” on the 
“Diiforontial Throttling Calorimeter,” and on the “Electrical Miethod of Measuring 
the Specific Heat of Steam.” These two papers were not published in the Proceediwja 
of the Eoyal Soaiety as originally intended, because Prof. Nicolson was tlien making 
preparations to repeat the throttling experiments on a more extended scale at 
Manchester, and did not wish the details published immediately. He a, Iso intended 
to work out a new sot of Steam Tables based on the author’s 0 (piation.s, but was 
ultimately compelled by ill health and overwork to abandon both of these intentions. 
The experiments on the specific heat of steam and air were described, and the ap- 
paratus exhibited, at meetings of the Pliysical Society of London in Oct. and Nov. 
1902, as recorded in the Minutes of Proceedings for those datca; but the papers 
themselves wore not published in p.xtenm, because the author, as Honorary Treasurer 
of the Society, did not feel justified in asking the Society to print such long and 
elaborate communications, the essential results of which had already been published 
elsewhere. These papers described additional experiments by improved methods, 
and confirmed the original results, giving 13/3 for the adiabatic index, or the ratio 
8JR, which was accordingly adopted, in j)lac:o of Maxwell’s theoretical value 4'6, 
in the revised equations for steam, prxblished in the Encydojxu'dia Britannica, 1902^ 
vol. 33, artioles Thermodynamics and Vai)orisation, which are referred to in this 
work by the abbreviation {E. B., 1902). This modification was found to give improved 
agreement with experiment for all the properties of ateain, but without allecting the 
theory or the general character of the conclusions. Some further details, with 
diagrams of the original apparatus, have since been given in the preface to a paper 
by J. PI. Brinkworth, B.Sc., “On the Specific Heat of Steam,” Phil. Trans. li. 8., 
Series A, vol. 215, p. 383. Confirmatory results for the ratio S'o/i? were obtained by 
Makower, and given in the Phil. Mag., Feb. 1903, p. 226. 
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calories per degree when the pressure is small. It has the value 
0T1012 if the index n is taken as 10/3, and the value of the specific 
heat Sq at zero pressure is taken as 0'47719. These values agree 
sufficiently well with the experiments on the specific heat and the 
adiabatic index, and also with the conventional values of the 
atomic weights. It is important for convenience of calculation that 
n should be a simple fraction, and that the ratio S^jR should be 
exactly equal to n + 1, but the absolute values cannot be deter- 
mined by experiment closer than 1 in 1000. The values of the 
constants R and Sq when expressed in mean thermal units per unit 
mass per degree are the same in all systems of units, but the 
reduction factor a is different in different systems (Chapter II, § 8). 

The small quantity b is often called the “covolume” or the 
“molecular volume.” It is here assumed to represent the volume 
occupied by unit mass of the substance when the molecules are 
practically in contact, as in the liquid state. It is so small in 
comparison with V that it cannot be determined with accuracy 
by experiments on the vapour, except in the case of non-condensible 
gases at very high pressures. It is therefore taken in the case of 
water as being equal to the volume of the liquid at 0° C. We thus 
obtain 

6=1 cu. cm. per gram, or 0*01602 cu. ft. per lb. 

The small quantity c is called the “ coaggregatioii volume,” and 
expresses the diminution of volume produced by coaggregation 
or pairing of molecules. As already explained, the simplest ex- 
pression that can be selected for c is 

c^cATjm 

where q is the valiie of c at some standard temperature T^, pre- 
ferably 100° C. or 373T° abs. The value of q remains to be deter- 
mined from the observations on the cooling-effect C, which also 
serves as a subsidiary verification of the value of n. 

The coaggregation volume c affords a very convenient method 
of expressing the deviations of all the properties of the vapour 
from the state of ideal gas, representing the limiting state of the 
vapour at zero pressure. All the experiments hitherto made on 
gases and vapours tend to confirm the conclusion that the defect 
of volume c — h from the ideal volume RT/aP is a function of the 
temperature only to a first approximation at low pressures, and 
can be represented for a fairly extended range of temperature by 
supposing c to vary inversely as some poAver n of T, where n may 
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have different values for molecules of different types. There is no 
great difficulty in calculating the deviations from the ideal state 
in terms of c for other assumptions with regard to the variation 
of c, but the assumption c = q (TJT)^ suffices for most practical 
purposes, and gives the following simple expressions : 

Defect of Volume, V, = c — b. 

Defect of Energy, E, = ancP. 

Defect of Entropy, (D, = ancPjT. 

Defect of Total Heat, TI, — {a {n + l)c — ab) P, 

Value of SC = a {n + l)c - ab. 

Value of S — S(^ ~ an {n + 1) cPjT. 

Increment of G = TO — II, = a {c — b) P. 

Increment of log^ p, —a {c — h) PjPT. 

These give very simple thermodynamical relations between the 
various properties, and are greatly to be preferred to any of the 
purely empirical formulae commonly employed. The two last are 
of special simplicity and importance, since they are independent of 
the assumption that c varies as T-”, and remain true for any 
variation of c provided that it is a function of the temperature only. 
The saturation pressure p of the vapour differs from that of an 
ideal gas by a factor depending only on the ratio of the defect of 
volume to the ideal volume. If c - 6 is not a function of the tem- 
perature only, the increment of G is represented by the integral 
of a {c - b) dP at consta,nt T, which is readily determined on any 
desired hypothesis, but no satisfactory law of variation of c or b 
at high pressures has yet been discovered. 

In the case of steam we have the additional simplification that 
the ratio SJR is equal to n + 1, to a close approximation, which 
has the effect of reducing the equation of the adiabatic to the same 
form as for an ideal gas, as already explained. This is so great an 
advantage, that, even if it were not so accurately true as it appears 
to be, it would still be most useful in pi'actice. 

29. Expressions for E, H, C and 5 . Since the form of the 
characteristic equation has been chosen to satisfy the condition, 
found experimentally, that the index {n + 1) is constant in the 
adiabatic expansion of dry steam, it follows that the Intrinsic 
Energy E can be represented by the extremely simple expression, 
previously given, 

E - anP (F~b) + B, (13) 

where B = 464-00 mean calories Centigrade if E is reckoned from 
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the state of water at 0° C. This expression is perfectly general for 
dry steam, whether superheated or supersaturated, and includes 
the intermediate case of saturated steam. 

The corresponding expression for the Total Heat H is obtained 


by simply adding aPV to the expression for E, since H H + aPV, 

li = a {n +l)P (V -b) + abP + B (22) 

This equation, when inverted, gives a very useful expression 
for V in terms of H and P, namely, 

V = S{H - B)ll8aP + 106/13 (23) 


The numerical values of the constants in different systems of units 
are given in the Steam Tables, Appendix HI, § 191. 

Both B and H are readily expressed in terms of P and T, by 
substituting V — b = llTjaP — c, from the characteristic equation, 
thus, 

E = fiRT — ancP + B, 

I-I = {n+l)BT ~ a{n+ 1) cP + abP + B. 

This equation may also be written in the form 

H==S^T-SCP^B, (24) 

where SC represents the product of the specific heat S and the 
cooling-effect C at a temperature T and pressure P. S^ is the 
limiting value of S at zero pressure, which is taken as constant 
and equal to (n + 1) P. 

The values of H for dry saturated steam are obtained by sub- 
stituting for P the value of the saturation pressure p corresponding 
to the temperature, together with the appropriate value of c. The 
values thus obtained for Mg are represented by the curve in Fig. 4, 
and have already been verified by comparison with direct experi- 
ments on the total and latent heats. It might be supposed at first 
sight that the formula for Hg, since it involves p as well as T, is 
unnecessarily complicated, as compared with empirical formulae 
giving Hg directly as a function of T. But it is more convenient 
in practice to retain p explicitly in the formula, since the saturation 
value of H is merely a special case of the general expression, and 
p is always known. 

The general expression for the specific heat S at constant pres- 
sure, namely {dHIdT)^, is immediately obtained by differentiating 
the expression for H with regard to T under the condition 
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P — constant. Remembering that c = (Tj/T)™, we observe that 

{dcjdT) = — nc]T. Whence 

S = (dHjdT)^ = {n + l)B + an (n + l)cP/r = *90 + an {n + 1) cP/T. 

(25) 

The limiting value of the specific heat Sq at zero pressure must 
be constant and equal to {n + 1 ) P, if n is constant. The small 
term involving c expresses the complete variation with pressure 
at different temperatures. It will be seen that this term remains 
constant, when P/T”+^ is constant, in adiabatic expansion. 

The value of (dlljdP) when T is constant, is equal to — SC, 
by the definition of the cooling-effect C. Differentiating the ex- 
pression for II with regard to P at constant temperature, we obtain 
the equation for SC, 

SC = - (dllldP)^ = a {n + 1) c - ah (26) 

This equation shows that the cooling-effect C should not be quite 
independent of the pressure at consta,nt temperature, but should 
diminish slightly as P increases in consequence of the increase of 
S with pressure. The value of c may be deduced from this equation 
if C is known for any given P and T. 

30. Relation between C and c. Substituting for S its value 
in terms of c, the last equation (26) may be employed to find C 


in terms of c or vice vena. 

c = {EC la -I- hl{n + 1 ))/(!. - nCPjT), (27) 

C = (c - hjin + l))/(P/a + ncPjT) (28) 


Since bl{n -I- 1) is very small, C is very nearly proportional to c 
at low pressures, so that both may be taken to vary inversely as 
the same power n of the temperature T to a close approximation. 

For the same reason, the ratio of C to c is nearly constant along an 
adiabatic at all pressures, since ncPjT is constant. The constant 
hj{n + 1) is -0037 cu. ft./lb. which is less than 1 per cent, of c at 
100° C. The constant Itja is the same a.s that in the equation for 
the volume V, and has the value 1*07061 when P is in Ibs./sq. in. 
and V in cu. ft. per lb. Thus the cooling-effect C in ° C. per lb. 
pressure is of nearly the same order of numerical magnitude as c 
measured in cu. ft./lb., namely C = 0*371° C. per lb. at 1 atmo- k 

sphere and 100° C. where c = 0*4213 cu. ft. per lb. 

The values of C obtained with the differential throttling calori- 
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meter were employed to calculate corresponding values of c at the 
mean points of each experiment. The values deduced for the con- 
stant Cl at 100° C. agreed very closely when calculated from those 
of c at different pressures and temperatures, showing that the adia- 
batic index correctly expressed the variation with temperature. 
The agreement was not quite so good with n = 3-5 for the index, 
but was almost within the limits of error of experiment. The value 
given for the constant Cj with the index n = 3-5 in the original 
paper {R. S. 1900 ) was 26-50 cu. cms. per gm. at 100 ° C. This was 
reduced to 26-30 by changing the index to n = 10 / 3 . The change 
is small, because, as already remarked, the ratio cjC is nearly 
independent of n at low pressures. The value of c at 160 ° C. was 
increased by nearly the same amount, the value at 130 ° C. re- 
maining unchanged. The corresponding value at 100° C. when 
expressed in cubic feet per pound, or in cubic metres per kilo as 
employed in practice, is 

Cl (at 100 ° C.) = 0-4213 cu. ft./lb. = 0-02630 cu. m./kg. 

The coaggregation volume c, being a function of the temperature 
only, is very easily calculated and tabulated. The same remark 
applies to the simple functions SC = a 1) c — «&, and 
Z = ancjT, which are required for the total heat and cooling-effect, 
and for the entropy and specifie heat respectively. These are 
included in Table I, Steam Tables, Appendix I. 


CHAPTEE IV 


THE COOLING-EFFECT C 

31. Experimental Values of C by the Differential 

Method. The following are some of the values of the cooling-effect 
C observed with the differential throttling calorimeter by Prof, 
Nicolson and the author in July, and by the fourth year students 
at McGill College during the winter session of 1897, Each value 
represents the mean of ten readings of the temperature and pi’cssure 
differences. Most of the observations were taken between 150° 
and 120°, and between 15 and 50 lbs, pressure. It was more difficult 
to get observations at higher temperatures and pressures. Those 
given in the table have been selected so as to cover the experi- 
mental range as evenly as possible. 


Table I. Observations of the Cooling-Elfect C. 




t'-t" 

P'-P" 

0 

c (obs.) 

c (calc.) 

179-2 

120-4 

2-33 

13-3 

0-175 

0-224 

0-222 

175-3 

94-5 

3-55 

19-5 

0-182 

0-228 

0-228 

166-2 

75-2 

3-30 

16-5 

0-200 

0-246 

0-244 

160-4 

60-3 

3-20 

15-1 

0-212 

0-256 

0-256 

153-3 

43-1 

2-52 

10-9 

0-231 

0-272 

0-270 

149-0 

20-2 

4-31 

17-7 

0-243 

0-278 

0-279 

145-2 

30-4 

4-90 

19-6 

0-250 

0-289 

0-288 

140-3 

19-2 

2-68 

10-2 

0-263 

0-298 

0-300 

134-8 

30-2 

5-51 

20-4 

0-270 

0-314 

0-313 

130-6 

30-3 

5-15 

18-4 

0-280 

0-326 

0-325 

124-2 

20-6 

3-10 

10-4 

0-298 

0-341 

0-342 

118-7 

20-4 

3-07 

9-7 

0-316 

0-362 

0-358 


The mean temperature and pressure of each observation are 
denoted by and respectively. They do hot affect the cal- 
culation of c from C except in the small correction term nCPjT. 
The column headed c (obs.) represents the values of c obtained 
from those of C by the formula already given. The column headed 
c (calc.) represents the values of c corresponding to the temperature 
calculated by the formula c = % The agreement of 

the observed and calculated values is seen to be within 1 per cent., 
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which is good considering the nature of the observations. The 
values of the cooling-effeet C are here expressed in degrees Centi- 
grade drop of temperature for a drop of 1 lb. per sq. in. in the 
pressure. The corresponding values of c are in cubic feet per pound. 

32. Correction for External Heat-Loss. It is most im- 
portant in throttling experiments to reduee the external heat-loss 
to a minimum, because any loss of heat with superheated steam 
will lower the temperature and make the observed cooling-effect 
too large. It is also most important to avoid conduction of heat 
through the throttle from the high pressure steam. These objects 
were approximately attained by using a thin steel tube for the 
throttle, and by doubly jacketing the calorimeter with its own 
exhaust, as indicated in Fig. 5, in addition to external lagging. The 
residual error was further ' reduced in the differential method, by 
taking the difference of temperature between two similar calori- 
meters at slightly different pressures. The differential apparatus 
afforded a ready means of determining the residual correction. With 
this object the throttle tubes were made interchangeable, and tubes 
of different bores were employed, so that the temperatures could 
be observed under similar conditions with different currents of 
steam in the two calorimeters. By observing the difference of 
temperature when the current of steam was reduced in one of the 
calorimeters by fitting a smaller throttle, and the pressures were 
adjusted to equality, the external loss of heat could be readily 
deduced, from the observed values of the steam currents. A series 
of observations taken on this principle in the neighbourhood of 
300° F., by the senior demonstrator Mr H. M. Jaquays in the 
Engineering Laboratory at McGill College during Nov. and 
Dec. 1897, showed that the required temperature correction was 
inversely proportional to the steam current (as would naturally 
be the case) and might amount to 5 or 10 per cent., according to the 
conditions of flow, with a single calorimeter, when the current of 
steam was at the rate of 1 pound per minute. A suitable correction 
was accordingly applied to the observations with the single calori- 
meter, which gave too large a value of the cooling-effect if the 
correction were omitted. With the differential apparatus the 
correction was found to be, if anything, in the opposite direction, 
since the calorimeter at the lower temperature had the smaller 
heat-loss; but the correction was so nearly eliminated by the 
differential method as to be of the same order as the accidental 
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errors of observation. Since the correction cannot be completely 
eliminated by lagging or jacketing, it would appear possible that 
the slightly larger values of the cooling-effect obtained by other 
observers, who have not employed the differential method, may 
be attributed to external heat-loss. 


33. To Find the Total Heat of Steam by Throttling. 

As already explained, the method adopted to find the initial value of 
the total heat of wet steam by the aid of the throttling calorimeter 
(when Regnault’s values of the coefficients had been proved to be 
erroneous) was to construct a table of the values ol the total heat 
of superheated steam at atmospheric pressure, deduced from those 
of the specific heat at atmospheric pressure obtained by the con- 
tinuous electric method. The values of the specific heat obtained 
in this way in the first experiments were found to diminish from 
-50 to -49 with rise of temperature from 100° to 160° C., and gave 
- esults for the total heat practically identical with those in the 
:''ollowing table. 


Table 11. Values of Total Heat of Superheated Steam at 
Atmospheric Pressure. 


Tompera- 

tiire 

C. F. 


200° 392° 
190° 374° 
180° 356° 
170° 338° 
160° 320° 

150° 302° 
140° 284° 
130° 266° 
120° 248° 
110° 230° 
100 ° 212 ° 


Single dogroos Centigrade 


0° 1° 2° 3° 4° 6° 0° 7° 8° 9° 

688-63 89-01 89-50 89-99 90-48 90-96 91-45 91-94 92-42 92-91 

683-66 84-14 84-63 85-12 85-60 86-09 86-58 87-07 87-55 88-04 

678-79 79-27 79-76 80-25 80-74 81-22 81-71 82-20 82-68 83-17 

673-91 74-40 74-88 75-37 75-86 76-35 76-83 77-32 77-81 78-30 

669-01 69-50 69-99 70-48 70-97 71-46 71-95 72-44 72-93 73-42 

664-10 64-60 65-09 65-58 66-07 66-56 67-06 67-64 68-03 68-62 

669-18 59-68 60-17 60-66 61-16 61-66 62-14 62-63 63-12 63-61 

654-24 54-73 65-23 55-72 56-21 66-71 67-20 57-70 58-19 58-69 

649-29 49-78 60-28 50-77 51-27 51-76 62-26 52-75 53-25 53-74 

644-31 44-81 45-31 45-80 46-30 46-80 47-30 47-80 48-29 48-79 

639-30 39-81 40-31 40-81 41-31 41-81 42-31 42-81 43-31 43-81 

0° 1-8° 3-6° 5-4° 7-2° 9-0° 10-8° 12-6° 14-4° 16-2° 

Degrees and decimals Fahrenheit 


By observing the temperature t" of the steam when throttled 
to atmospheric pressure, the total heat of the throttled steam, and 
therefore of the initial steam, is immediately given by reference to 
the table. The observed temperature t" requires careful correction 
for thermometric errors, especially stem-exposure, if mercury 
thermometers are employed. It should also be corrected for 
external heat-loss, which is most easily done by using a differential 
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calorimeter with a double throttle tube on one branch, so that the 
current through one side is double that through the other. The 
difference of temperature when hoth are at atmospheric pressure, 
gives the correction to be added to the higher reading. The method 
is perfect so far as the sample taken is concerned, but it is important 
to make sure that the sample taken is a fair sample of the main 
steam supply to the engine under test. The method has the ad- 
vantage of applying equally to wet steam or superheated steam, 
provided that the total heat is not outside the limits of the table. 

34. Curves of Constant H on the PT Diagram. The 

general results of the application of the Joule-Thomson method 
to steam are best represented graphically by drawing the curves 
of constant total heat on the pressure-temperature diagram as 
shown in Fig. 9, in which the pressure in lbs. per sq. in. abs. is 
taken as abseissa, and the temperature in degrees Centigrade as 
the ordinate. The full lines shown in the figure, extending from the 
line of zero pressure to the saturation curve, are lines of constant 
total heat calculated by the author’s formulae, based on the ex- 
periments with the differential throttling calorimeter, and on the 
measurements of the specific heat of steam at atmospheric pressure. 
The dotted lines marked Pa, Gl, and Gsll, represent the highest 
series of observations made by l^eake, Grindley and Griessmann, 
respectively, who traced the lines of constant II by keeping the 
initial state as constant as possible while the steam was throttled 
to various lower pressures in succession. These are seen to corre- 
spond as closely as could be expected with each other and with 
the theoretical curves. 

The dotted lines TT and ZZ in the figure, are calculated from 
the characteristic equations of Tumlirz and Zeuner, respectively, 
which were most commonly employed in 1900, and for some years 
later, in expressing the properties of steam. These curves are 
seen to be of a different type, and do not show a satisfactory 
correspondence with experiment. 

According to Zeuner {Zeit. Ver. Deut. Ing. xi, p. 41, 1867) the 
properties of steam are represented by the characteristic equation 

PV = 50-98ST - 192-5P^, (1) 

where P is the pressure in kilograms per square metre, and V the 
specific volume in cubic metres per kilogram, so that PV is in 
kilogrammetres. This equation requires that the value of the 
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product SC, deduced from III (S), should be 192-5^P * and 
should be independent of the temperature. It follows by III (12) 
that S must be independent of the pressure, but may be any 
function of the temperature. Zeuner assumed S constant an 
equal to 0-4805, with A = 1/424, so that C - 0-945P , which is 

always the same at the same pressure, and becomes infinite at 
P = 0. The numerical value of C at a pressure of 1 kg./sq. cm. 
(10,000 kg./sq. m.) is 9-45° C. per atmosphere (1 kg./sq. cm.) in 
(K.M.C.) units. Similarly at P = 16 kg./sq. cm. we have C =■■ 9-45/8 

(K.M.C.). 

The equation of a line of constant total heat is obtained by 
integrating CdP == dT at constant //. If C == 9-45P as in Zeune^ 
equation, we thus obtain for a line of constant H starting Irom i o 
at P = 0 

T - To = 87-8P^ (K.M.C.) = 19-46P* (F.P.C.). 


The dotted line ZZZ in Fig. 9 represents such a line starting from 
T = 895°, or ^ = 122° C. Aecording to tliis equation the lines 
of constant H are all exactly similar to ZZZ, c.g. tlie line stai’ting 
from 100° C. would be obtained by simply shifting the curve down 
through 22° C. The values of C arc of the riglit ordt;r of magnitude 
at avera,ge pressures and temperatures such as P == 50 lbs. and 
t = 150° C., but the curves are evidently oi’ the wrong type. 

The characteristic equation of Tumlirz; {Sitz. Alatd. Wien, 11 a, 
p. 1058, 1899), may be put in the numerical forms 

V = 0-00467T/P - 0-008402 (K.M.C.) = lOUTfP - 0-1846 (F.P.C.). 

.... . .( 2 ) 


According to this equation, the defect of F from the idesd value is 
constant and equal to 0-0084 cb.m./kg., which is about ttircc 
times too small at 100° C. The product SC is also constant and 
equal to 0-0084^1 kilocalories per unit pressure-droi) of 1 kg./sep m., 
or to 0-197 per atmosphere (K.M.C.). The specific heat is inde- 
pendent of the pressure, but may be any function of tlie tempera- 
ture. Tumlirz assumed S constant and ecpial to 0-48, which gives 
C = 0-197/0-48 = 0-412° C. for a pressure-drop of 1 kg./sq. cm. 
at any point of the diagram. According to the equation of 1 umhrz, 
the lines of constant II are parallel straight lines with a slope 
C 0-412° (K.M.C.), or 0-029° (F.P.C.), as indicated in the figure 
by the dotted lines marked TT, which have evidently much too 

small a slope to agree with expeiimcnt. ^ ^ 

According to the author’s theory, the cooling-effect is a function 
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of both temperature and pressure, but the curves of constant H are 
readily drawn by putting H constant in the general expression for 
H given by equation (24) of Chapter III. Putting H = SqTq + B, 
we thus obtain 

So{t-to) = SCP, (3) 

where is the temperature at which the line considered cuts the 
vertical axis P = 0, and is given by {H - P)/6'o - 273, in terms of 
the value of H for the line considered. 

It is very easy to draw the lines of constant total heat with the 
aid of this equation by taking the values of ^C, given for each 10° C. 
in Table I, and also in Table IV of the Steam Tables, Appendix III. 
If it is desired to draw the line passing through any arbitrary point 
P'T', the corresponding value of S'C must be found by inter- 
polation, and the equation becomes for dry steam, 

So(t-t') = SCP~S'C'P', (4) 

where t' is the Centigrade temperature corresponding to T' abs. 
It is easy to calculate P by the aid of this equation for any given 
value of t. 

If on the other hand, the initial temperature and pressure 
P' are given and it is required to find the final temperature t" 
when the steam is throttled to a given pressure P" , it is necessary 
to proceed by interpolation, as in the following example : 

Example. If the initial state is given as 178 lbs. at 187-2° C,, 
find the temperature after throttling to atmospheric pressure. 

At P' = 173 lbs.; r = 187-2° C. S'C (interpolated) = 0-0915, 
S'C'P' = 15-82. 

, At P" = 14-7 lbs.; t" = 150° (trial); S"C'' = 0-12187 (table); 
S"C"P'' = 1-80, whence t'— t" = (15-82 — l-80)/0-4772 = 29-4°. 
t" = 157-8° C. 

If t" = 160° (trial), S"C"= 0-11256 (table); S"C"P" = 1-64, 
whence 157-5°. 

The required answer is evidently 157-6° C. The trial value 
assumed for t" makes very little difference if the pressure P" is 
low. The value of t" first obtained will be a good approximation, 
and will show how much the trial value was too high or too low. The 
approximation is so rapid, that a second trial is seldom required. 

If the steam is throttled to atmospheric pressure, a convenient 
method is to find the initial value of the total heat in the Steam 
Tables, from Table III (H), or Table IV, and then find the tem- 
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perature giving the same value of M at atmospheric pressure from 
Table II of this chapter for each 1° C. 

The value of the cooling-effect at the mean temperature and 
pressure of any range is found approximately by dividing the 
value of SC at the mean point by the value of S near the same point 
taken from Table IV of the Steam Tables. In an experiment in 
which P', t', P", t" are the observed quantities, the observed mean 
cooling-effect, C = {f- t")j{P'- P"), may most easily be verified 
in this way. 

35. Results of other Observers. Curves of constant total 
heat on the PT diagram were first exhibited in the manner shown 



in Fig. 9, by Grindley {Phil Trans. A, 1.94, p. 1) to represent the 
results of his experiments by the throttling method. Each curve 
was obtained by keeping the initial pressure of the saturated steam 
as nearly constant as possible, and observing the temperatures 
after throttling to various lower pressures. Values of the specific 
heat were deduced by assuming Regnault’s formula for the total 
heat of saturated steam. Taking any pair of curves, the difference 



COOLING-EFFECT C 69 

of total heat H'— H" is on this assumption equal to 0-805 multi- 
plied by the difference of initial temperatures {t,'~ tj') of the 
saturated steam. The specific heat at any constant pressure is 
the difference H — TL" divided by the difference of temperature 
{t —■ t ) between the two curves at the required pressure. 

N = 0-305 (5) 

The values of S calculated by Grindley in this way showed a 
lapid increase with temperature, but appeared to be nearly inde- 
pendent of the pressure. The product SC appeared to be nearly 
constant at all temperatures and pressures within the experimental 
range. This led to a characteristic equation of the same form as that 
of Tumlirz, but with quite a different value of the constant, namely, 

aFV =^RT- 0-2817P (F.P.F.) = RT - 0-1565P (F.P.C.) 

or V = RTjaP - 1-522 (F.P.F. or C.) = PP/aP - 0-0950 (K.M.C.), 

where the coefficient of P is the constant value of SC on either 
system. The defect of volume given by this equation is about 
six times too large at 150° C. 

It is evident that an equation of this type, with S variable, can 
be fitted fairly well to the throttling curves, but the values of S 
required do not agree with direct experiments on the specific heat. 
It is easy to calculate the values of S and C on this hypothesis by 
the equation (see § 23) ” 

{dlijclT), = 0-305 ^S-Sd (dp/dt), (6) 

since both S and C must be independent of the pressure. We thus 
obtain 


Table III. Values of S and C by Grindley ’s Equation. 


Temp. Cent. 

o 

o 

o 

120° 

140° 

160° 

j 180° 

200° 

220° 

240° 

dpidt, lbs./° C. 1 

0-525 

0-914 

1-488 

2-284 

3-335 

4-675 

6-290 

8-175 

/S’, cals./° C. 

0-387 

0-448 

0-538 

0-662 

0-827 

1-037 

1-289 

1-584 

G, ° C./lb. 

0-404 

0-349 

0-291 

0-236 

0-189 

0-151 

0-121 

0-099 


ihe values of C are in fairly good agreement with experiment, 
but S cannot be so low as 0-387 at 100° C., or so high as 1-037 at 
200° C. ; and there is very strong evidence that S is not independent 
of the pressure. Grindley did not actually make this calculation, but 
it is fairly deducible from his equation and data (see R. S. 1900, 67 
p. 279). 
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Grindley endeavoured to eliminate external loss of heat by 
surrounding his throttling chamber with a massive cast-iron jacket 
containing saturated steam, the pressure of which was adjusted by 
the aid of an auxiliary thermo-couple to give the same temperature 
as that of the throttled steam, a method suggested by Prof. Osborne 
Reynolds. The objection to this method was that it took a long- 
time (2 or 3 hours) to reach a steady state, whieh is a serious matter 
when observations have to be taken successively at different pres- 
sures and temperatures. Grindley’s longest curve is shown in the 
preceding figure, marked Gl. It has a slightly steeper slope than 
the author’s, which may possibly be explained by the fact that 
his initial steam was always slightly wet, or that his method of 
eliminating the heat-loss was less effective than the differential 
method. The average values of the cooling-effect for each of his 
six curves of constant II, are most readily compared with the 
author’s by calculating the value of at zero pressure for each curve 
by equation (3) as in the following table. 


Table IV. Temperature Iq at zero pressure from 
Grindley’s Throttling Curves. 





Number of Curve 


(1) 

(2) 

(3) 

(4) 

(6) 

(6) 

^0 observed (Grindloy) 

151-7 

142-2 

127-8 

122*8 

113*9 

105-0 

tf, calc. (Calendar) 

154-2 

143-8 

128-9 

123-0 

114-3 

105*7 

„ „ (Zeuner) 

114-G 

112-4 

86-6 

80-5 

73-0 

66-1 

„ „ (Tumlirz) 

180-0 

163-8 

142-6 

134*7 

123*6 

112-6 


The results are evidently incompafible with the equations of 
Zeuner or Tumlirz, but the general agreement with the author’s 
equation is good, apart from the small systematic difference already 
explained. 

Grindley employed an orifice in a thick glass plate as a throttle, 
which gave some trouble in fitting, and frequently cracked, but 
probably served fairly well to prevent excessive conduction of heat 
from the high pressure side to the throttled steam. 


36. Results of Griessmann and of Peake. Griessmann 
{Ver. DeuL Ing. 47, p. 1852, 1903), who repeated Grindley’s ex- 
periments at Dresden under Prof. Mollier, employed a porous plug 
of the Joule-Thomson type, consisting of layers of canvas, embedded 
in a thick block of wood for heat insulation. Plis highest curve, 
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marked Gsll, is shown in Fig. 9 dotted. It happens to fall very 
nearly on one of the author’s curves from 150° to 179°, but has a 
slightly greater curvature. All Griessmann’s lines of constant II 
are more highly curved than those of the other observers, indicating 
a more rapid increase of C with fall of temperature and pressure. 
A large block of porous non-conductor, like wood, has a consider- 
able thermal capacity and a very awkward kind of memory. It 
is also liable to become damp when exposed to saturated steam, 
and the evaporation of the moisture involves great loss of heat 
when the pressure is reduced. This affords a possible explanation of 
the many low points shown on his curves, and the systematic 
tendency to excessively high values of C at low pressures. 

Griessmann reduced his observations on much the same lines 
as Grindley. Taking Regnault’s value for {dllldT)^, namely 0-305, 
he found a similar variation of S with temperature. He also found 
that the product SC was nearly independent of the temperature at 
constant pressure, indicating that S was independent of the pressure, 
as in Zeuner’s equation. He thus obtained a form of characteristic 
equation similar to Grindley’s, but with this difference, that SC 
varied slightly with the pressure. The values found for SC ranged 
from about 2-20 (K.M.C.) at 1 kg./sq. cm. to 1-80 at 5 kg. The values 
of the volume deduced from this equation showed fair agreement 
with Zeuner’s. Griessmann’s main conclusion was that Zeuner’s 
equation was accurate over the experimental range; but he does 
not appear to have noticed that Zeuner’s equation requires a 
very different variation of SC, namely from 4-50 (K.M.C.) at 
1 kg./sq. cm. to 0-564 at 16 kg. 

Peake {Proc. R. S. 76, p. 185, 1905) employed a perforated mica 
disc as throttle, and jacketed the calorimeter with its own exhaust. 
His curves of constant H, one of which, marked Pa, is shown in 
Fig. 9, were all very nearly straight lines. This would indicate that 
C remains nearly constant at constant II, or that the increase of 
C with fall of temperature is nearly compensated by a diminution 
with fall of pressure; whereas Grindley found that C varied as T-^ 
nearly, but was practically independent of the pressure. Otherwise 
his curves were similar to Grindley’s, but showed a somewhat 
steeper slope, due probably to less perfect elimination of the heat- 
loss. He also made some incomplete experiments on the specific 
heat at atmospheric pressure by an electric method, which gave 
0-43 as the mean value between 100° and 200° C., and showed no 
variation with temperature such as Grindley had found. 
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37. Variation of C with Temperature and Pressure. 

Experiments such as those described, with a single throttling 
calorimeter, though affording the simplest method of observing 
the lines of constant H, provided that the initial state can be kept 
constant, are not well suited, as already explained, for determining 
the variation of C with temperature or pressure. The drawing of 
smooth curves through the observed points is to a great extent a 
matter of taste, and the drawing of tangents to such curves affords 
considerable scope for imagination. Empirieal formulae are equally 
misleading because the type of formula selected is the main factor 
in determining the result found. The least objectionable method is 
to take the actual observations in pairs along any one curve, and 
to find the value of C for each interval by taking the ratio of the 
temperature and pressure differences. Values found in this way 
from neighbouring pairs of points are apt to be very discordant, as 
would naturally be expected, but the method has generally been 
adopted by the experimentalists themselves, and by others in 
reducing their results. In addition to affording an instructive 
illustration of the theory, the method deserves discussion because 
it appears in some cases to lead to residts at variance with those of 
the differential method. 

This method of reduction has been very carefull^y and impartially 
applied to all the results quoted by Prof. H. N. Davis of Harvard 
{Proc. Amer. Acad. Sci., 45, p. 248, 1910), whose conclusions have 
in many cases been accepted as more directly representing the 
results of experiment than the author’s theoretical metliod. In 
applying this method Prof. Davis has found it necessary to reject 
several of the observations, which are obviously affected by varia- 
tions in the quality of the initial steam, and would give absurdly 
high or low values of C. This eliminates many of the worst outliers 
in the resulting CT diagram, but cannot mitigate any systematic 
error in the smoothing of the curves, especially near tlie ends. 
He attributes the residual discrepancies chiefly to the employment 
of mercury thermometers for all the temperature readings, and 
spring-gauges for the pressure readings, in place of electrical thermo- 
meters or mercury gauges, which are much better suited for reading 
small differences. The discrepancies of individual observations are 
further reduced by taking means of neighbouring groups. There is 
room for taste in the matter of rejection and grouping of observa- 
tions, but it appears from reference to the original observations 
that the points selected by Davis may be accepted for purposes 
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of argument as fairly representing the results of the experiments. 
The points have accordingly been verified and replotted in Fig. 10 
on a different scale (F.P.C.) to show the eooling-effect in degrees C. 
for a presffure-drop of 1 Ib./sq. in. The points belonging to different 
observers have been distinguished by the same marks as those 
employed by Davis, namely, plain circles for Grindley’s observa- 
tions, circles with a vertical cross-bar for Griessmann’s, and with 
a horizontal cross-bar for Peake’s. Some additions have been made 
to the diagram in the hope of rendering it more intelligible. 

Davis states that he examined the results with great care for 
evidence of any systematic variation of C with pressure at constant 
temperature, but without success. He accordingly represented the 
cooling-effect as a function of the temperature only by a simple 
curve, shown in his paper on a different scale in a separate figure. 
This curve is reproduced as nearly as possible by the broken line 
marked “Davis” in Fig. 10. It appears to represent the observa- 
tions fairly from high temperatures down to 150° C., but gives too 
much weight to Peake’s observations at low temperatures. 

The results of the author’s differential method are represented 
by the two full curves marked Cq and Cg . The upper curve repre- 
sents the limiting values of C at zero pressure, the lower curve the 
values of C at saturation pressure; The somewhat steeper lines 
joining the two curves indicate the variation of C at constant total 
heat, which is more rapid, owing to the combined effects of drop 
of temperature and pressure, which both tend to increase C\ 

In order to be able to estimate the value of the evidence 
afforded by the different series of observations, it is necessary to 
group them, as originally taken, along lines of constant total heat. 
The dotted lines indicate as closely as possible the connection of the 
points obtained from each of the original curves of constant H. 
These lines are produced backwards to the saturation temperature 
in each case. The points so obtained are surrounded with larger 
circles, and are marked with the letter or number given by each 
observer in his original paper. The double circles with horizontal 
cross-bars marked A, B, C, D, E, F, indicate the starting points 
of Peake’s lines of constant II ; those with vertical cross-bars num- 
bered 11 to 1, indicate Griessmann’s; the plain double circles, 
numbered 1, 2, 3, 4, 5, indicate Grindley’s, Curve No. 6 Grindley, 
cannot be extrapolated to saturation, beeause the line is so short 
that only one satisfactory point can be obtained from each of the 
three series of observations represented on the curve. 



o 


Temperature Centigrade. 

Kg. 10. Results of other observers for C. 




IV] COOLING-EFFECT C 75 

It is immediately obvious that nearly all of Peake’s values at 
the higher pressures are much too high, especially for line E, the 
two highest points on which were rejected by Davis on this account, 
but have been replaced in Fig. 10. The Davis curve appears, how- 
ever, to give great weight to the highest observation on curve F as 
compared with Grindley’s points on 5 and 6, which are quite 
satisfactory. It is not theoretically inconceivable that C should 
increase with increase of pressure, as shown by Peake’s curves, 
but it is against the other experimental evidence. Moreover 
Peake’s curve D is inconsistent with his other curves in this respect. 
The point on this curve at the low pressure end, marked Dq, 
approaches very closely to the high pressure end of E. 

All of Griessmann’s curves, on the other hand, as one would 
expect from their excessive curvature, show a very rapid increase 
of C with fall of T and P at constant H, and give exceptionally 
low values of t at low pressures, as might be predicted from the 
obvious experimental errors of the points rejected by Davis and 
by Griessmann himself. It is possible however that Griessmann’s 
points near saturation may be fairly reliable, because the error due 
to evaporation from the wood block is most to be feared at low 
pressures. 

All of Grindley’s curves (except No. 2, where the points are so 
discordant that no satisfactory indication is given) show a reason- 
able slope. One may fairly set Griessmann’s observations against 
Peake’s, and conclude that the intermediate slope of the lines of 
constant total heat, indicated by the author’s differential method, 
is not in reality inconsistent with the results of these experiments. 
Without some guidance from theory it is hopeless to attempt 
to draw a mean curve through a target-diagram of this kind, 
especially near the low pressure end of the range, where the observa- 
tions are few and the curves short. Grindley’s results are the most 
reliable in this region since he was the only one of the three to 
use a vacuum condenser. 

The variation with pressure deduced from the author’s formula 
is corroborated at high temperatures by the work of A. R. Dodge 
{Am. Mech. Eng. 30, p. 723), four of whose lines of constant II 
are indicated in the figure between 190° and 260° C., the observa- 
tions being marked by black dots. The pressure range extended 
from 214 to 37 lbs., and the lower dots on each line represent the 
higher pressures. The points between 250° and 260° C. happen to 
fall almost exactly in their appropriate places on one of the author’s 
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lines of constant H, but those at lower temperatures are evidently 
too low, though they all show the same kind of variation of C 
with pressure as the author’s formula. 

Further experiments on the cooling-effect are undoubtedly 
desirable, but the evidence so far available tends to support the 
previous conclusions, and is far from justifying the adoption of 
any more complicated formula. 

38. Later Experiments by the Differential Method. 

The differential throttling calorimeter Avas redesigned for higher 
pressures and temperatures in conjunction with Prof. Dalby in 
1906, and was set up in the thermodynamic laboratory of the City 
and Guilds’ Institution (now part of the Imperial College of Science) 
at South Kensington. The late Prof. Ashcroft assisted the author 
in taking a series of obseiwations on the cooling-effect, at high 
temperatures. Differential platinum thernAometers were employed 
for the temperature differences, and a differential mercury gauge 
for the pressure differences. The observations extended to an upper 
limit of 376° C., and agreed so closely with the variation of the 
cooling-effect predicted by tlie ecpiations previously given, that 
it was not considered worth while to publish them in detail, as it 
was hoped to obtain a more complete series at higher pressures as 
soon as a special boiler and regulator could be installed. Unfor- 
tunately the rapid increase in the number of students under 
Prof. Dalby, which necessita;ted a continual rearrangement of 
laboratories and the erection of nciw buildings, and greatly cur- 
tailed the funds and assistance availaljle for research, made it im- 
possible to proceed further with the work at the time. It was 
concluded that the variation of C was represented with suilicient 
approximation lor all practical purposes at moderate |)ressures by 
the formulae already published, and tliat no modification should 
be made in tfie equations unless decisively necessitated by tlie 
proposed experiments at higher pressures. 

From a theoretical standpoint, the most important question 
remaining to be settled is tlie variation of C with pressure at 
constant temperature, with regard to which the results of other 
observers are so contradictory. It is a difficult point to investigate, 
even by the differential metliod. Unfortunately the original 
experiments at McGill College were interrupted at a crucial stage 
before it had been possible to attack this question effectively. 
The experiments had been arranged to cover the temperature 
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range from 120° to 180° C., but, in the absence of a superheater, 
the observations threw little light on the variation with pressure. 
They might in fact have been represented, fairly well by assuming 
that C was a function of the temperature only. The pressure 
available in the later experiments at the City and Guilds’ Institu- 
tion being limited to 50 lbs., it was decided to restrict the investi- 
gation to the variation of C with temperature, since there was no 
satisfactory prospect of settling the variation with pressure. Very 
few observations were obtained at temperatures below 180° C. 
dhese seemed to indicate that the pressure variation was, if 
anything, less than that given by the form of characteristic equation 
previously assumed, but since the conditions of experiment were 
somewhat different, no great stress could be laid on the small 
differences found. It is very easy however to examine the question 
theoretically and to show how little difference it makes to the 
results for practical purposes over the experimental range. 

39* Alternative Theory, C ~ F (T). In the preceding 
theory we have assumed that the coaggregation volume c and the 
product SC are functions of the temperature only, because this 
leads to the simplest possible form of characteristic equation, and 
represents all the experimental results satisfactorily for practical 
purposes over the necessarily restricted range of the actual observa- 
tions. It is of considerable interest from a theoretical standpoint 
to investigate the effect of some alternative hypothesis. The 
obvious alternative to select is that the cooling-effect C is a function 
of the temperature only. The theoretical relations thus obtained 
are sufficiently simple to be intelligible, and are greatly to be pre- 
ferred to any purely arbitrary or empirical equations. 

If C is a function of the temperature only, the equation of a 
line of constant total heat is immediately obtained by integrating 
dP = dT/C. We have also a very useful result which follows from 
the general relations (Appendix I (37)), 

(dNC/dP)^ = C (dSCIdT)^ = S {dCIdP)^,, (7) 

namely that SC is constant along a line of constant H, since 
{dCldP)rjn = 0, if C is a function of the temperature only. It is 
therefore very easy to draw the lines of constant H, and to find 
the value of S at any temperature and pressure, if the value Sq 
at zero pressure is known. We have evidently S = SqCJC, where 
Co is the value of C at and zero pressure on the given line of 
constant jy. It is easy to allow for the variation of Sq with tern- 
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perature if desired, but for the present purpose we may take it 
as constant, in which case we have the simple relation 

II = + R, 

at zero pressure. 

By way of illustrating the method, we may take the simple 
case 

C = KIT^ = Cl (378IT)^, (8) 

where Cj is the value of C at 100° C, or 373° abs. The equation of 
a line of constant II is evidently 

{n + 1) 7£-p = (9) 

where Tq is the value of T when P = 0. 

The general expression for II is found by substituting 

To = {II - B)/S^. 

After a few simple reductions we obtain 

11-13 = S^T (1 - {n + 1) CPriyi^^^+^^ ( 10 ) 

The general expressions for S and SC are readily obtained by 
differentiation, and satisfy the required condition SC = S^Cq. 

The characteristic equation for V is obtained by integrating 
that for SC, 

a (T (dV/dT)^ -V) = SC = S,C (1 - {n + 1) CP/T)~^/^^+%..{n) 
which becomes an exact differential on dividing by T^, and aives. 

if Ro = (^ + 1) 

aPVfliT = (1 - {71 + 1) CPITfl(^+^\ (12) 

which evidently satisfies condition (14) of the last chapter for the 
adiabatic equation PIT^’'+'^ = K. 

All the equations show a very close correspondence with those 
previously given, except that the small quantity b has been 
omitted* in order to make the work easier to follow. The numerical 
results obtained from the two sets of equations arc also in practical 
agreement over the experimental range, but begin to diverge 
beyond 200° C., where experimental data, except for the saturation 
pressure, are practically non-existent. 

The form of solution thus obtained differs materially from that 

* The small quantity h is most readily included in equation (12) by putting 
H ~B=a (n + l) P {V -b) +abP in (10), which reduces to (12) with b included. 
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originally given by Joule and Thomson and repeated in all the 
mathematical textbooks at the present day. Taking the special 
case which Joule and Thomson adopted, namely n = 2, or C = K/T^, 
and accepting the condition that the specific heat *^0 at zero pres- 
sure is constant, we find that the solution must be of the form 

aPVjRT == (1 - nKPjT^f, (13) 

provided that Sq is equal to 3i?, but takes the form 

aPVIRT = {SJ8R) (1 - SKPjT^f + 1 - S.jm, ...(14) 

if No differs from 8R, the constant of integration in either case being 
determined by the condition that aPV = RT when T is infinite. 
In the limit, when P is small, equation (14) evidently reduces to 
the form aPrjRT = 1 - KSJPj&BT^ ( 16 ) 

which agrees with that given by Joule and Thomson,- but the 
equation in this form is inconsistent with their original assumption 
that C was independent of the pressure. The reason of the dis- 
crepancy is simply that Joule and Thomson, in integrating the 
equation, in reality assumed SC = KSJT\ or SC a function of the 
temperature only, in place of assuming C = KjTK The solution 
which they obtained is consequently inconsistent with C = KjT^, 
and with S = constant, and requires some variation of S with 
pressure and temperature even if Sq is constant. The inconsistency 
of the solution thus obtained was relatively unimportant for their 
purpose as compared with experimental errors, but is the essential 
'point in considering the effect of the alternative assumption that C, 
in place of SC, is a function of the temperature only. Since the 
form of characteristic equation obtained on this assumption, 
though theoretically interesting, is inconvenient for practical 
purposes, and makes very little difference in the results over the 
experimental range, there appears to be no sufficient reason for 
adopting it in preference to the simple form previously employed. 

40. Second Alternative, C = F {H). It is of interest to 
examine in the same way another possible assumption, suggested 
by the straightness of Peake’s lines of constant H, namely that C 
is a function of H only. The equation of a line of constant H is 
the straight line, CP =^T - T^, and the general expression for H 
deduced in the same way as before becomes 

H = S,T-S,CP + B, (16) 

which is the same as equation (24) of the last chapter, except that 
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SCP is replaced by SqCP, and that C is a function of H only, in 
place of SC being a function of T only. 

To obtain a solution comparable with those previously given, 
we assume 

C = KjiH - B)- = Oi {S,TJ{H - B)r, (17) 

where is the value of C at and zero pressure. 

A consistent form of characteristic equation is most easily 
obtained by assuming that the adiabatic is of the form 
pyyw+i == constant, 

and substituting a{)i + 1) PV for H ~ B in the equation for H, 
which gives immediately 

aPV - RT - RC^P {RTJaPVy (18) 

This equation is less convenient in form than either of those 
previously given, because V is not obtainable explicitly as a 
function of P and T. If b is omitted, all three equations agree 
exactly in the limit at low pressures provided that equivalent 
values of the constant RCJa a, re employed. But better agree- 
ment is obtained over the experimentid range by selecting slightly 
different values of the constan t (\ together witli appropriate values 
of h. The agreement is of much the same order as that between 
the observations of Grindley, Gricssmann and Peake on the 
cooling-effect. Without employing the differential throttling 
method, it would in fact be difficult to decide between the tliree 
equations by experiments on the cooling-tiffect alone between 
120° C. and 180° C., but the form first given is much the simplest 
in application, and gives the ])est agreement with other properties 
over the experimental range. Tims if the values of the cooling- 
effect in the three equations arc chosen to agree with experiment 
at 180° C. and 50 lbs., the assumption C F {T), represented by 
equation (10) would make the total heat of saturated steam a 
maximum at 232° C., (where Cdpldt—l) which is improbable; 
but equation (16) with C ^ F (//), would make a maximum 
at a temperature close to 200° C., which is irreconcilable with 
experiment. 


41. Values of H deduced from C by Extrapolation. 

Since the main object of experiments on the cooling-effect is to 
deduce the variation of II, it is most instructive, in comparing 
possible types of formula for C, giving reasonable agreement over 
the experimental range, to consider the effect of each on the values 
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of H deduced by extrapolation. If the values of the saturation 
pressure p are given, it is easy to deduce the values of corre- 
sponding to any simple assumption with regard to and C beyond 
the experimental limits. Although the values of and p are 
somewhat uncertain at high temperatures in the neighbourhood of 
the critical point, the comparison of different formulae for C is 
little affected thereby, provided that the same values of S. and p 
are taken in each case. 

In order to simplify the comparison as much as possible, we 
may take Sq constant and equal to 0-4772, since the variation is 
probably small. The formula selected for p is 

logic P = 2-3526 -f 4-264 {t - 200)/T, (F.P.C. from 200° to 374° C.), 

(19) 

which gives the simple expression {Tjp) {dpjdT) = 4645/T for the 
ratio of L to ap (V - v). This is the simplest possible type of 
ormula for p, and has been found to give results within the limits 
of experimental error at high pressures for most liquids, although 
It is certainly inaccurate at low pressures. The constants in the 
formula have been chosen to give the same values as the author’s 
formula for both p and dpjdT at 200° C., so that the two curves 
]oin continuously at this point. It probably gives values which are 
too high between 250° and 300° C., but the uncertainty at any 
point between 200° and 374° C. is less than the discrepancies 
between the results of different experimentalists. 

Taking first the assumption C = F (//), we observe that in order 
to represent the variation of slope of successive lines of constant H at 
low pressures between 120°and 180° C., it is necessary that C should 
vary approximately as l/(// - Taking C = 0-350° C./lb. at 
100 C. and 1 atmosphere, the lines of constant H become tan- 
gential to the saturation curve (giving a maximum value of H, 
and a minimum value of C„ when C, {dpjdt) = 1) at a temperature 
a little above 200° C. Beyond this point the value of must 
increase with rise of temperature, and the value of Hg must 
diminish very rapidly. Thus the line of constant H passing through 
the point t = 120° C., P = 20 lbs., with B — B = 184-5, C = 0-298, 
cuts the saturation curve a little above 120° C., and cuts it again 
at p = 380, t = 227°. But the line through t^ = 100°, C = 0-350, 
cuts it again at a lower point, namely, t = 225°, p = 367 lbs., and 
the line through t = 0° C., B = 594-3, C = 0-955, cuts it ’again 
at 195° C. None of the lines of constant B can cut the saturation 
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curve at all at any temperature higher than 227° C., or can pass 
anywhere near the critical point. In order to pass through the 
critical point at T = 647°, p = 3160, H = h-= 464, the line through 
the absolute zero must have a slope 

C = 647/8160 = 0-205, 

which is much less than the experimental value of C at 120° C. It 
seems reasonable to infer that the assumed type of solution is 
impossible^ and that the lines of constant H cannot be straight 
lines. Still less is it possible that they should have a slope diminish- 
ing with fall of T and P, as shown by Peake’s lines E and F 
(Fig. 10). 

The second assumption, C =- F (T), as already remarked, can 
be made to give very fair agreement with experiments between 
120° and 180° C. It remains to show that it also gives quite reason- 
able values of H, with certain limitations, when extrapolated to 
the critical point. Taking the simple assumption C = KjT^, it 
follows, from the expression already given for II — B, that when 
II = B, and {n -H 1) CPfT - 1, S becomes infinite, and {dlljdl')^ 
also becomes infinite, but with a negative sign, provided that 
C {(Ipldt) is greater than 1. The last condition is satisfied if n -|- 1 
does not exceed (T/p) {dpjdt), the value of which is 7-18 at 374° C. 
according to the formula assumed for p. Since the variation of II s 
near the critical point is extremely rapid, it is unnecessary to know 
the values of B or h or p with great accuracy. Proceeding in this 
way we find that the values C\()o== 0-405, and n = 4-25, satisfy the 
condition // == R at the critical point, in addition to giving very 
fair agreement with observed values of C between 120° and 180° C. 

The following table shows values of 11^ calculated by the for- 


mulae 

C = F {T) = 0-405 (373-l/2y-25; (20) 

II -B = S,T (1 - 5-25Cp/2y/°-2^ (21) 


for comparison with values obtained from the formula of the 
Thiesen type with ic== 374° C., (19) in Chap. II, previously employed, 
and with values given by the author’s original assumption 
SC = F (P), as embodied in the Steam Tables. The latter formula, 
as already explained, is of an unsuitable type for extrapolation 
beyond 250° C., but is the simplest and most convenient to employ 
at ordinary temperatures in practice. The same value of Ilg at 
100° C., namely 639-3, is assumed in each case, and the same 
values of Sq and p. The value assumed for Sq does not affect the 
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values of L obtained from formula II ( 19 ), but the values of 
deduced depend to a small extent on those of dpldt owino' to 
he term avT (dpldt) in the author’s expression for h, which is 
used m deducing from L. 

It will be^ seen that the two assumptions, C = F (T), and 
C — F (T), give identical results to OT calorie between 100° and 
equally good agreement between 0° and 
0 Both differ slightly over this range from the empirical 
formula, but the difference is less than 1 in 1000, and much smaller 
han the discrepancies of experimental measurements of E 
Beyond 200° C. the assumption C = F (T) gives slightly lower 
results than formula II ( 19 ), though both tend to the same limit 
E = B a,t 374° C. 

The values assumed for p begin to be uncertain at 250° C but 
make little difference at this point. Thus if we take p = 565-6 in 
place of 575-7, the value of E tov C = F (T) is raised to 679-0 
in place of 678-0, and that for SC = F (T) is raised from 679-5 to 
680-1 as given in the Steam Tables. The formulke diverge more 
rapidly at higher temperatures. The assumption C = F (T) is 
probably to be preferred in the neighbourhood of the critical point, 
but the experimental evidence appears to be rather in favour of 
SC = F (T) at ordinary temperatures, because it gives better 
values of the volume. It could hardly be expected that any such 
simple assumption as C = F (T), ox SC F (T), would represent 
all the properties of steam accurately over the whole range from 
0 to 374 C. But the fact that the two assumptions agree so closely 
from 0 to 250° C. may be regarded as corroborating the variation 
of E previously given, and as showing that the truth probably lies 
between the two formulae, which cannot easily be distinguished 
by experiments on C ox E over the restricted range available in 
practice. 


Table V. Values of E^ for C = F (T). 


Temp. Cent. 

120° 

0 

0 

160° 

180° 

200° 

250° 

300° 

G = F{T) 

647-1 

654-2 

660-6 

666-2 

671-0 

678-0 

674-6 

SO = F ( T) 

647-1 

664-2 

660-6 

666-2 

671-0 

679-5 

II (19) 

646-9 

653-8 

660-2 

666-0 

671-0 

680-0 

679-7 


In order that the solution found for the case C = F (T) should 
be completely consistent, it is also necessary that the values of the 
volume deduced from those of E by Clapeyron’s equation, should 
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agree with those deduced from the corresponding form of character- 
istic equation, namely, 

aPVjRT = 1 - So/5-25R + {H - B)/5-25RT (22) 

This equation gives a value of the critical volume Va= 0-0384 
agreeing as closely as can be expected with the value Vc= 0-0392 
for the liquid deduced from the expression for h on the assumption 
that 464, The agreement in the values of V is also good 
between 100° and 200° C., but is not so good at points between 250° 
and 350° on account of the uncertainty of p and dpjdt. Thus at 
250° C, the value of V obtained from the characteristic equation 
(22) with p = 575-7 as given by the empirical formula (19), is 
0-8576, but the value from Clapeyron’s equation is only 0-8154. 
Better agreement is obtained if the author’s theoretical equation 
for^ is adopted, with — 565-6 and dpjdt = 9-210 (F.P.C.). These 
give, from the characteristic equation V = 0-8761, and from Clapey- 
ron’s equation V = 0-8674. The value of p required for complete 
agreement is approximately 563 lbs., giving V = 0-881. Generally 
speaking, the simple assumption C = KjT^, with any possible 
values of K and n, satisfying the condition (n + 1) CpjT = 1 at 
374° C., requires somewhat lower values of p between 250° and 
350° C. than those given by (19) or commonly assumed. 

If equation (22) is corrected for b, as indicated in the foot- 
note p. 78, we find = 0*0507, = 491, agreeing closely with 
Table X, Chapter VIII. But there is strong evidence that C 
cannot be a function of the temperature only at very high 
densities near the critical point. Thus in the case of CO 2 at its 
critical temperature, 31-5° C,, the cooling-effect is nearly in- 
dependent of P and equal to 0-070°/lb. at moderate pressures, but 
it falls sharply to 0-0438 at the critical pressure of 1070 lbs., and 
diminishes rapidly to a still smaller value for higher densities at 
the same temperature. 


CHAPTER V 

THE SP^iCIFIC VOLUME OF STEAM 

^900 on the Specific 
Volume of Steam. On account of surface condensation and of 
he presence of floating partieles of liquid, the older measurements 
of the density or specific volume ot saturated steam (such as those 
of Fan bairn and Tate,P/^^Z. Trans. 1860, p. 185) led to such irregular 
results that it has generally been considered preferable to deduce 
he specific volume in the state of saturation from Clapeyron’s 
equation, II (7). The essential point, however, is to make the Allies 
of the specific volume thermodynamically consistent with those of 
the latent heat, which could also be done by deducing the values of 
the latent heat from those of the specific volume in the state of 
sa uration, provided that the specific volumes and (dp/dT) could 
be measumd satisfactorily. The objection to this method is that 
the delation of the total heat or latent heat from lineality, as shown 
by the expressions already given, depends chiefly on the small 
defect of volume (c - h) from the ideal volume RTjaP, and not on 
the whole quantity measured. The great advantage of the Joule- 
OT throttling method, is that it gives the variation of 
total heat directly in terms of the specific heat, and that the corre- 
sponding deviations of volume {c - h) can also be deduced with 
great accuracy. Clapeyron’s equation then becomes available for 
detei^ining the values of (dp/dT) with greater precision than is 
possible from observations ofp itself. Direct measurements of the 
latent heat (except at 100° C.) and speeific volume are not theoreti- 
cally required, but are useful as an independent check on the results. 

mong the best results for the specific volume previous to 1900 
were those ^ of Battelli {Mem. Accad., Turin, 1893, 4-3, p. 63). 

1899, p. 1058) showed that 
Battelli s results could be represented within the limits of experi- 
mental error by taking the defect of volume (c ~ h) to be constant. 
Grmdley {Phi. Trans., 1900) deduced a similar equation from his 
ro t mg experiments, assuming Regnault’s linear formula for 
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the variation of the total heat. But his experiments were otherwise 
inconsistent with the formula of Tumlirz, as already explained 
(Chap. IV, § 35), and the value found for the constant defect of 
volume was quite different. 

Grindley’s constant value of the defect of volume was about 
11 times larger than that given by the equation of Tumlirz, and 
would lit fairly well with the curves of constant Ji on the PT 
diagram, in the neighbourhood of 130° C., if the specific heat were 
constant and equal to O-IS. But it would make the defect of 
volume from the ideal nearly five times too large in this region. 
Linde has proposed an equation of a similar type with the value 
of the constant 0-016 cb. m./kg., “ as being suitable for most 
practical calculations,” This would make the defect of volume 
about right at 150° C., but would make the cooling effect nearly 
five times too small. It would also require that S should be a 
function of the temperature only, and would give impossible values 
of If or 

43. Zeuner’s Equation, The equation for the volume 
most commonly employed in 1900, and still very often used at the 
present time, is that of Zeiiner, quol-ed as equation (1) in the last 
chapter. We have already seen that this equation is of an unsuitable 
type to represent the lines of constant 11, or the cooling-effect, 
since it makes C infinite at zero pressure, and much too small at 
high pressures. But it is otherwise of a very convenient type for 
practical purjmses. Zeimer realised very clearly the practical 
importance of making the equation as simple as possible and 
exactly consistent with an adiabatic of the type PjT^ == K. His 
form of the equation was chosen to fit, with the adiabatic PIT"^ = K, 
and to give a constant value 0-f805 for the specific heat at constant 
pressure. Unfortunately this requires the high value 

0*4805 X 424/4, 

or 50-933 for the constant R/A, which is 8 per cent, greater than 
that corresponding to the molecular weight, and therefore extremely 
improbable. 

By choosing the coefficient of in the last term, namely 
192-5P^, to make the volume of saturated steam at 100° C. equal 
to 1-650 cb. m. (the value deduced from Regnault’s formulae for 
the latent heat and dpjdt) the equation was found to give very fair 
agreement with Regnault’s values for the total heat and the 
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volume of saturated steam over a considerable range of tem- 
perature. This agreement is illustrated in the following table, in 
which the author’s values are also included for the sake of com- 
parison. 


Table I. 


Values of H and V by Zeuner’s Equation compared with Regnault. 


Temp. 

Cent. 

Total Heat in Calories C. 

Volume in cubic metres per kg. 

Regnault 

Zeuner 

Callendar 

Regnault 

Zeuner 

Callendar 

0° 

20° 

40° 

60° 

80° 

100° 

120° 

140° 

160° 

180° 

200° 

606-5 

612-6 

618-7 

624-8 

630-9 

637-0 

643-1 

649-2 

655-3 

661-4 

667-5 

602-2 

609-7 

617-0 

623-9 

630-6 

637-0 

643-3 

649-4 

655-3 

661-3 

667-0 

594-3 

603-7 

613-0 

622-2 

631-0 

639-3 

647-1 

654-2 

660-6 

666-1 

671-0 

210-7 

58-73 
19-67 
7-654 
3-379 ■ 
1-650 
0-8753 
0-4977 
0-3001 
0-1901 
0-1257 

213-7 

59-80 

20-00 

7-742 

3-396 

1-650 

0-8740 

0-4971 

0-3003 

0-1913 

0-1274 

204-5 

57-57 

19-51 

7-674 

3-408 

1-672 

0-8907 

0-5083 

0-3073 

0-1952 

0-1295 


The simplest method of deducing the formula for li from 
Zeuner s equation is to observe that, since the equation satisfies 
the condition for the adiabatic PjT^ = K, we must have 


H = 4>aPV + B, 

w-here a = 1/424 according to Zeuner’s units, and B == 476-1 to 
give H = 637 at 100° C. 

The ideal volume at 0° C. deduced from the molecular weight 
of steam, is approximately 205-0, which is much smaller than 
Regnault’s 210-7. Zeuner’s value is still higher. This might have 
been explained by supposing (with Kirchhoff) that steam at low 
pressures did not obey Avogadro’s law, if it were not that Dieterici’s 
and Griffiths values of the latent heat are conclusive evidence to 
the contrary. 

Regnault’s values of the volume from 20° to 60° C. agree better 
with the author’s equation than with Zeuner’s. Above 100° C., 
Regnault’s values are all too low, but agree verv closelv with 
Zeuner’s equation from 80° to 180° C. 

If the ideal volume is represented by Zeuner’s expression 
50-933 TjP , the defect of volume, represented by 192-5P~^, exceeds 
10 per cent, of the ideal at 100° C., but increases rapidly with 
diminution of pressure at constant temperature, instead of re- 
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maining nearly constant, as in the case of normal gases and vapours, 
for which the defect of volume is found to be a function of the 
temperature only to a first approximation. If, on the other hand, 
the ideal volume is taken to be that corresponding with Avogadro’s 
law, namely 47T/P, as in Fig. 11, the defect of volume according 
to Zeuner for saturated steam at 100° C. is only 2-8 per cent., which 
is still nearly double that required by recent measurements of the 
latent heat and saturation pressure. The defect of V vanishes, and 
the vapour becomes “pluperfect,” when T = 49Pi, i.e. at about 
220° C. for steam at atmospheric pressure. This behaviour is so 
inconsistent with all molecular theory that the agreement of 
Zeuner’s equation with Regnault’s experiments cannot be regarded 
as otherA¥ise than an accidental coincidence due to an empirical 
adjustment of constants. 

When tested by comparison with later measurements of the 
volume or total heat, Zeuner’s equation necessarily shows the 
kind of disagreement to be expected from’ the known errors of 
Regnault’s experiments. This point is illustrated in Fig. 11 by the 
dotted lines representing tlie percentage defect of volume from 
Avogadro’s law according to Zeuner’s equation, for the saturation 
line, and for V = 1*6. The defect from Zeuner’s own ideal volume 
SO'dTjP, could not be shown in the figure as it would lie entirely 
outside the page. It will be seen that the saturation line is nearly 
straight but has the wrong curvature, the percentage defect from 
4727 P increasing at first too rapidly, but at a rate diminishing 
instead of increasing with increase of pressure and temperature. 
Similarly, the line of constant volume, V = l-G, does not correspond 
at all with the poin ts representing the observations at that volume, 
but gives nearly double the observed defect, approaching closely 
to line No. 11, with V = 0-825, in place of No. 1, with V = 1-598. 

44. The Munich Experiments on V. The best experi- 
ments hitherto recorded on the specific volume of dry steam, appear 
to be those of O. Knoblauch, R. Linde, and II, Klebe {Forsch. Ver. 
Deut. Ing. 21, 1905) made at the Munich laboratory with apparatus 
provided by C. Linde. They employed a modification of the method 
of Fairbairn and Tate. A known mass of water in a glass vessel, 
with a vertical stem containing mercury and serving as one limb 
of a manometer, is heated externally by steam at a suitable pressure. 
The volume is known from preliminary ealibration, with small 
corrections for expansion and compression, previously determined. 


89 


SPECIFIC VOLUME OF STEAM 

The pressure and temperature are directly observed. The results 
of Fairbairn and Tate were limited to the immediate neighbourhood 
of the saturation point, and were probably vitiated by errors of 
suiface condensation due to chemical action of the steam on the 
glass. Ramsay and Young at a later date found large errors from 
this cause in their experiments on steam. The Munich observers 
endeavoured to minimise this source of error by employing a large 
bulb of special glass for the containing vessel, and deduced the 
saturation volume, in the same way as Battelli, by extrapolation 
from the observations at a moderate degree of superheat. The 
observations for each filling of the bulb gave the variation of 
pressure with temperature for a constant mass of steam at nearly 
constant volume. By plotting the pressure against temperature 
for each filling, they found the lines of constant volume on the 
P, 2 diagram to be straight lines within the limits of error of their 
experiments. They obtained the values of the saturation volumes 
by extrapolating these lines to the saturation curve, and they 
deduced the corresponding PV , P, or “Amagat” diagram, by 
observing the points of intersection of these lines with lines of 
constant temperature, and plotting the isothermals on the Amagat 
diagram with the values of PV thus obtained. This graphic process 
of smoothing involves the tacit assumption that P is a linear func- 
tion of T at constant volume, which is well known to be untrue 
in the case of any o ther gas or vapour, and may introduce system- 
atic errors. It follows that the PV, P diagram of Linde, which is 
commonly quoted and reproduced, does not directly represent the 
original observations. The lines of constant temperature, instead 
of being very nearly straight, as they should be at low pressures, 
show an appreciable curvature which may be attributed in part at 
least to the process employed in deducing the diagram. 

The author’s form of characteristic equation 

V = 47T/P - 0-0263 {378fTp” + 0-0010, (1) 

has been described as “grossly inaccurate,” because it makes the 
isothermals straight lines on the Amagat diagram (which is known 
to be a very good approximation in the case of normal gases and 
vapours), and because it does not exactly satisfy the condition 
assumed by Linde in smoothing the observations, namely that P 
is a linear function of T at constant volume. As a matter of fact 
the Munich observations cannot be represented by any equation 
satisfying this condition, and it is a sufficient answer to this objec- 
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tion that the equation calculated by Linde himself to represent 
the Munich experiments as closely as possible, namely 

V = 47-lOr/P - (1 + 0-000002F) (0-031 (373/r)3- 0-0052), ...(2) 

does not make the lines of constant volume straight on the P, T 
diagram, but is a slight modification of the author’s equation*. 
The small factor depending on F was introduced by Linde to 
represent the curvature of the isothermals on the Amagat diagram, 
which results partly from the assumption made in smoothing the 
observations. Linde himself states that the Munich observations, 
though quite irreconcilable with the equations of Zeimer or 
Tumlirz, are represented “with great accuracy” up to 160° C. by 
the author’s equation. This is the more remarkable because he 
quotes the original form of the equation (F. S., 1900) with Maxwell’s 
theoretical value of the index n = 3-5, in place of the experimental 
value n =10/3 given in the revised equation (E. B., 1902) which 
represents the actual observations much more closely. It is not 
to be expected that an equation of the simplest possible type, 
deduced li-om observations of the specific licat, cooling-effect, and 
adiabatic index, should represent a later series of observations on 
the volume with the same degree of accuracy as a more complicated 
equation specially calculated for the purpose. B\.it the agreement 
of the author’s equation with the Munich observations is far closer 
than would be inferred from an inspection of Linde’s diagram, and 
is of such a kind as to suggest that the modifications introduced by 
Linde may be largely due to errors of surface condensation, and to 
distortion involved in the [u-ocess of smoothing. In order to make 
a fair comparison, it is nece*ssary to eliminate the assumption that 
P is a linear function of T at constant volume, and to go back to 
the actual observations themselves. Much better agreement is thus 
obtained. It is also necessary to plot tlic observations on a much 
larger scale than in Linde’s diagram in order to exhibit the nature 
of such small discrepancies as exist between them. 

45. Reduction of the Observations. Since P, V, and T 

are the quantities actually observed, the most direct method of 
testing the consistency of the observations and exlnbiting their 
agreement with the formula, is to caleidate the value of aFVjT for 
each observation and compare it with the constant P. The small 
differences may then easily be plotted on a scale suflieiently large 

* Equations (1) and (2) give V in ob. m./kg. when P is in kg./sq. m. 
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to show both the experimental errors and the deviations from the 
formula. Or the values of R at each point may be calculated by 
adding to the value of aPV jT the value of the difference a (c — b) P/T 
according to the author’s formula. With the exception of filling 
No. 10, which gives discrepancies of 1 per cent, the values of R 
thus found are remarkably concordant for the observations taken 
with any one of the 82 fillings. But they vary from one filling to 
another under similar conditions in an irregular manner which is 
evidently due to errors in the determination of the mass of water 
introduced into the globe. Thus the value of R from No. 4 is 
0-6 per cent, too high, and that from No. 7, 0-8 per cent, too low. 
These excessive errors occur chiefly in the short lines near the 
saturation point, where the range of temperature covered is too 
small to give the observations any value for verifying the formula. 
Of the long lines covering an extended range of temperature, the 
greatest differences are 0-3 per cent, between 1 and 5, and 0-24 per 
cent, between 5 and 12 in the opposite direction. In order to 
eliminate these accidental differences as far as possible from the 
comparison, the value of the mass for each filling has been corrected 
to the same mean value of J?, namely 0-11012, in terms of the mean 
thermal unit. It happens that this value is almost exactly the 
mean of all the values of R calculated from the separate observa- 
tions, excluding a few obvious experimental errors. It is very 
natural that such accidental errors should occur in the values of 
the mass of water introduced into the bulb, because the introduction 
involved some very difficult experimental manipulation, including 
scrupulous cleaning, drying, freezing with solid COg , and evacuating. 
In the first few fillings the whole mass introduced was less than 
2 grams, and errors of a few milligrams were inevitable. The largest 
correction applied to the mass of this account is only 1 in 400 in 
the case of filling No. 1 (where the whole mass was about 1-5 gm.), 
and is equivalent to an error of 4 mgm. 

The quantity plotted in the diagram Fig. 11, the scale of which 
is about ten times as large as Linde’s PV, P diagram, is not the 
whole volume but only the defect of aPVjT from the ideal value R, 
plotted as a percentage of R. The actual observations are shown 
by the small circles in relation to the lines of constant volume given 
by the author’s formula. 

The ordinate corresponding to each circle represents the 
difference 1 — aPVjRT, multiplied by 100, as calculated directly 
from the Munich tables of observations. The crossed circles repre- 
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sent the extrapolated values at saturation given in the same tables. 
The lines of constant volume represent the corresponding quantity, 
namely 100 {c -- b)J{V + c — b), according to the author’s formula. 
This is very easily calculated by the aid of the table of values of c 
for each degree given in the Steam Tables, Appendix III. The agree- 
ment is seen to be almost incredibly perfect, since each point 
represents a single observation, and not the mean of a group. The 
deviations rarely amount to 1 in 1000, except in the case of the 
obseivafcions near the saturation line, which are obviously vitiated 
by surface condensation, as the observers themselves admit. For 
this reason the short lines, in which the observations extended only 
a few degrees from the saturation point, could not be included in 
the diagram without confusion, because many of them exhibit 
much larger effects of surface condensation than any shown in the 
figure. 

It appears probable that the effect of surface condensation in 
increasing the percentage deviation near the saturation point, 
depends partly on accidental traces of dirt or impurity, and partly 
on the chemical action of the water on the glass, which increases 
rapidly with rise of temperature and pressure. The effect of any 
dissolved impurity is to lower the vapour pressure or raise the 
boiling point, so that some liquid remains when the temperature 
is above that of saturation. In the case of water the rise of boiling 
point produced by x gram-molecules of salt in solution per gram of 
water is approximately 1000a? degrees C. The proportion of water 
remaining when the temperature is 6° C. above the saturation point 
will therefore be lOOOx/d. Thus the defect of pv due to surface con- 
densation should be represented by a hyperbolic curve, as is easily 
seen to be the case for filling No. 22, where the effect is well marked. 
The effect may extend for 10 or more degrees beyond the satura- 
tion point, depending on the temperature at which the solution 
becomes saturated, and is not limited to 1° or less as the observers 
supposed. The observations indicate clearly that the correction 
they applied for surface condensation was inadequate, and that 
all the saturation points are liable to a small systematic error. For 
No. 22 the defect of volume due to surface condensation may be 
estimated at 2 in 1000 for $ = 2*5°. The impurity required to 
produce this effect would be only 5 millionths of a gram-molecule 
of salt per gm. 

Above 180° C. there are only three short lines, which show 
deviations reaching 0*7 per cent, from the formula, but the observa- 
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tions are so few, and the experimental difficulties increase so 
rapidly with the pressure, that little weight can be attached to them. 
The observers themselves do not tabulate their general results 
beyond 180° C., and though some deviation is to be expected .at 
higher pressures, it is impossible to say how far the deviation shown 
is due simply to increasing experimental errors. The author’s 
formula agrees very well with the saturation pressures up to 200° C., 
and it would be undesirable to introduce any modification to suit 
these few observations between 180° and 190° C. without much 
more conclusive experimental evidence. 

46. Comparison of Formulae for V and L. The agree- 
ment of Linde’s formula with the author’s in the neighbourhood of 
the saturation, curve is much closer than would be imagined from 
a mere comparison of the constants, and is within the limits of 
probable error of the method. The differences become serious only 
when the formula is extrapolated to high temperatures or pressures, 
beyond the limits of the experiments themselves. The agreement 
in the neighbourhood of saturation is illustrated by the following 
table, in which Henning’s values calculated from his smoothed 
table of L, are included for comparison. 

Table II. Volume F, and Latent Heat L of Saturated Steam. 



V in litres per kilogram 

L in calories Centigrade 

Temp. 

Callendar 

Linde 

Henning 

Callendar 

Linde 

Henning 

Cent. 

1902 

1905 

1909 

from 8’ & 0 

from F 

Table 

100° 

1672-2 

1676-6 

1673 

639-3 

538-7 

638-7 

110° 

1209-1 

1210-8 

1210 

533-2 

632-0 

632-1 

120° 

890-7 

892-2 

891-2 

526-9 

525-6 

525-3 

130° 

667-6 

669-0 

667-6 

620-3 

518-7 

618-2 

140° 

608-3 

609-0 

607-8 

613-6 

611-5 

510-9 

150° 

392-6 

393-2 

392-1 

506-6 

504-2 

503-8 

160° 

307-3 

307-2 

307-1 

499-3 

497-0 

496-6 

170° 

243-6 

243-0 

243-0 

491-8 

489-7 

489-4 

180° 

196-2 

194-3 

194-7 

483-9 

482-3 

482-2 


Llemiing’s values of the volume agree on the whole better with 
the author’s than with Linde’s. Linde’s high values from 100° 
to 150° C. are due chiefly to the high value 47T0 selected for the 
constant Rja. So high a value of this constant was not justified 
by the actual observations on the volume, which give R = 46’99, 
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I but was required to compensate for the exceptionally low values 

of dpjdt in the neighbourhood of 100° C. deduced from the Munich 
observations on the saturation pressure, since it had been showii 
by the reduction of Joly’s observations {R. S., 1900) that the latent 
heat at 100° C. could not well be much lower than 539 in terms of 
I the calorie at 15° C. as previously explained. The values of the 

I saturation pressure itself, and a fortiori those of dpjdt, could not 

i be determined very satisfactorily from the Munich observations, 

j especially near the limits of the experimental range at 100° and 

I 180° C., because the mercury thermometers employed showed 

[ , irregularities of 0-1°, equivalent to nearly 20 mm, in the saturation 

I pressure at the highest points, with an even larger proportionate 

! uncertainty in dpjdt for the lower ranges. The fact that the values 

; of the latent heat calculated by Linde agree so well with those 

I subsequently found by Henning, is a most remarkable coincidence. 

I The differences nowhere exceed 1 in 1000, and are much smaller 

I than the probable error of the calculation as estimated by Henning 

I himself. But we have already seen that Henning’s table does not 

represent his actual observations satisfactorily, and the coincidence 
I merely shows that there must be systematic errors in the values of 

I dpjdt (see p. 144) if the values of the volume are correct. 

I Henning’s table of latent heat makes the rate of diminution of 

I L discontinuous near 100°, but practically constant and equal to 

j 0-72 calorie per 1° C. from 120° to 180° C., which is theoretically 

) impossible. The curve of latent heat must obviously be continuous 

with the well established curve below 100° C., and the rate of 
diminution with rise of temperature must increase more rapidly as 
the temperature rises, as shown in the author’s table representing 
y values calculated from the theoretical expression 

i {H - St) (1 - vjV), 

I which gives 

[ L = [594-3 - (s - So) t~ SCp] (1 - vjV) (3) 

The constant 594-3 is the value of L + SCy at 0° C. The factor 
{s - Sq) is the difference of the limiting specific heats of liquid 
and vapour, representing the primary cause of variation of the 
latent heat. The term SCp, which increases rapidly with the satura- 
tion pressure p, represents the Joule-Thomson effect and becomes 
important at temperatures above 100° C. The factor (1 — vjV) 

> shows that the latent heat vanishes when the volume of the liquid 

V becomes equal to that of the vapour V. This formula for L is the 
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simplest possible, and is exactly consistent with Clapeyron s 
equation, and with the characteristic equation for the volume. It is 
quite possible that the rate of diminution of the latent heat may 
increase more rapidly with temperature above 200 C., than is 
shown by the simple term SCp , and the factor (1 - w/F). But the 
properties of saturated steam at temperatures above 200° C. are 
of little practical importance, and no satisfactory experimental data 
exist at present for the volume, or the latent heat, or the specific 
heat, or the cooling-effect in. this region. I he author s foimulae are 
intended for practical use over the experimental range, and it 
would be a great mistake to spoil them for practical piuposes by 
introducing purely speculative complications devised to suit the 
possible behaviour of the saturated vapour at higher temperatures. 
The pressure factor (1 + 0-000002p) in Linde’s equation is a device 
of this type, which is to be deprecated as an unnecessaiy complica- 
tion at low’ pressures, besides giving impossible values for H, at 
high pi’essures (see p. 122), as explained in the next chaptei. Pheie 
are other serious objections to Linde’s equation which cannot be 
passed over, because his formula has been so widely adopted, as 
being the most accurate for superheaied steam, which is quite 
contrary to the experimental facts, 

47. Ob j ections to Linde’s Equation. The correction term 
0-()31 (373/!Zy - 0-()052, in Linde’s equation vanishes and changes 
sion at t = 402° C. a few degrees above the critical point. According 
to Linde’s equation, steam becomes a pluperfect gas above this 
temperature, deviating from Boyle’s law in the same way as 
hydrogen, the product FV increasing with increase of pressure 
at constant temperature instead of diminishing, which cannot 
possibly be correct. The reason of this is chiefly that Linde has 
assigned too high a value to the constant 0-0052 (which is more 
than five times as great as in the author s equation) in oidei to 
compensate for the selection of the lower value 3 for the index in 
place of the author’s 10/3. The excuse given for this is merely the 
convenience of having a whole number for the index. It will be 
found however that the index 10/3 is in many respects more 
convenient than the index 3 in actual practice having regard to 
all the various calculations for which it is reqiiired, more parti- 
cularly in relation to the adiabatic equation, which Linde appears 
to have overlooked. It may be argued that a temperature of 400° C. 
is so seldom reached in a steam-engine that the error is immaterial. 
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It is evident however that material discrepaneies may be expected 
long before this temperature is attained. 

It is most important in practice, for calculations relating to the 
discharge of steam, and for other reasons, to have the simplest 
possible form, like the author’s P/T«+i = K, for the adiabatic 
equation. To be of any use, the results of such calculations must be 
exactly consistent with the tables. Linde’s equation does not 
satisfy the theoretical condition (14) of Chapter III, namely that 
the deviation from the ideal volume must be of the form 

(T/P) F (P/P«+i). 

It is therefore extremely inconvenient in practice, in addition to 
being almost certainly inaccurate at high temperatures. 

The measurements of the volume taken alone were inadequate 
to determine all the constants in the equation, since the observations 
of V might have been represented equally well by a variety of other 
formulae of different types. The values of the constants were 
accordingly adjusted as far as possible to suit other observations, 
such as those on the cooling-effect. But in spite of the complexity of 
the equation the agreement obtained is not at all satisfactory, and 
the formula cannot be reconciled with observations on the specific 
heat as will be explained in the next chapter. 


i 


CHAPTER VI 


THE SPECIFIC HEAT OF STEAM 


48. Variation of the Specific Heat. The experimental 
and. theoretical evidence leading to the adoption of the formula 
(R. S., 1900) 

S So + an {n + 1) cPjT, (1) 

for the variation of the specific heat of steam at constant pressiiie, 
has already been summarised and explained in Chapter HI, and 
the formula itself has been indirectly verified by the comparison 
of the resulting values of the total heat, cooliiig-cffect, and specific 
volume, with those obtained by experiment. It remains in the 
present chapter to complete the verification by direct comparison 
with the results of later experiments on the specific heat, and to 
discuss some of the 'thermodynamical relations, which afford good 
illustrations of the application of the laws of thermodynamics to 
test the consistency of various empirical expressions which have 
since been proposed. 

The limiting value of the specific heat So at zero pressure is a 
function of the temperature only, and has been taken as constant 
for the range required in steam-engine practice, although it might 
theoretically be any function of the temperature so far as the form 
of the characteristic equation for V in terms of P and I. is concc.ined. 
Recent experiments have shown that the; value of *S(, is not quite 
constant over the experimental range, and tlrat the variation 
becomes important at temperatures approaching 2000“ C., such 
as commonly occur in internal combustion engines. But it has been 
found possible to represent the properties of steam satisfactorily 
up to a temperature of 400° C. by adopting a suitable mean value 
of So - This appears to be justifiable because the uncertainty of the 
variation of So over this range according to different experiments 
and formulae is nearly of the same order of magnitude as the varia- 
tion itself. Moreover it is most important for practical calculations 
on the discharge of steam, and for other purposes, that the equation 
of the adiabatic of dry steam should be of the simplest possible 
form, namely P/T«+k and should be exactly consistent with the 
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tables. This cannot be secured unless a constant value is assumed for 
Sq over the experimental range, and is a decisive argument in 
practice. 

As the result of extended trials in various calculations of the 
properties of steam from experimental observations and tests, it 
has not hitherto been found possible to make any material im- 
provement in the value ISR/S, assumed for ^0 in the revised 
equations {E. B., 1902). This value has accordingly been retained 
in order to avoid introducing immaterial and vexatious changes in 
the Steam Tables. It is probable that this value is too high near 
100° C., where Makower found values ranging from 4-26 to 4-30 for 
the ratio SJR, and where Brinkworth has recently obtained the 
value 4-21. But a higher value is certainly required at 200° than at 
100 C., and the value 4‘333 seems to give the best general agree- 
ment with the la best observations of the saturation pressure as 
explained in a later chapter. 

The second term in formula (1), which depends on P, and may 
be called the variation with pressure, is of much greater magnitude 
and importance than the variation of Sq. Its presence in the 
formula is essential in order to make the values of the specific heat 
thermodynamically consistent with the variation of the total heat, 
volume, and saturation pressure. 

49* Results of Later Observers. The approximate con- 
stancy of the specific heat of steam at atmospheric pressure was 
verified indirectly by the experiments of Holborn and Henning 
{Ann. Pliys., 18, p. 789, 1905), which covered a wide range of 
temperature, dhey employed a modification of Begnault’s method 
with an oil calorimeter at 110° C., so that the steam was not con- 
densed in the calorimeter, and the possible error due to the inclusion 
of the latent heat was avoided. They also measured the specific 
heat of air with the same apparatus over the same ranges of tem- 
perature. The value found for air between 110° and 270° C. was 
0-2315, and that for steam over the same range, 0-4492. They 
admitted that these results were too low as compared with those 
of Regnault, but they considered that their experiments gave the 
ratio of the specific heats of steam and air with a fair degree of 
accuracy, and that the variation of the mean specific heat of air 
with temperature could be fairly represented by the coefficient 
4 X 10-®. At a later date, Swann {Brit. Assoc. Rep., 1908, p. 31, 
Phil. Trans. A, 1910, p. 199) found a similar coefficient for the rate 
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of increase of the mean specific heat of air between 0° and 100 C., 
but a much higher value of the specific heat itself, namely 0-2413 
at 0° C. and 0-2423 at 100° C. These exceeded Regnault s values 
by 2 per cent., but agreed very closely with Joly’s observations on 
the specific heat at constant volume when reduced to constant 


Swann’s result for air has since been verified by Holborn and 
Jakob {Zcit. Fer. Ing., 58, p. 1429. 1014). Tire original 

results of Holborn and Henning for steam can be reduced, with 
a fair degree of probability, by employing Swann’s formula for 
the mean specific heat of air, together with their own vrfues of 
the ratio air/steam. The results thus obtained are exhibited m the 
following table {BnL Assoc. Rep., 1908, p. 31). 

Table I. Reduction of Holborn and Flenning s Values for S. 


Temp. ] 
Range j 

1 1 110° 110° 110° 110° 115° 

r 1 270° 440° 620° 820° 826° 

270° 44.0° 620° 
440° 620° 820° 

Mean t 

190° 275° 365° 465° 470° 

355° 530° 720° 

Air, obs. 
Steam, obs. 
Ratio 

Air, calc. 
Steam, calc. 

0-2316 0-2350 0-2442 0-2492 

0- 449 0-460 0-475 0-498 — 

1- 940 1-958 1-946 1-998 1-900 

0-2445 0-2457 0-2471 0-2487 0-249 

0-474 0-481 0-481 0-497 0-473 

0-2382 0-2612 0-2618 

0- 470 0-503 0-556 

1- 974 1-924 2-122 

0-2468 0-2497 0-2528 
0-487 0-480 0-536 


The calculated values given in the last line agree very laiily 
with Regnault at 173° C., but indicate a much smaller mte of 
increase with temperature than the original observations given in 
the fifth line, headed Steam, obs. The observations for the range 
115° to 826° in the fifth column were taken with a different form 
of apparatus, which gave a much lower result than the first form 
over the same range, but the experimental difficulties were so 
great at these temperatures that little weight can be attached^ to 
it. The values given in the last three columns are deduced by taking 
differences of total heat between the first four ranges, and show 
the values of S over smaller ranges and at higher temperatures. 
The uncertainty is increased by taking differences in this way, uit 
the results indicate a more rapid increase at high temperatuires, as 
is also shown to be the case by explosion experiments. The ca - 
ciliated values shown in the last line are probably too low at higher 
temperatures, because it appears likely that the specific heat of 
air may increase more rapidly in this region than is assumed in the 
formula. Even the value 0-474 at 190° may be 1 or 2 per cent, too 
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low from this cause, and should be regarded rather as a lower limit 
to the possible value of S. 

50. Variation of 5 with Pressure. Aecording to the 
theory already explained, it is not actually necessary to take any 
observations of the specific heat at pressures other than atmo- 
spheric, because the complete variation of the total heat is most 
easily dedueed by the throttling method when the specific heat at 
atmospheric pressure is known. The advantage of this method is 
that the observation of the cooling-effect is much simpler than 
that of the specifie heat, because no measurements of quantities 
of heat are required. Moreover measurements of the specific heat 
at pressures other than atmospheric involve additional experi- 
mental difficulties and sources of error. It is of considerable interest, 
however, to compare measurements at different pressures with the 
results deduced from the observations on the cooling-effect. 

The variation of the specific heat with pressure as deduced from 
the observations on the cooling-effect, is shown by the full lines in 
the annexed diagram (Fig. 12), which are drawn for pressures 
of 0, 2, 4, 6, and 8 kilos per sq. cm. in accordance with equation (1) 
for the variation of S. The horizontal line marked Sq at 0-477 
represents the assumed mean value of the specific heat at zero 
pressure. The circle marked C represents the first experimental 
value 0-496 at 108° C. and 1 atmosphere; that marked B Brink- 
worth’s more recent value 0-487 in terms of the mean calorie. Both 
of these give slightly lower values than 0-477 for the specific heat 
Sq at zero pressure. The circles marked R and HH, indicate the 
observations of Regnault and of Flolborn and ITenning respectively 
at atmospheric pressure. The circles marked HS indicate the 
observations of Holborn and Henning reduced by assuming Swann’s 
formula for air, which, as already explained, is probably too low 
at temperatures between 200° and 400° C. 

51. Knoblauch’s Experiments. The other points marked 
on the figure indicate the observations of Knoblauch and Jakob 
{Forsch. Ver. Deut. Ing., 1906, 36, p. 109), at pressures of 2, 4, 6, 
and 8 kg./cm.^, and those of Knoblauch and H. Mollier {loc. cit., 
1911, 109, p. 79). The points belonging to the later series of observa- 
tions are enclosed in circles, each of which represents the mean of 
several observations. They agree closely with the earlier series, 
being made by the same method with similar apparatus, except 
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that all the dots representing the observations at the lowest 
pressure of 2 kg./cm.''^, are slightly higher in the later scries than in 
the earlier between 150° and 200° C., but much lower in the later 
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series than in the earlier in tire neighbourhood of 850° and above. 
The dotted curves marked 2, 4, 6, 8, represent the smoothed table 
of results given by Jakob (Zeit. Ver. Deut. Ing., 1912, p. 1980) to 
fit both series of observations as closely as possible. The points at 
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different pressures are distinguished in the figure by the same 
marks as in the original papers, namely dots for the observations 
at 2 kg./cm.2, small circles for 4 kg., crosses (+) and (x) for 6 and 
8 kg. respectively. The points at different pressures are well 
separated below 200° C., but begin to overlap at 300° C. and above, 
where the 4, 6, and 8 kg. points lie very close together. It will be 
seen that the observations confirm the variation of the specific 
heat with pressure, as predicted from the observations on the 
cooling-effect, not only in kind, but also in magnitude. The range 
of variation shown by the observations is in fact almost identical 
at 210° C., but somewhat greater below that temperature, and 
somewhat less above. 

The dotted line marked KJq represents the extrapolated value 
of the specific heat at zero pressure given by Knoblauch and Jakob 
in their first paper. This showed a variation of Sq with temperature 
ranging from 0-447 at 100° C. to 0-509 at 400° C. which was 
supported by ITolborn and Henning’s original value 0-449 at 
190° C. But the range of variation, amounting to nearly 14 per 
cent., appeared inadmissible in the light of subsequent reductions 
{Brit. Assoc. Bep., 1908, p. 339). The observations of Knoblauch 
and Jakob in 1,906, did not extend beyond 350°. The high values 
obtained at this point were inconsistent with the lower values 
subsequently obtained by Knoblauch and Mollier at higher tem- 
peratures. In Jakob’s latest reduction, the upper end of the 
Sq curve has accordingly been lowered to 0-489 at 400° C., 
and the lower end raised to 0-461 at 100° C., reducing the 
variation to about 6 per cent., which is a more reasonable value. 
Knoblauch and Mollier reduce the variation still further, to about 
4 per cent., as would seem to follow from their observations at 
a pressure of 2 kg. Since the points marked R and HS at 1 atmo- 
sphere should, if anything, be further raised, it appears probable 
that the 2 kg. points of Knoblauch and Mollier are still too low. 
This would require a similar adjustment of the 4 kg. curves, and 
would bring their results into better agreement with the author’s. 

52. Values of 5 at Saturation. It is difficult to measure 
the specific heat near saturation by direct experiment on account 
of the risk of water being carried with the steam, which would 
make the specific heat appear too high. Thus one per cent, of water 
in the steam would make S about 50 per cent, too high if measured 
over a range of 20° C. For the lowest observations in the Munich 
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experiments, the steam was first raised to a temperature about 
10° or 20° C. above saturation in a superheater, from which it 
passed to the calorimeter, where the watts required to raise it 
another 30° or 40° C. were observed. In the first series, only two 
experiments gave values of S appreciably exceeding 0-50, namely 
0-557 at 8 kg. and 0-531 at 6 kg., both points being exceptionally 
close to the saturation line. It is possible that these may have been 
affected a little by entrained moisture, since the observations 
between 200° and 250° C. are abnormally low in comparison. In 
any case it is obvious that the extrapolation of the curves to 
the saturation line must be of a very speculative character 
owing to the distance to be covered and the paucity of observa- 
tions. 

In the earlier paper, the curves of Knoblauch and Jakob appear 
to have been produced to the saturation line by purely graphic 
estimation. The points on the saturation line thus found at 2, 4, 6, 
and 8 kg., were connected by an empirical formula 

S, = 0-41 + 2-52 X 107(Tc - 2\)\ (2) 

where is the critical temperature and 1\ the saturation tem- 
perature at the point considered. With starting points given by 
this formula at saturation, a series of parallel curves were drawn 
showing values of S up to pressures of 20 kg./cm.^; but very little 
weight could be attached to a graphic extrapolation of this kind 
without any theoretical basis. 

Jakob, in his later reduction (1911), employed a different em- 
pirical formula for the saturation values, namely, 

= 0-455 + 2 X 10-20 - 1\) (3) 

This is the forimda represented by the dotted line marked Jakob 
(sat.) in Fig. 12. It gives a smaller range of variation than (2) 
at high temperatures, and raises all the saturation values by about 
0-020 over the experimental range from 2 to 8 kg./cm.^, which 
brings them into better agreement with the author’s, but the 
formula has no theoretical foundation. 

53. Calculation of 5 — 5o from the Characteristic 
Equation. The only satisfactory method of extrapolating experi- 
mental results for S to the saturation line is by the aid of some 
form of characteristic equation which is known to represent the 
other properties of steam in the neighbourhood of saturation. The 
variation of S with pressure at constant temperature for any 
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substance is given by the well known differential equation 
(Appendix I (43)) 

{dS/dP)t --aT {d^VjdT%, (4) 

which is easily solved if V is known as a function of T and P. The 
author’s equation gives in this way the general expression for S, 

S = Sq + an (n + 1) cPjT, (5) 

where n - 10/3, a = 10,000/427 (K.M.C.), and c - 0-0263 (B78lT)^ 
(K.M.C.). A similar result is easily obtained from Linde’s equation, 

S = So + an {n + 1) cP (1 + 0-0lP)/T, (6) 

where a = 10,000/427 (K.M.C.), n = B, and c = 0-031 {B7B/T)^ 
This expression is exactly similar to the author’s, but with different 
values of c and n, and with the addition of the small correction 
term O-OlP depending on P, which makes it give higher results 
at high pressures. 

The corresponding expressions for the product SC are 


Author SC == a {n + 1) c - ah, (7) 

Linde, -S'C = a (w + 1) c (1 + 0-02P) - 0-0052a (8) 


The constants have the values given above on the (K.M.C.) 
system. It will be seen that the correction term 0-02P in expression 
(8) for SC is twice as great as in the corresponding expression for S. 

The following table shows a comparison of Jakob’s extrapolated 
values with the variation of S at saturation deduced from the two 
equations. 


Table II. Values of S at Saturation. 


Pressure 

kg./cm.® 

Author 

1902 

Linde 

1905 

Thomas 

1907 

Knoblauch 
and Jakob 

Jakob 

1911 

0 

0-461 

0-461 

0-461 

0-447 

0-461 

2 

0-499 

0-500 

0-500 

0-480 

0-499 

4 

0-522 

0-525 

0-524 

0-513 

0-533 

6 

0-539 

0-545 

0-540 

0-548 

0-566 

8 

0-554 

0-565 

0-552 

0-583 

0-600 


Jakob’s values have been taken from his 1911 paper without 
modification, but the others have been reduced to Jakob’s later 
values of Sq (which range from 0-461 at 2 kg. to 0-463 at 8 kg.) 
for purposes of comparison, since the characteristic equations do 
not give Sq but only S — Sq, The extrapolated values assumed for 
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So at 100° C. and zero pressure, are given in the first line. They are 
taken as 0-461, except for Knoblauch and Jakob, where the curve 
(KJo) gives the value 0-447. It will be seen that both the character- 
istic equations give differences o£S with rise of pressure ; 

whereas the Knoblauch and Jakob columns show nearly equal 
differences, which is the natural tendency of all graphic methods 
in which the proper run of the curves is estimated by eye. Thus 
according to the author’s equation the successive differences of S 
are 38, 23, 17, 15, diminishing with rise ot temperature; but 
according to Knoblauch and Jakob, 33, 33, 35, 35, and according 
to Jakob (1911), 38, 34, 33, 34. Linde’s equation shows a range of 
variation of 0-065 from 2 to 8 kg. which is somewhat greater than 
the author’s 0-055, but much less than Jakob’s 0-101. In an extra- 
polation of this kind it is reasonable to attach greater weight to 
values deduced from an equation which is known to represent the 
volume correctly, than to a graphic or empirical method, because 
the variation of S with pressure depends directly on the variation 
of the volume. If the starting points selected by Jalcob at 2, 4, 
6, 8 kg. on the saturiition curve are so uncertain, the uncertainty 
of the empirical extrapolation to 20 kg. is many times greater. 


<4 Experinicnts of Thomas. The experiments ol Ihomas 
(Tram, Amer. Sac. Meek. Eng., 29, pp. 1()21--1()67, 1907) are of 
special interest and importance in this connection because he used 
the saturation limit itself as the starting point of his measurements, 
and directly observed the watts required (1) to dry a given current 
of steam, and (2) to superheat it through ranges of 10°, 20°, 40°, 
60°, 80°, 100°, and 150° C. The pressure was varied from 7 to 
500 Ibs./sq. in., and special attention was devoted to measuring 
and eliminating the heat-loss. By surrounding the calorimeter 
with an electrically heated and highly polished jacket, he was 
able to reduce the external loss i)ractkially to zero, but he also 
tried other methods in which the conditions as to heat-loss were 
widely varied. His calorimeter had a very small thermal capacity 
as compared with the massive oil-bath of Knoblauch and Jakob. 
This is quite an im])ortant point in a steady-flow method. The 
temperatures were taken with thermo-couples, and the watts with 
a direct reading instrument, which precluded a high order of 
accuracy in the observation of small differences, but was well 
suited for the measurement of the total heat. The watts required 
to dry the steam were obtained by observing the point at which 
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the temperature first began to rise above that of saturation when 
the watts were increased. It would appear from Thomas’s observa- 
tions that the water present in the original steam supply often 
amounted to 3 or 4 per cent. Owing to the time taken to evaporate 
small drops of water in a rapid current of steam when the superheat 
is very small, it is practically certain that a small proportion of 
water was still present in the steam when the temperature first 
began to rise above the saturation point. It appears in faet from 
an analysis of the observations that the proportion of water present 
at this stage was nearly the same in all cases, and amounted to 
about one-fifth of 1 per cent., being equivalent to nearly 1 calorie C. 
This would raise all the values of the specific heat obtained over 
the first interval near saturation by an equal amount, but would 
not materially affect the accuracy of the results for the variation 
of the specific heat along the saturation curve. 

It is noteworthy that if Thomas’s curve for S at saturation is 
reduced to the same value as the author’s at 2 kg., it practically 
coincides with the author’s from 2 to 8 kg., so that it could not be 
shown separately on the scale of the figure. Beyond this point it 
begins to diverge slightly from the author’s, lying a little lelow 
it as indicated by the broken line marked Thomas. But the devia- 
tion appears to be within the limits of possible error in such difficult 
experiments, considering the small number of points actually 
obtained at the higher pressures. No doubt it is true that the 
author’s theoretical results at saturation appear excessively low as 
compared with Jakob’s extrapolated values. But they err a little 
in the opposite direction when compared with Thomas’s experi- 
mental values, and there should be little hesitation in such a case 
in giving greater weight to the results of actual experiments at 
high pressures than to a purely speculative extrapolation. 

Thomas’s observations at 300 and 500 lbs. are shown in Fig. 12 
by the marks T in relation to the author’s theoretical curves at 
these pressures. The two highest values of the specific heat actually 
observed by Thomas, as given in his tables, at a pressure of 
500 Ibs./sq. in., were 0-636 between 242° C. (sat.), and 262° C., and 
0-617 between 262° and 282° C. The author’s formula gives 0-668 
and 0-639 respectively over these ranges, which show reasonably 
good agreement considering that it was diffieult to keep the quality 
of the steam quite constant at this highj)ressure. Thomas’s points at 
292° and 332° fall exactly on the author’s curve at 500 lbs. Linde’s 
formula, taking Sq = 0-461 (Jakob), gives 0-744 and 0-704 for the 
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first two points, values which appear to be too high owing to the 
correction term (1 + O-OlP), which raises the value of S by about 
0-100. On the other hand, Jakob’s first formula for S at saturation 
gives S = 1-511 at 242° C., and his second formula gives S = 1-260. 
The highest value actually observed by Ivnoblauch and Jakob was 
only 0-557. It appears inconceivable, in the light of Thomas’s 
experiments, that the specific heat at 500 lbs. could possibly be as 
high as 1-260, even at saturation, where the author’s formula 
gives 0*684, or a linear extrapolation of Ihomas s values 0-646. 

55. Variation of 5 with Pressure at 260° C. The actual 
observations of Knoblauch and Jakob, and Knoblauch and Mollier 
agree very well with Linde’s equation for the variation of S in the 
neighbourhood of 200° C., where the observations at different 
pressures are well separated. They agree equally well with the 
author’s equation at 210° C. But at higher temperatures the 
observations at different pressures begin to overlap, owing to 
experimental errors, and the pressure variation of *S cannot be 
determined with any certainty from the observations themselves, 
because the variation is of the same order as the experimental 
errors. The smoothed curves and tables given by Jakob appear to 
make the variation a li ttle too small as compared with the character- 
istic equation, or with Thomas’s experiments. This is shown by the 
following table of values at 260° C. 


Table III. 

Values of ;S' - at 260° C., from 2 to 16 kg./sq. cm. 


Pressure kg./cm.^ 

2 

4 

6 

8 

10 

12 

14 

16 

Jakob, table 

0-007 

0-015 

0-023 

0-032 

0-042 

0-052 

0-002 

0-074 

Thomas, curves 

0-011 

0-021 

0-032 

0-043 

0-053 

0-003 

0-073 

0-081 

Author, calc. 

0-0102 

0-0204 

0-0305 

0-0407 

0-0509 

0-0011 

0-0713 

0-0814 

Linde, calc. • 

0-0114 

0-0233 

0-0356 

0-0484 

0-0010 

0-0753 

0-0894 

0-1040 


There is strong theoretical evidence that the lines should be 
equally spaced for moderate pressures at any given temperature. 
The equal spacing of Knoblauch and Jakob’s curves (1907) at 
low pressures was reduced by Jakob (1911) on account of the 
raising of the 2 kg. curve in the later experiments by Knoblauch 
and Mollier. Otherwise tliey agree very well with the author’s 
difference of 0-0102 for 2 kg. at moderate pressures, but show a 
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more rapid increase with pressure as saturation is approached at 
constant temperature. Thomas’s curves on the other hand, show 
practically the same spacing as the author’s up to 16 kg. but a 
smaller rate of increase with pressure at higher pressures. The 
difference is of no great practical importance, and the experimental 
evidence does not appear to justify the adoption of a more com- 
plicated formula than the author’s. Linde’s equation gives some- 
what larger differences increasing with pressure, and does not seem 
to agree so well with observation over the experimental range. 

56. Rate of Variation of H with T for Saturated 
Steam. The variation of H with temperature for saturated steam 
can be deduced from the values of S and C at saturation by the 
general formula (7) of Chapter III (see also Appendix I (15)), 

{dHjdT), = S -SC (dp/dt), (9) 

but as neither S nor C can actually be measured at saturation, the 
most appropriate use of this formula is to deduce the values of 
{dHldT)s corresponding to any particular type of characteristic 
equation assumed. The characteristic equation gives S — Sq and 
SC directly, and the value of {dHldT)s is then made to depend on 
those o-£Sq and dpjdt which are known with a fair degree of certainty. 
Similarly if {dHldT)g were given, the formula might be employed 
to deduce consistent values of C from those of S, or vice versa. 
If thermodynamically consistent formulae are employed for all 
the properties, such tests are superfluous, because all such calcula- 
tions must lead to identical results; but if empirical formulae 
derived from experiment are employed, the equation affords a 
useful and necessary test of consistency. 

The following table shows a comparison of values of {dHIdT)^ 
obtained by different methods. The first column gives the values 
taken from Henning’s table of Hg or L (Chapter II), which showed 
such remarkable agreement with those previously calculated by 
Linde from his characteristic equation by the aid of Clapeyron’s 
formula. The corresponding values of Linde are given in the second 
column headed Linde-Clapeyron. The values in the third column, 
headed Linde, S and C, have been calculated by (9) from Linde’s 
equation using his own values of dpjdt, and choosing Sq to give 
the same change of H as the previous column between 100° and 
180° C. Values deduced in this way are likely to be more correct 
in the neighbourhood of 100° C. than those deduced from Clapeyron’s 
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relation, which throws too much weight on possible errors of 
dpjdt. They also show a diminution with rise of temperature, as 
required by theory, instead of tending to a. constant value 0'31 
as in ITenning’s table. But the diminution shown is much too rapid 
near 200° C., and would make II reach a maximum in the neigh- 
bourhood of 210° C. for saturated steam, which is most improbable, 
and. tends to show that the correction term 0-02P in Linde’s 
equation is erroneous. 

Table IV. 

Values of clHIdT for Saturated Steam by different formulae. 


Temp. 

Cent. 

Henning, 

Table 

Linde - 
Clapeyron 

Linde, 
and G 

Davis, 

Parabola 

Davis, 

S and 0 

Davis-I 

t,, 365 

?hieaen 

374 

Author’s 

equation 

100° 

0-36 

0-34 

0-398 

0-374 

— 

0-3()7 

0-388 

0-404 

120° 

0-32 

0-34 

0-36 1 

0-335 

0-331 

0-340 

0-363 

0-373 

140° 

0-31 

0-31 

0-313 

0-295 

0-306 

0-309 

0-334 

0-337 

100° 

0-31 

0-31 

0-252 

0-256 

0-280 

0-275 

0-305 

0-299 

180° 

0-32 

0-31 

0-177 

0-216 

0-250 

0-237 

0-272 

0-259 

200° 


— 

0-080 

0-176 

0-209 

0-192 

0-233 

0-222 


The values in the column headed Davis, parabola, are calculated 
from the parabolic formida of Davis {Tram. Amer. Soc. Mecli. Eng., 
icxx, p. 741, 1909) which gives 

{dll/dT), = 0-3745 - 0-00198 {t - 100) (10) 

This is a purely empirical formula calculated from the throttling 
experiments of Grindley, Griessmann and Peake, and is not sidtable 
for extrapolation below 100° C. because it deviates widely from 
experiment in this region, and would make S = 0-573 at 0° C. 
Between 120° and 180° C. the formula represents the observations 
on which it was founded satisfactorily, but it appears prolxable that 
the experiments themselves were affected l)y systematic errors due 
to heat-loss, which tend to make the ra te of increase of II too small. 
It is obvious that a linear formida for {dlljdT), (corresponding with 
a parabola for II,) cannot easily be reconciled with other properties 
of steam, or with any reasonable form of characteristic equation, 
such as that of Linde, which Davis adopts for the volume. It is 
also inconsistent with the values of (dllldT), calculated by formula 
(9) from the values selected by Davis for S and C, as shown in the 
next column. Davis in a later paper {Proa. Amer. Acad., xlv, 
p. 284, 1910), recommends a formula of the Thiesen type (see 
Chapter II) for extrapolation, which gives the values of {dll/dT)^ 
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in the column headed 365°. The agreement of this formula with 
observations below 100° C. is greatly improved if the correct value, 
to = 374°, is substituted for the critical temperature, which is 
the chief justification for the employment of the formula for 
extrapolation. The effect of this correction is to raise the values of 
11 by about 3 calories in the neighbourhood of 200°, where they 
are brought into exact agreement with the author’s equation for H. 

It will be observed that Davis’s parabolic formula would make 
Ho a maximum, or {dHIdT)^ = 0, when t = 289° C., whereas the 
Davis-Thiesen formula with to = 365° would make H a maximum 
at t = 259° C., and with to ^ 374° would give a maximum forH at 
t = 277° C. In the discussion on Davis’s paper. Prof. Marks {loc. 
cit., p. 765) gave it as his Opinion that “the true curve should lie 
somewhat higher at high pressures than the Davis curve, and that 
an equation giving a maximum value of the total heat at a tem- 
perature considerably nearer the critical point would represent 
the facts better than the equation proposed.” Without laying too 
much stress on the position of the maximum, which is a somewhat 
speculative question, one may at least assert that an equation of 
the Thiesen type, with to = 374°, which gives the correct result 
for L at the critical temperature, and a maximum at a lower point 
than Davis’s curve, is not likely to give results which are much 
too high in the neighbourhood of 200° C. Moreover it gives very 
fair agreement with experiment even at temperatures below 100° C., 
and also agrees with Henning’s observations at 180° C., which 
are most likely to err, if anything, in defect, like all other 
observations on the latent heat. On the other hand the Davis 
parabola gives a value 3 calories C. lower than Henning’s experi- 
ments, at 180° C., and lower than some of Hegnault’s observations 
at 190° C., which are likely to be at least 3 calories too low, since it 
is very improbable that he could have succeeded in eliminating the 
wet-steam error more completely at 190° than at 100° C. On these 
grounds it would appear probable that the author’s theoretical 
formula, deduced from throttling experiments by the differential 
method, may be more nearly correct than the Davis formula in 
the neighbourhood of 200° C., as it gives much better agreement 
with, observation below 100° C., and is also in practically perfect 
agreement with the Thiesen formula at temperatures up to 240° C. 

57. Calculation of 5^ at Saturation from {dHldT)s or 
dLjdT. In consequence of the difficulty of measuring S near 


112 


PROPERTIES OF STEAM [cii. 

saturation, many attempts have been made to calculate appropriate 
values from various formulae assumed for {dHjdT)s by means of 
the general relation (9) given in the preceding section. In order to 
do this it has been usual to substitute for SC from the relation 

SC = aT {dVIdT)^ - aV, (11) 

and for dpjdt from Clapeyron’s equation, which gives the expression 
for S, 

S = (dH/dn + L {dridT)J{r -V)- LVIT (F - ...(12) 

but these substitutions are purely a matter of form il it is under- 
stood that SC is calculated from some form of characteristic 
equation for V, and that the values of V satisfy Clapeyron’s 
equation, as is generally the case. 

If fi forniiilE for L is given in plaice of TI^ the v£iliic of (^dTI/dT)g 
is taken as dLjdT -1- dhfdT. The formula in this shape was given 
by Planck {lliernwdynamics, Eng. Trans. 1903, p. 117) as a “ rigorous 
test of the second law” of thermodynamics, and is often known as 
“Planck’s formula.” He obtained the formula in a different way, 
and made the additional substitution 

.9 - {aT {dv/dt)j, - av) {dpidt) 

for dhidt. But this is undesirable, because dhjdt is the quantity 
most easily measured for the liquid at temperatures above 100 C. 
It is simpler to keep the formula in the shape (9), as being 
the direct expression of the relation between S, and {dEldT)„ 
because the effect of different assumptions is then immediately 
obvious. 

The formula has already been applied (lable III of Chapter IV) 
as in {R. S., 1900), to determine the variation of S, when given 
values are assumed for SC and {(llHdT)g. It is not so well adapted 
to give Ss in terms of {dHIdT')^ if Cg is given, because a small error 
in C or dllldT involves a relatively large error in S at high tem- 
peratures when Cdpjdt is nearly equal to 1, and because the va,lue 
of iS becomes indeterminate, or infinite, when C dpjdt reaches unity. 

Thiesen (Ann. Phys., 9, p. 80, 1902) employed a formula of 
this type to calculate Sg for steam, assuming his original formula 
for L, with the index I and 365“ C. for the critical temperature. 
I-Ie took the expression KjT^ for SC from the original J oule-Thomson 
equation, and calculated K from Clapeyron’s equation at 100° C. 
He thus found values of S at saturation ranging from 0'4<66 at 
0° C., to a minimum 0*415 at 80° C., and rising again to 0*51 at 


113 


VI] SPECIFIC HEAT OF STEAM 

180° C. There is no experimental evidence for such a minimum, 
but the method gives more reasonable results if Thiesen’s original 
formula is corrected to agree with observed values of the latent 
heat as previously explained, provided that a suitable type of 
characteristic equation is used. Flaving found values of by 
this method, Thiesen proceeded to deduce consistent values of Sq 
from the expression for S — Sq given by the characteristic equation 
assumed for SC. This is evidently an essential part of the process, 
because the values of deduced by this method cannot be har- 
monised with any arbitrary values of <5*0 determined by experiment 
or selected by an independent method. 

58. Erroneous Application of Planck’s Equation. 

Davis {Trans. Amer. Soc. Mech. Eng., xxx, p. 750, 1909) employed 
the same method in order to corroborate the high values given by 
Knoblauch and Jakob (Munich) at saturation. He quotes Planck’s 
formula in the shape (12) given above, except that he neglected v 
in the last term, which then reduces to LjT. The effect of this is 
to increase the value of S by 0-010 at 200° C. He assumed dEjdT 
and LIT from his own parabolic formula for {dVIdT)^ from 
Linde’s equation, and LI{V — v) from Henning’s values of dpjdt. 
Since Linde’s values of V satisfy Clapeyron’s equation with 
Henning’s values of L and dpjdt, the result is practically the same 
(except for the neglect of v) as if the last two terms in Davis’s 
equation (12) were replaced by SCdpIdt. The results found in this 
way agreed with Knoblauch and Jakob’s extrapolation in giving 
the exceptionally high value, S, = 0-795 at 205° C., and were 
generally regarded at the time (in America) as a conclusive con- 
firmation of the Munich extrapolation. The comparison was repeated 
by Davis in a later paper {Proc. Amer. Acad., xlv, p. 297, 1910) and 
made more convincing by showing that Thomas’s values of H led 
to slightly higher results for S than the parabolic formula for H. 
The reason of this is that Thomas’s values of {dHjdT),, as reduced 
by Davis, are slightly higher than the values given by Davis’s 
formula for , and agree more nearly with the author’s. The author’s 
values of {dH jdT)g, if added to Linde’s values of SCdpJdt, would 
give still higher values of Sg. 

Davis does not appear to have made any experiments himself 
in support of his formula, but his conclusions were accepted in 
America without serious criticism “as the most valuable contribu- 
tion to the science and practice of steam-engineering since the 
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determination of the mechanical equivalent of heat by Rowland.” 
The parabolic formula for H, in spite of its obvious defects, was 
accepted by Peabody as the basis of his new tables, and Jakob 
revised his extrapolation of S at saturation to conform as closely 
as possible with the values calculated by Davis from “Planck’s” 
equation (12). 

Davis’s calculation of from “Planck’s equation” (12) was 
very effective at the time in discrediting the experiments of Thomas 
and supporting the empirical extrapolation of Knoblauch and 
Jakob ; but it rests on a fundamental fallacy, and cannot be seriously 
maintained. The thermodynamical equation (9) is no doubt exact, 
but it merely gives the values of S at saturation which are required 
to harmonise the Davis formula for E with Linde’s values of SC 
at the saturation point, and leads to excessive discrepancies at all 
other points- The method fixes the values of S along the saturation 
line by an arbitrary conjunction of two inconsistent formulae 
which cannot be reconciled on any reasonable hypothesis. The effect 
of this is most easily seen by calculating the values of at zero 
pressure from Linde’s equation corresponding to those of S at 
saturation given in the table calculated by Davis. The values are 
collected for comparison in the following table. 

Table V. 


Comparison of Davis’s values of 8^ with Jakob and Linde. 


Temp. 

Cent. 

Values of B at saturation. 

Values of ^0 

{dHIdT) 

Knoblauch 
and Jakob 

Davis- 

Planck 

Jakob 

1911 

Linde - 
Jakob 

Davis- 

Linde 

Jakob 

1911 

Davis 

parabola 

Linde- 

Jakob 

100-0° 

0-470 

0-484 

0-484 

0-486 

0-469 

0-461 

0-373 

0-375 

126-3° 

0-492 

0-506 

0-509 

0-504 

0-463 

0-461 

0-322 

0-320 

153-1° 

0-537 

0-560 

0-558 

0-538 

0-484 

0-44)2 

0-270 

0-248 

170-1° 

0-584 

0-615 

0-608 

0-565 

0-513 

0-463 

0-236 

0-186 

193-2° 

0-699 


0-715 

0-613 

0-573 

0-464 

0-190 

0-081 

205-1° 

0-795 

0-794 

0-796 

0-644 

0-615 

0-465 

0-166 

0-016 

215-8° 

0-919 

0-875 

0-892 

0-676 

0-665 

0-466 

0-145 

- 0-054 

225-1° 

1-068 

0-956 

0-997 

0-708 

0-715 

0-467 

0-127 

- 0-121 

235-8° 

1-318 

1-067 

1-150 

0-749 

0-786 

0-468 

0-106 

- 0-212 

245-2° 

1-634 

1-179 

1-323 

0-790 

0-858 

0-469 

0-087 

- 0-302 


2-041 

1-293 

1-514 

0-830 

0-933 

0-470 

0-071 

- 0-392 


The first empirical formula (No. (2) p. 104) of Knoblauch and 
Jakob (1907) gave the values of Sg quoted by Davis and shown in 
the first column. These did not agree very well with those calculated 
by Davis from Planck’s equation and given in the second column, 
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except that the curves intersected at 205° C., and were of a similar 
type; but Jakob in his second empirical formula (1911), quoted 
as No. (3) in this chapter, succeeded in bringing his results into 
very fair agreement with those calculated by Davis over the 
experimental range. The values of in the fourth colmnn are 
calculated from Linde’s equation for S - Sohy employing Jakob’s 
latest values of (1911) given in the sixth column. They are seen 
to be quite inconsistent with the values calculated by Davis, showing 
less than half the range of variation. The same result is shown in 
the next column by calculating the variation of 6'o with temperature 
required by the Davis values of S at saturation. These show that 
if the Davis formula and Linde’s equation are both assumed to 
be correct at saturation, the value of Sq must increase rapidly with 
temperature, reaching a value 0-933 at 253-5° C., nearly double that 
given by Jakob. 

The values of {dHIdT)^, calculated from Linde’s equation by 
assuming Jakob’s values of Sq,. are shown in the last column, for 
comparison with those given by the Davis parabola. The Linde 
values give a maximum for H, at 207-5° C., and a high negative 
value of (dB[ldt)g at 253-5° C., which is obviously impossible. The 
reason is simply that the values of the term SCdpjdt given by Linde’s 
equation are far too large, owing to theP correction factor (1 + 0-02P), 
which reaches the value 1-86 at 253-5° C., and represents chiefly 
errors of reduction and surface-condensation in the Munich experi- 
ments on V. The high values of Sg obtained by Davis from Planck’s 
relation are due almost entirely to Linde’s SCdpjdt, which reaches 
the value 1-222 at 253-5° C. 

But if the values of SC given by Linde’s equation are much too 
high, it follows that those of S ~ Sq must also be too large, since 
they depend on the same constants, and one cannot be reduced 
without reducing the other. If the values of SC are reduced in 
comparison with those of /S' — Aq, so as to obtain reasonably good 
agreement with values of (dH/dT)g given by experiment, we find 
that the variation of Sg , shown in the fourth column under the 
heading Linde- Jakob, which is already less than half that given by 
the Davis-Planck calculation, is thereby further reduced to give 
very fair agreement with the variation shown by the author’s 
equation or by Thomas’s experiments. 

It might conceivably be argued that it is justifiable to use 
Linde s values of SC or (dVJdT)^ in the neighbourhood of satura- 
tion, without assuming that his equation applies at other points. 
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But it is iust at this point that the errors of his formula, as shown 
by the variation of H, are most conspicuous It worad of course 
be absurd to calculate E or ® with values of S taken from Linde s 
equation with the Davis-Planck values at saturation; but even if 
Linde’s equation is used only for the volume and Jakob s values 
exclusively for S, the two assumptions, being thermodynamically 
inconsistent, will inevitably give rise to material discrepancies. 
(See Appendix I, § 180.) 

tro. Calculation of S from C. One of the most appropriate 
uses of the observations on the cooling-effect C, is for deducing the 
variation of S with pressure, as already explained, from the ex- 
pression for S- So given by the characteristic equation. Since the 
variation S - S^ is generally a small part of the whole specific heat, 
there is little chance of serious error in this method even if c is 
not very accurately known. Thus to take an extreme case, an error 
of 4 per cent, in c at 200° C. would produce an error of only 1 per cent, 
in S at saturation pressure, and a much less error at lower pressures. 
If on the other hand we attempt to calculate 6^ from equation 

(9) or (12) in the form 

S,^ {dEldT)J{l - Cdpidt), 

by assuming a formula for E or L, and employing experimental 
values of C, any error in C is multiplied many times at teinpeiatuies 
above 200° C., when Cdpldt approaches unity. Ihus if . we take 
(dEldT)s = 0T755 from Davis’s formula at 200 C., and 

C = 0-155° C./lb. 

from Davis’s curve, we And S, - 0-660, which agrees fairly with the 
hude- Jakob column in Table V. but is much sma Icr han the value 
0-744 given by interpolation m the column headed Davis-1 lane . 
Davis does not give results obtained by this method thougi r 
might easUy be employed to support Jakob’s extrapolation. If w 
wished to get the value 0-7-1.4 for at 200° C. with 
(clElclT), - 0-1755, 

it would suffice to take 6’ = 0-162. which is wMiiii the liinits of 
uncertainty of the exporhnents on which Davis s curve for C is 
founded. But if we talee C. = 0-192° C./lb., the value given by 
Linde’s equation, we find = 1-81 at 200°, which is ■‘^uid (t 
would obviously be ineonsisteiit to use Davis s value of {dllldl ), 
bi nlace of Line’s in such a ease, though this is precisely what 
Dalis did in applying Kanek’s relation. Linde’s equation gives 


Vl] 


SPECIFIC HEAT OF STEAM 


117 


values of C at 200° C. increasing from 0-151° C./lb. at zero pressure 
to 0-192 at saturation pressure, instead of diminishing with increase 
of pressure, and the values at high pressures appear to be irrecon- 
cilable with experiment. 

Jakob in his later reduction (1911), beyond stating that the 
values for calculated by Davis from Planck’s relation show a 
remarkable coincidence with his later empirical formula (which is 
not to be wondered at), makes no use of Linde’s equation to 
support his own values of S at other points, since it would evidently 
be impossible to secure any reasonable agreement. 

Special Case, C = F{T). The relation between the specific 
heat and the cooling-effect takes a simple form, as already ex- 
plained in Chapter IV, when C is a function of the temperature 
only. The equation of a line of constant H on the PT diagram is 
immediately obtained in analytical form by integrating, dP = dT/C, 
if 1/C is any integrable function of T. The integral may be put in 
the form P -f Pq = F (T), where Pq is the constant of integration. 
This one solution includes all the lines of constant total heat, 
since they must all have the same slope at the same temperature. 
The value of Pq , corresponding to any particular line which may 
be required, is obtained by substituting the values of P and T for 
any given point on the line. 

If C is not given as a function of T explicitly, but merely as an 
arbitrary curve derived from experiment, the solution is readily 
obtained in the form of a table of corresponding values of P -|- Pq , 
or F (T), and T, by the arithmetic process of summing values of 
1/C tabulated for each degree of temperature. The part of the 
table corresponding to any particular line, extending from P = 0 
to P = p at saturation temperature tg , is easily found by taking the 
value of P -f Pq from the table at tg , and subtracting p, which gives 
Pq for the particular line required. The coordinates P and T of any 
point on the line will serve equally to determine P^ for that line. 

To find the value of S at any point of a line of constant H, in 
terms of the value at any standard pressure, such as P = 0, or 
P = 1 atmosphere, on the same line we have the result, already 
proved (equation (7) of Chapter IV), that SC is constant along a 
line of constant H, if C is a function of T only. In other words we 
have SISq = Cq/C, where Cq is the value of C at the given standard 
pressure on the same line, which is known from the table of C and 
T, and P -|- Pq . 
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If an expression for C as a function of T is given, the expression 
for S may be put in the corresponding analytical form by the 
method previously explained in Chapter IV. Thus if C = Kj! 
we obtain, from (11) of Chapter IV, 

S/So = CJC =. {T/ToT = (1 - + 1) C'P/r)-«/dH-i),....(i3) 

Avhere is the value of S when P - 0, on the line of constant H 
through the point FT . 

The method is mathematically complete, but is liable in practice 
to two objections for calculating -S'. (1) Any error in C gives an 
equal proportionate error in S, instead of affecting the variation 
of S only. (2) The assumption that C is a function of T only, is 
not necessarily true, and may introduce additional errors in S. 

Davis {Proc. Amer. Acad. ScL, 4S, p. 291, 1910) devised an 
ingenious method based on the general relation 

{dSldP)rj = -S{dCldT)„, (14) 

which may also be written in the form* 

log^{SlS(y) = - f {dCldT)j,dP (JJ constant), ...(15) 

d jPo 

where the integration is to be performed along a line of constant H, 
and the ratio '*SV-S„ refers to any two points on the same line at 
pressures P and Pq. The method of applying this formula is 
described by Davis as follows : 

“The use of the new equation at ordinary temperatures is a 
matter requiring patience and much lalroiir. First one computes 
and plots against t the derivative of the C — f{t\ curve. Next one 
computes from the curve of C itself the progress of some line of 
constant II across the p plane; tins is necessary in order to be 
able to express dCJ/dP as a func tion ol p in the integral. I hen the 
integral has to be evaluated, either by rtjplottiiig dOjdJ. against p 
for the particular H curve in question and using an integraiA,^ or 
by a step by step numerical process. The residts are the Napierian 
logs of the desired ratios.” 

Davis w'orked out the ratios in tliis way along four lines of 

* Davis loavca theoquation in the exponential form, S/Sq = e“*, where represents 
the integral. Jakob also quotes it in this form. But if (7 is a function of t only, as 
assumed by Davis, it is easy to see that {dOldT)p dp at constant H, becomes 
dG idpidt),!, or dG/C, the integral of which between limits, taken with the negative 
sign, is simply logAOo/O). giving the solution -SV-S'„ = CVC, already proved in a 
different way. Since it is unnecessary to make any use of the “derivative of the 
inacouratoly known function (7,” namely {dGjdT),,, the objection urged by Davis 
against his own method does not apjdy to the author’s. 
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constant H (1) from 121° to 137° C., (2) from 149° to 180° C., 
(3) from 205° to 253° C., and (4) from 288° to 319° C. Curve (1) 
did not agree at all with Knoblauch and Jakob’s results. Curve (2) 
gave fair agreement only at 180° C. near saturation. Curves (3) 
and (4) gave fair agreement at high superheats; but the data for 
C in this region were based chiefly on the law of corresponding states, 
which introduces an additional element of uncertainty. Jakob 
made some use of the points on (3) and (4) in extrapolating his 
curves to 20 kg., which otherwise were devoid of any theoretical 
basis. 

Davis also made some approximate calculations at 485°, 600°, 
925°, and 1480° C. taking dC/dT and T constant at constant H, and 
assuming the law of corresponding states. The variation of S found 
at 485° C. was only about half that given by Knoblauch and 
Mollier’s experiments, and was not accepted by Jakob. 

The weakest point of the method, as explained by Davis, is 
that “ the formula has the disadvantage of involving the derivative 
of the inaccurately known function C, which prohibits its use at 
low temperatures where C itself is scarcely known at all.” But there 
is no reason why the method should not give fairly reliable values 
over the experimental range if the values of C employed for 
deducing H are correct. Unfortunately Davis gives only three lines 
of constant H between 121° and 253° C., which do not extend to 
saturation, or overlap, so that his solution is very incomplete. It 
is easy however to complete the solution by the author’s method. 
The values of 1/C taken from Davis’s curve give by simple sum- 
mation a table of corresponding values of P + Pq and i, which 
includes all the lines of constant H, and gives ratios of SjSf^— C^fC 
at any desired points. 

The following table shows values of S at saturation calculated 
in this way from Davis’s curve for C, for comparison with the 
empirical formulae of Knoblauch and Jakob. 


Table VI. 

Values of S at Saturation from Davis’s Curve for C. 



2 

4 

6 

8 

10 

16 

20 

26 

31-7 

37-3 

42-9 

4°c. 

119-6 

142-9 

168-1 

169-6 

179-1 

200-5 

211-4 

225-1 

236-8 

245-2 

253-6 

8 , Davis 


KlHi 


on 





0-838 



8 , K. and J. 







0-865 

■B ^ 

1-318 

Mgjgl 


8 , Jakob 



■B 

BHI 

0-637 

0-749 


IbI 

1-160 

1-323 

1-614 
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The values in the line S, Davis, are obtained from the ratios 
SjSo by assuming Jakob’s values of Sq, which range from 0-461 
to 0-463 at the required zero points on the lines of constant II, 
and cannot introduce any material uncertainty. The difference 
S - So at 2 kg., deduced from the Davis curve for C, is more than 
twice as great as that assumed by Jakob, or given by Linde s 
formula. The reason is that Davis’s curve for C (Fig. 10) runs much 
too high at 120° C., as already remarked, and gives values of 
dC/dT about twice as great as Grindley’s curve, or as the differential 
method. The curve for S at saturation deduced from Davis’s curve 
for C intersects the Jakob curve for Sg in l^ig. 12 near 10 kg., whieh 
is the only Davis point plotted by Jakob near saturation. On the 
other hand the difference *S' - S^ given by Davis’s curve at 250° C. 
is much less than half that given by Jakob’s extrapolation, or less 
than a third of that given by Knoblauch and Jakob’s original 
formula. This is further proof, from Davis’s own curve, that Jakob’s 
empirical extrapolation gives impossible results. 

6o. Comparison of Values of H deduced from 5. It 

has been necessary to discuss the speculations of Jarkob and Davis 
with regard to the values of S at saturation in considerable detail, 
because so much use has been made of these and similar arguments 
to the discredit of the author’s equation for the variation of S, 
which does not otherwise differ imiterially from the Miinich obser- 
vations. It appears that Jakob’s excessively high values of Sg 
have no real foundation in theory or experiment, and are merely 
due to empirical extrapolation; but since they are confined to the 
immediate neighbourhood of the saturation line, they produce 
much less effect than might be expected on the calculated values 
of II, and are therefore of li ttle impoi'tancc in practice, except for 
special problems involving small differences. This is most easily 
seen by comparing the values of II — II i, rcckoncxl from the satura- 
tion point at constant pressure up to various degrees of superheat. 
The whole effect on II amounts to 0-5 only of a calorie, even at a 
pressure of 10 kg./cm.^, which is beyond the range of Knoblauch 
and Jakob’s experiments, and near the limit of Linde’s. 

The author’s values are seen to be int( 5 rmediate between those 
of Linde and Jakob, agreeing with the former near saturation, and 
with the latter at 250° and 450° C. The rapid increase of Linde’s 
values at high temperatures is chiefly due to the high value of the 
constant 0-0052, which is equal to c at 400° C., and is 5 times as 
great as the author’s h. 
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The values in the last line are calculated by the aid of the formula 
^ 100) - a (1 + O-OIP) (4c - 0-0052) P + 2-9, . . .(16) 

which is not given by Linde, but is easily deduced from his equation. 
Hioo is the value of H at 100° C. and atmospheric pressure. Sq is 
the mean value of S at zero pressure between t and 100° C., and 
is taken from Jakob’s tables. The symbols a and c have the same 
values as in Linde’s equation (6) on the K.M.C. system. The con- 
stant 2-9 is the value of the preceding term at 100° C. and 1 atmo- 
sphere. 


Table VII. Values oiH — Bg for Superheated Steam 
at 10 kg./cm.2 or 142 Ibs./in.^. 


Temp. Cent. 

200° 

250° 

300° 

350° 

400° 

450° 

H- Hg, Jakob 

12-5 

39-3 

64-7 

89-8 

115-1 

140-5 

„ Author 

12-0 

39-3 

65-4 

90-8 

116-8 

140-5 

„ Linde 

12-0 

39-5 

65-8 

91-6 

117-3 

142-9 


The systematic difference between Jakob’s values of R — Hg 
and those given by either of the characteristic equations, incidentally 
illustrates the fact that the Munich experiments on 8 cannot be 
reconciled with any reasonable form of characteristic equation 
unless a special expression for Sq is employed giving a minimum 
value somewhere in the neighbourhood of 200° C. There is no 
experimental evidence for such a minimum, and no theoretical 
explanation has been suggested. It is most likely that there is a 
systematic error in the experiments, since all the 2 kg. points 
are too low, as already remarked, in the region 150° to 250°, as 
compared with the observations of Hegnault (R), and of Holborn 
and Henning (HS, corrected) at 1 atmosphere, which also probably 
err in defect. 

In any case the differences in the values of H — Rg for super- 
heated steam at constant pressure are of minor importance as 
compared with the discrepancies in Rg according to different 
formulae. These are illustrated by the following table of values of 
Rg — Hjofl , in which the various formulae are extrapolated to 
280° C. in order to illustrate more clearly the characteristic 
differences between them. 

The values calculated from Linde’s equation show a maximum 
near 207° C. and fall off much too rapidly at high pressures, owing 
to the high value of the expression for SC given by his equation, 
as previously explained. It follows that the Linde values of R 
must also be appreciably too low even at 120° and 140°. But his 
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equation gives liiglwf values at 120° and 140° than Davis s parabola, 
which must also be too low in this region, though it is distinctly 
preferable to Linde’s at temperatures above 200° C. The values in 
the line headed Thiesen, are those given by the Davis- Jakob 
formula, with the value of the critical temperature corrected from 
365° to 374° C., which gives improved agreement with values of 
II, below 100° C. It must be remembered in comparing these 
figures that a difference of half a calorie is less than 1 in 1000 of 
the value of II, and is of the same order as the uncertainty of the 
absolute value of II, but is not without significance in comparing 
relative values over small ranges of temperature. 


Table VIII. Values of II, - f/ioo according to different formulae. 


Temp. Cent. 

O 

o 

O 

o 

O 

O 

180° 

200° 

220° 

240° 

200° 

0 

O 

CO 

H, - liiao, Linde 
„ Davis 

7-2 

13'6 

18-9 

23-0 

26-2 

25-3 

22-2 

15-5 

3-6 

36-3 

7-1 

13'4 

18-9 

23-6 

27-6 

30-7 

33-0 

34*6 

„ Thiesen 

7-6 

14-6 

20'9 

26-7 

31-7 

36-0 

39-2 

41-6 

42-2 

„ Author 

7-8 

14-9 

21-3 

26-8 

31-7 

36-8 

39-2 

41-7 

43-0 


6i. The Mean Specific Heat reckoned from Saturation. 
According to Regnaulb’s definition of II, the mean specific heat 
reckoned from saturation is the factor required for calculating the 
total heat of superheated steam at any pressure when the degree 
of superheat is given. The mean specific heat is often tabulated for 
this purpose, since it affords the only method available if an em- 
pirical formula is assumed lor II at satiu’al/ion. But the method ol 
expression in terms of the degree of superheat is really a survival 
from the time when the only formula employed was that of Reg- 
nault, namely, 

II == 606A H- O-imt, + 0-48 {t - Q, (17) 

where t, denotes the saturation temperature on the Centigrade 
scale corresponding to the given pressure. This formula was very 
simple and convenient for practical purposes, but became in- 
admissible when it was shown to be inconsistent with measuiements 
of II, at low temperatures, and with experiments by the Joule- 
Thomson method above 100° C. 

The method becomes very inconvenient when a complicated 
empirical formula is employed for II,, together with a variable 
value, requiring elaborate tabulation, lor the mean specific heat. 
Marks and Davis use three different methods for tabulating II, . 
(1) Between 0° and 100° C., a graphic method representing Smith’s 


SPECIFIC I-IEAT OF STEAM 


128 


vi] 

reduction of the observations on L (II, § 17). (2) Davis’s parabolic 
formula between 100° and 200° C. (3) Above 200° C. a formula of 
the Thiesen type with ^ = 365° C. It would evidently be very 
difficult to secure a satisfactory degree of continuity in the rate of 
variation of by such a method. Jakob simplifies the procedure 
by employing the same Thiesen formula for L over the whole range, 
in conjunction with Dieterici’s formula for h, but omits the necessary 
correction (II, § 13) for apv. 

The values of H for superheated steam were obtained by Marks 
and Davis by a step by step numerical integration of a set of curves 
representing Knoblauch and Jakob’s original experiments with 
slight modifications. It would be difficult to carry out a process of 
this kind satisfactorily owing to the excessively rapid variation 
of S in the neighbourhood of saturation according to Knoblauch 
and Jakob. The results were smoothed by a graphic process, but 
cannot be utilised for small differences, or represented by any simple 
formula, owing to the complexity of the process by which they 
are deduced, and the impossibility of securing a high order of 
accuracy of tabulation by such a method. 

Knoblauch and Mollier (1911) gave tables and curves of mean 
and true specific heat, similar to those of Jakob founded on their 
observations. Their tables differ, however, in two particulars. 
(1) Their values at saturation from 2 to 8 kg./cm.^ are from 0-007 
to 0-003 higher, owing to the uncertainty of extrapolation, since 
the lowest observation at 2 kg. was at 160° C. (2) They do not 
give the extrapolation beyond 8 kg., which, as remarked by Thomas 
and by Stodola, leads to such curious results on the entropy diagram. 

The following table shows a comparison of the values given by 
Knoblauch and Mollier with those given by the author’s formula. 


Table IX. Mean S for Superheated Steam from to t, C. 


p= 

2 kg./om.^ 

4 kg./om.*^ 

6 kg./om.^ 

8 kg./cm.2 


119-6° 

142-9° 

158-0° 

169-6° 

t 

K.andM. 

Author 

K.andM. 

Author 

K.andM. 

Author 

IC.andM. 

Author 

150° 

0-496 

0-613 

0-628 

0-533 



. 

_ 


200° 

0-488 

0-505 

0-509 

0-623 

0-537 

0-538 

0-565 

0-558 

260° 

U'4:84 

0-500 

0-499 

0-514 

0-519 

0-628 

0-635 

0-543 

300° 

0-482 

0-496 

0-496 

0-608 

0-510 

0-519 

0-521 

0-531 

360° 

0-483 

0-493 

0-494 

0-503 

0-505 

0-613 

0-514 

0-522 

400° 

0-484 

0-491 

0-493 

0-500 

0-603 

0-508 

0-511 

0-617 

450° 

0-486 

0-489 

0-494 

0-498 

0-503 

0-605 

0-510 

0-512 

500° 

0-489 

0-487 

0-496 

0-496 

0-604 

0-602 

0-610 

0-508 
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The differences in the values o£ H deduced from those of 

in the above table are unimportant as compared with the 
uncertainties of the experimental measurements. The maximum 
difference occurs at 250° C. and 2 kg., where it amounts to about 
1 in SOO oili. According to the author’s view, as previously ex- 
plained his own values of are probably correct in this neigh- 
bourhood, but those of Knoblauch and Mollier are systematically 
too low, as compared with those of Holborn and Henning and of 
Thomas, in consequence of the defective method employed for 
the estimation of the heat-loss in their experiments. The author’s 
values are probably a little too high at lower temperatures, and 
too small at higher temperatures owing to the neglect of the un- 
certain variation of with temperature, but the error from this 
“is so small and uncertain that it is better to neglect it tor 
the sake of exact consistency with the simple form of adiabatic, 
as previously explained. 

62. General Expression for H. Since the general expres- 
sion for the variation of the total heat of any substance in terms of 
T and P is dij ^ SdT - SCdP, (18) 

it follows tha;t the simplest possilile type of expression for the total 
heat is [j - SCP -I- P, (1‘5) 

where Sq is taken as constant, and SC is a function of T only. 
While it is xiermissible to speculate with regard to the effect of 
other assumptions for the variation of S^ and SC, it carinot be said 
that the experimental evidence at present available in the case 
of steam justifies the adoption of' any more elaborate forimda as 
a standard of reference or for purposes of tabulation. 

The thermodynamical formula is just as easy to use lor pra,ctical 
purposes as that of Regnault, but has tlie advantage of greater 
generality and significance, in addition to giving much better 
agreement with experiment. Since the pressure and the tempera- 
ture are the observed conditions defining the state in any practical 
problem, it appears undesirable to adhere to the artificial method 
of expression in terms of the degree of superheat, which dates from 
a time before the first law of thermodynamics was properly under- 
stood, and which introduces an unnecessary complication in^ the 
calculation. By the aid of the thermodynamical formula it is 
Leh easier to obtain accurate values of ll directly from a Uble 
of H of moderate dimensions, than to calculate such values from 
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a table of mean specific heat by reference to the degree of superheat. 
It is difficult by the latter method to secure the degree of accuracy 
and consistency desirable for comparative purposes without ela- 
borate tabulation. 

When the value of H itself is required at any particular point, 
it is generally better to obtain it from the table of H by interpola- 
tion, rather than to calculate it from a table of SC, as is sometimes 
recommended. But the Table of SC (Table IX, Appendix III) will 
be found useful in some special problems, such as calculating S^ 
from the formula 

S^ = S^ + P {S'C - S"C")I{T'' - T), (20) 

at any pressure P over the range T' to T"; or in deducing the 
drop of temperature in a throttling process, or for similar purposes 
involving SC. 


CHAPTER YII 


ENTROPY AND SATURATION PRESSURE 

63. Available Work, and Carnot’s Function. Many 
years before the final establishment of the conservation of energy as 
applied to heat, Carnot, in his famous essay, Reflections on the 
Motive Foxoer of Meat (Paris, 1824!), had already enunciated an 
equally fundamental principle, peculiar to thermodynamics, which 
he stated as follows : 

“ llie motive power of heat is independent of the agents set at work 
to realise it; its quantity is fixed solely hy the temperatures between 
zvhich in the lim.it the transfer of heat takes placed 

He established this principle by theoretical reasoning which 
could not be improved materially at the present day. He showed 
that the action of a heat-engine in ob taining work from heat, could 
be regarded for theoretical purposes as being equivalent to the 
repetition of a mjcle of operations in which the working fluid 
(e.g. steam) was alternately heated and cooled, serving as the 
vehicle by which heat was permitted to flow from a high tempera- 
ture, that of the boiler, to a low temperature, that of the condenser; 
that work could not be obtained/ro/a heat in such a process without 
difference of temperature ; and that conversely, wherever a differ- 
ence of temperature existed, it might be utilised theoretically for 
the production of motive power. It followed that, when heat was 
allowed to pass directly from one body to another at a lower 
temperatiire, by the ordinary processes of conduction, convection, 
or radiation, without the performance of work, the motive power, 
which might have been obtained from the same flow of heat through 
a suitable engine, was wasted. Thus in order to obtain the maximum 
power from a given flow of heat, it was essential that, in the opera- 
tion of the ideal engine, there should not he any direct interchange 
of heat between bodies at sensibly different temperatures F It would 
not be possible to construct an actual engine satisfying this con- 
dition otherwise than approximately. But as Carnot points out, 
the details of the mechanism are immaterial for theoretical purposes. 
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[ In considering the limit of possible performanee, it is easy to 

* imagine that the theoretical conditions are perfectly satisfied. 

The simple Carnot cycle for steam is as follows. The existence 
of a source of heat, corresponding to the boiler, at a temperature T', 
and of a sink of heat, corresponding to the condenser, at a lower 
temperature T" , is postulated. (1) A mixture of water and steam 
at T" is compressed in a cylinder, without allowing any heat to 
I escape, until the contents are raised to the temperature T . (2) Some 

of the water is evaporated at T by supplying heat from the source 
^ which is at the same temperature. (3) The mixture is then expanded 

without further gain or loss of heat till the temperature falls to T". 
(4) Heat is abstracted by the sink at T" until sufiicient steam is 
condensed to restore the mixture to its original volume, in which 
I state it must contain the same quantity of heat as it contained 

I originally. 

At each repetition of the cycle, a certain quantity of heat Q is 
received from the source, a certain quantity is rejected to the sink 
and a certain balance of motive power W is obtained. These quanti- 
ties could be calculated with great accuracy per unit mass of steam 
evaporated at T' from a knowledge of the properties of steam, but 
the exact values are immaterial for the present purpose. The ideal 
I cycle ‘ satisfies the fundamental criterion that there is no inter- 

change of heat between bodies at sensibly different temperatures, 
all mechanical and thermal losses, such as friction and interchange 
of heat between the working substance and the walls of the 
cylinder, are suj)posed to be absent, and the object is to show that 
the work obtained per unit of heat supplied must be the maximum 
that it is possible to obtain /rom heat alone, for any kind of engine, 
with any working fluid, between the given limits of temperature, ' 

Since the working fluid is at the same temperature as the source 
during reception of heat, and is at the same temperature as the 
sink during rejection of heat, an infinitesimal difference of tem- 
perature will suffice to reverse the direction of heat-flow in either 
case. An ideal engine satisfying these conditions would be per- 
fectly reversible so far as the thermal operations were concerned 
and would work with equal efficiency in either direction. Wheri 
taking heat from the source at the high temperature, in the direct 
method of operation, it would give a certain quantity of motive 
power WjCl for each unit of heat supplied by the source; when all 
its operations were reversed in order and direction, it would 
abstract heat from the condenser and return it to the source, in 
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which case the expenditure of the same quantity of motive power 
pj/ driving the engine backwards would suffice for each unit 
of heat returned to the source. Carnot reasoned that the efficiency 
of such an engine must be a maximum foi given limits of tem- 
perature, because, if it were possible to devise an engine, or to 
discover a working fluid, giving more motive power per unit of 
heat taken from the source, part of the power might be employed 
to drive a reversible engine backwards and restore to the source 
the quantity of heat taken from i t. IVe should thus be able to 
obtain a continuous supply of motive power without any con- 
sumption of fuel. 

Carnot expressed his principle in the following form for practical 
application. If W is the work obtainable with a reversible heat- 
engine from a quanti ty of heat Q supplied to the working fluid at a 
temperature t° C,, the condenser being assumed for simplicity to 
be at a constant temperature 0° C., the efficiency W/Q must be 
some function of the temperature only, denoted by F {t), giving 
fYjQ ^ F (t) as a simple expression of the principle. 

The simplest applications of the principle are to cycles of 
infinitesimal range, for whicli Carnot employed the equivalent 
expression ^ qf' {t) (1) 

deduced by differentiation for a small range of temperature dt. 
F'it) is the derived function of F {t), and is generally known as 
Carnot’s function. It expresses the work obtainable in a cycle per 
degree fall per unit of heat supplied at a temperature t, and must 
be\he same for all substances at the same temperature. Its value 
is easily calculated for any substance when the required physical 
properties have been determined from experimental data. Carnot 
verified his principle by calculations of this kind as far as possible 
with the scanty physical data available at that time, ihus he 
calculated the value Vif F' {t) for steam at 100° C. in the following 
manner. He took the latent heat L required to evaporate 1 kilo- 
gram as 550 kilocalories, and the change of volume F v fiom 
water to steam as 1‘70 cb. m. per kg., from Watt s results. In a 
cycle of 1° C. range, the forward pressure during evaporation 
would exceed the back-pressure during condensation by the drop 
of steam-pressure per degree fall at 100° C., denoted by dp/dt, 
which he took as being 20 mm. of mei’cury, or 360 kilos per sq. 
metre, from Dalton’s experiments. The nett work obtainable per 
kilo, as shown on the indicator diagram, would therefore be 
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(V — v) (dpfdt) = 1-70 X 360 q= 611 Idlogrammetres per kg. per 1°. 
The heat supplied being 550 kilocalories, the work obtainable per 
1° fall per unit of heat, or the value of the function F' (t) for steam 
at 100° C., is 

F' (t) = (V — v) {dpldt)jL = 611/550 = 1-12 kg.m./kilocal (2) 

The value given by the most recent data for steam is 1-144 in the 
same units. 

Carnot found similar values for air and alcohol, confirming his 
principle, and showing that the value of F' (t) was probably the 
same for different substances at the same temperature, but dimin- 
ished, somewhat for all substances with rise of temperature, though 
he was unable to find the law of variation, owing to the scarcity 
and inaccuracy of the experimental data available. 

The value which he found for air at 0° C., though correctly 
calculated, was far from the truth, and very misleading. The heat 
absorbed by unit mass of a gas, obeying the law PV = RT, in 
expanding by a fraction 1/T of its volume at a constant tempera- 
ture T, is equal to the difference S^- between the specific heats 
at constant pressure and volume. Carnot took = 0-267 for air 
from the experiments of Delaroche and Berard, and the ratio 
SJS^ = 1-43, as deduced by Poisson from the velocity of sound, 
giving 0-080 for — S^, in place of the correct value 0-069 ac- 
cording to modern data. The work done in a cycle per 1° fall for 
the same expansion is R/T. Carnot took T = 267 at 0° C. from 
Gay Lussac’s experiments, giving R = 80 kgm. per kg. of air, per 
1°, and obtained F' (t) = 30/267 x 0-080 = 1-40, whereas it should 
be 1-563 at 0° C. His formula gives the expression RJT x F' (t) 
for the difference of the specific heats, which he predicted* must 
be the same for equal volumes of all gases at the same temperature 
and pressure. He also showed that the ratio of the whole work done 
by a gas in isothermal expansion to the heat absorbed was T x F' {t) 
and was the samef for all. If he could have assumed either to be 
the same at different temperatures, he would have found that F' (t) 
varied as 1/T, but the data were too discordant to suggest the 
true relation. The missing link was supplied by Joule’s experiments 
at a later date. 

Clapeyron (1836) verified Carnot’s calculations, and put the 
expression for F' (t) in the case of a vapour in the analytical form 
(2) given above, which is generally known as Clapeyron’s equation, 

* Verified by Dulong, 1829. f Verified by Joule, 1845. 
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though Carnot was the first to use it for calculating F' {t). Clapeyron 
was the first to employ the indicator diagram for illustrating the 
performance of an ideal cycle, and to deduce general expressions 
for F' {t), applicable to all substances, in terms of the partial 
differential coefficients, which are now generally known as the 
thermodynamical relations (see Appendix I, § 188). 

Kelvin (1848) proposed to base an absolute scale of temperature 
on Carnot’s function, since it was the same for all substances at the 
same temperature, and endeavoured to deduce the relation between 
F' {t) and the scale of the gas-thermometer by means of Regnault’s 
experiments on steam. Joule about the same time inferred from 
the properties of gases that F' {t) should be simply JjT. But this 
was first clearly explained, in terms of the mechanical theory of 
heat, by Clausius and Rankine (1850), who showed that F' (t) 
should be exactly JJT for a perfect gas, suitably defined by as- 
suming the work done in isothermal expansion equivalent to the 
heat absorbed, or the difference of the specific heats independent 
of the temperature, either of which assumptions would make 
Carnot’s expression T x F' {t) constant and equal to the mechanical 
equivalent J. But there were large discrepancies between the 
experimental values of F' {t) and J/T, and it remained uncertain 
how far these were due simply to experimental errors or to sys- 
tematic deviations of actual gases horn the properties assumed in 
defining the perfect gas. This question was attacked by the porous 
plug method of Joule and Kelvin, who succeeded in showing that 
the scale of absolute temperature T, defined in terms of Carnot’s 
function by the relation F' (t) = JjT, agreed even more closely than 
could have been anticipated with the gas-scale, especially in the 
case of the hydrogen thermometer, which has been adopted by 
general agreement as giving the practical equivalent of the absolute 
scale of temperature. In this way the relation between the available 
work and the temperature limits in the Carnot cycle is reduced to 
the simplest possible form. 

64. The Entropy Measure of Heat. It follows from 
Carnot’s principle, as above explained, that, when a quantity of 
heat energy Q is supplied to any working substance at a tempera- 
ture T in a heat-engine, the maximum quantity of work obtainable 
in a cycle per degree fall is represented by the product Qx F (t), 
which is equal to JQ/T by the definition of absolute temperature. 
Expressed in heat units, the proportion of the heat energy con- 
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vertible into work per degree fall is QjT, or the quantity dQ 
convertible in a range dT is Q {dTjT), or (Q/T) dT. By the first 
law, the heat rejected at T — dT is Q — dQ. 

In a simple Carnot cycle, no heat is received except at the upper 
limit of temperature T', and no heat is rejected except at the lower 
limit T". We may therefore obtain the result for any finite range 
T to T" by integrating the relation dQ/Q = dTjT, between limits 
T' and T", which gives 

Q7T'= Q'7T"= (Q'- q")/{T'~ T") = AWI(T'- T"),...(8) 

where Q' is the heat received at the higher temperature, Q" the 
heat rejected at the lower temperature, and AW the thermal 
equivalent Q'- Q" of the work obtainable in the cycle. This method 
of integration was, in fact, applied by Carnot, and explained (loc. 
cit., p. 27) as being equivalent to the employment of a series of 
engines, each working through an infinitesimal range and receiving 
the caloric rejected by the engine next above it in the series. But 
the correct expression for the work obtainable in a Carnot cycle 
of finite range, in terms of heat-energy on the mechanical theory, 
was first given by Rankine (Phil. Mag., 1851, p. 55). 

The thermal equivalent of the work obtainable in a Carnot 
cycle is seen to be equal to the product of the quantity Q'/T' 
(depending only on the heat received and the temperature of 
reception) and the temperature fall T' - T". For a cycle of any 
form, in which the heat is not all received at one temperature, 
Rankine showed how to deduce the equivalent of the work ob- 
tainable by dividing each elementary quantity of heat dQ by the 
temperature of reception T, multiplying each by the corresponding 
range of temperature, and summing the results for the cycle. Ex- 
amples of this method for other eycles are given in Chapter X. 

Since the primary object of a heat-engine is to obtain the 
maximum output of work from heat per degree fall of temperature, 
it is evident that the quotient QjT (or the integral of dQjT in the 
generalised form) is a quantity of great importance in the theory of 
the heat-engine. Rankine called it the Thermodynamic Function, 
which is a somewhat vague and inconvenient name. Its properties 
were more fully investigated by Clausius at a later date, who gave 
it the name of Entropy, which has been universally adopted. 

From many points of view, the entropy Q/T of a quantity of 
energy Q in the form of heat at a temperature T, may most simply 
be regarded as being merely a different measure of heat, in terms 
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of work obtainable per degree fall instead of in terms of total energy. 
The two me;asures are equally logical and definite, and are very 
simply related, but the entropy of a quantity of heat has quite 
different properties to the energy. The essential difference between 
the entropy and energy measures of heat is most readily appieciated 
by analogy with the case of a material fluid. A liquid, like water, 
is often measured by weight, that is to say, implicitly in terms of 
the work it is capable of doing per unit fall of level. This method 
gives a direct measure of quantity, analogous to the entropy 
measure of heat in terms of work per degree fall of temperature. 
But we might also measure the total energy possessed by the water 
in virtue of its elevation, by allowing it to fall to a definite level, 
and observing the rise of level which it was capable of producing in 
a known mass by any suitable mechanism. This would be analogous 
to the measurement of the total energy of a quantity of heat by 
observing the rise of temperature it was capable of pioducing in 
a calorimeter of known thermal capacity. Entropy is sometimes 
called “heat- weight” on the ground of the first analogy, and is the 
most appropriate measure of heart quctntity as distinct fiom heat 
energy, but there is no simple method of measuring it directly. 
Thus, when a quantity of heat-energy Q allowed to pass fiom a 
hot body at a temperature 'T' to a caloi’imeter at a tenipeiatuie 1 , 
the gain of energy of the calorimeter is equal to the loss of energy 
of the hot body, by the law of conservation of energy, and is easily 
measured. But this is not true of the entropy, ihe gain of entiopy 
Q/T" of the calorimeter is necessarily greater than the loss of entropy 
qiT of the hot body, because T is by hypothesis greater than T\ 
If the heat-energy Q had been supjolied to a Carnot engine at T, 
the entropy of the heat rejected at X would have been equal to 
that of the heat supplied, namely Q.IT' and the heat-energy 
rejected would have been reduced by the thermal ecpiivalent of 
the work utilised, namely Q (T'- T")IT- When the heat Q is 
allowed to flow directly from T to T", without performance of 
work, the increase of entropy, namely Q/T” - Q.jT, is the equi- 
valent of the available work divided by T" , and is the same as if 
the work had actually been realised and then converted into heat 
by friction at the lower temperature. 

The properties postulated for caloric on the older theory were 
similar in most respects to those of entropy, but did not correspond 
with those of heat measured as energy in a calorimeter. This natur- 
ally led to grave difficulties in connec tion with the theory of gases, 
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and of heat generated by friction. Fortunately it did not affect the 
validity of Carnot’s reasoning, which, though expressed in the 
language of the caloric theory, was in the main independent of any 
assumption as to the nature of heat or the manner in which it was 
measured. {Proc. Phys. Soc. 23 , p. 153 , 1911 .) 

Heat is always measured as energy in practice, and the corre- 
sponding changes of entropy are inferred by dividing each addition 
of heat in thermal units by the temperature at which it is received. 
The entropy of a substance in any state is reckoned per unit mass 
from a standard state selected as the zero of entropy for the sub- 
stance. The numerical values obtained in this way as representing 
the entropy of a substance, are independent of the temperature 
scale and the unit of mass, and are the same in all rational systems 
of units. The unit of entropy is often called a “ Rank,” after Rankine, 
but the name is seldom required, because there is practically only 
one unit of zero dimensions, so that troublesome questions of 
conversion or nomenclature do not arise. 

65. Properties of the Entropy. The most important 
properties of the entropy for the present purpose are as follows : 

The entropy of & body remains constant when no energy in the 
form of heat is lost or gained, a condition usually implied by the 
term “adiabatic.” It is not altered by the performance of external 
work in adiabatic expansion or compression, provided that there 
is no internal friction. If there is any friction between parts of the 
substance moving with different velocities, or between the body 
considered and neighbouring bodies, the increase of entropy is the 
thermal equivalent of the work wasted in friction divided by the 
absolute temperature. 

If there is any interchange of heat between different parts of 
the body at different temperatures, the effect is always to increase 
the entropy of the whole. For any direct transfer of heat-energy 
Q from a part at a temperature T' to a part at a lower temperature 
T", the increase of entropy is QjT"— Q/T', which is necessarily 
positive. 

We have already seen that, in a simple Carnot cycle, the entropy 
of the heat received Q'/T' is equal to the entropy of the heat 
rejected Q!'JT". The same proposition is true for a cycle of any 
form, provided that it is reversible. This condition is tacitly 
assumed for any cycle represented on the indicator diagram, since 
the state of the working fluid is supposed to be one of equilibrium 
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at uniform pressure and temperature throughout its substance, and 
the absence of internal friction is assumed. Such a cycle may be 
regarded as being built up of elementary Carnot cycles by supposing 
the area divided up into strips by a family of adiabatic curves. For 
each of the elementary cycles the entropy of the heat received is 
equal to that of the heat rejected. The whole entropy received 
in the cycle is therefore equal to the entropy rejected. 

It follows that the increase of entropy of a substance per unit 
mass in any given change of state must be independent of the 
manner in which the change is effected. For suppose the change 
from the state A to the state B effected in any manner, and the 
reverse change from B to A in a different manner. The two paths 
on the indicator diagram represent a closed cycle, such that the 
entropy received along one is equal to that rejected along the other. 
This does not apply to heat measured as energy. The energy of the 
heat received along AB would differ by the equivalent of the 
enclosed area from that rejected along BA. 

66. Entropy of Water and Steam at Saturation. The 

entropy of dry saturated steam, denoted by exceeds that of 
water, denoted by at the same temperature and pressure, by 
the entropy of vaporisation LjT, which is obtained by simply 
dividing tJie latent heat of vaporisation by the absolute tempera- 
ture, since all the heat is added at one and the same temperature. 

The entropy of vaporisation may also be expressed as the 
equivalent of the work obtainable per degree fall per unit mass 
vaporised, namely a ~ w) dpjdt. Combining the two methods of 
expression, we obtain the equation 

cib - - LjT -- a{V,-v) dpjdt, (4) 

which is the modern form of Clapeyron’s equation, and represents 
the direct application of Carnot’s principle as previously explained. 

In the past, this equation has generally bc;en employed for 
deducing the volume of dry saturated steam from the observed 
values of L and of dpldt. But if the variation of V with temperature 
and pressure can be deduced from other experiments, such as those 
on the cooling-effect, Clapeyron’s equation may be enqjloyed for 
calculating the values of the saturation pressure p, as explained 
later in § 68. 

If the steam is wet, consisting of a fraction q (called the quality, 
or the dryness-fraction) of dry steam per unit mass with a fraction 
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1 — g- (called the wetness-fraction) of fine particles of water in 
suspension, the entropy of the wet mixture is 

qL/T = (D, - (1 - q) LjT (5) 

The corresponding expressions for the total heat and volume 
are 

= h + qL = Hs - {1 - q) L, (6) 

V,=^{l~q)v + qV,^V,~(l-q){r,-~v), (7) 


where Hg and Vg are the total heat and volume of dry saturated 
steam at the same pressure. But, unless q is given, it is generally 
preferable to calculate <D,^ and directly from Hg (which is the 
quantity given by experiment) by means of the relations 


^g-^g={B[g-Hg)JT, ( 8 ) 

Vg-Vg= Vg {Eg - Hg)/{Hg - St), (9) 


which are exact, and save reference to q, h, v, </>, and L. 

If the total heat of water h at saturation pressure and tem- 
perature is represented by the expression already given, equation 
(6) in Chapter II, namely, 

h - 0-99666!; -f vLjiV - v) ~ 0-003 (10) 

the corresponding expression for the entropy of water (j) under 
saturation pressure reckoned from 0° C., is 

^ = 2-2949 logio T/273-1 -|- vLjT {V - v) 0-00001.. ..(11) 

The first term is obtained by integrating Q-QQQmjT from 273-1 to T. 
The second term is the entropy of vaporisation of the steam mole- 
cules in the water. The small constant 0-00001 is the value of this 
term at 0° C. • 

It should be remarked that the correspondence of these two 
formulae for h and <f) is thermodynamically exact, and that the 
entropy of water at saturation cannot be deduced from the total 
heat h at saturation correctly by differentiating the formula for h, 
dividing by T, and integrating the expression for {dhfdt)jT, as is 
usually done, because {dhfdt)g is not equal to T {d<l>fdt)g , as com- 
monly assumed, but is greater by the term av {dpjdt). The difference 
is most readily appreciated by comparing the corresponding for- 
mulae for the vapour (see Appendix I, §§ 181-2). The value of 
{dHldT)g for steam is relatively small and positive, but that of 
T{d^/dT)g, the “saturation specific heat,” is large and negatvoe, 
being less than {dH/dT)g by the expression aV {dpjdt), as in the 
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case of the liquid. The error due to neglecting this term in the ease 
of the liquid is relatively small, but the corresponding term 
avT (dpldt) in Tcf) is from 10 to 20 times larger than the term apv 
representing the feed-pump work in the Rankine cycle, upon which 
so much stress is usually laid. The distinction between (dh/dt), and 
T {d<j)ldt), is of essential importance in the author’s definition of 
h, {E. B., 1902), because the corresponding expression for will 
not integrate exactly if Gray’s definition (Chapter II, § 12) is 
adopted, or if the term av {dp/dt) is neglected. On subtracting 
av (dpldt) from (dh/dt), and dividing by T, the expression for 
{d(f>/dt), becomes an exact differential, and gives between limits, 
log« (T/To) + av (dp/dt) - av^ (dp/dt)^, ...(12) 

which is exactly equivalent to the above numerical formula. Since 
h and cf) for the liquid are required only at saturation, the suffix 5 
can usually be dropped. 

The entropy of water at 100° C. by (11) is cf)^ = 0'31186. 

The entropy of vaporisation at 100° C. is LJTi = 1*44546. 

67. Expression for the Entropy of Dry Steam, Super- 
heated or Supersaturated. The general expression for the 
entropy of dry steam at any temperature T and pressure P is 
readily deduced from that of dry saturated steam in any given 
standard state (preferably at = 873*1° C. and standard atmo- 
spheric pressure P^, at which point (I>i = 1*75732, by (4)), by the 
aid of the characteristic equation, and tlie general expression for 
the specific heat S. The entropy added in superheating the steam 
at constant atmospheric pressure from 'I\ to P, is the integral 
of S^dT/T, where S\ has the value a7i(n+ 1) cPJT. The 
entropy subtracted in compressing the steam at constant tem- 
perature T from Pj to tlie final pressure P, is the integral of the 
expression (P/P -1- aficjT) dP, or a (dV/dt)^ dP. Performing these 
simple integrations we obtain 

CD _ cD^ = Po log« TI2\ - 11 log, P/Pi - ancPj'P -h ancJ\[T^. ... (13) 
The variation of the enti'opy of steam is the sjime as that of a 
perfect gas with the addition of the small term depending on the 
coaggreg'ation c. Putting in the known values of the constants, 
and reducing the logari thms to the base 10, we obtain 

CD = 1-09876 logio T/2\ - *25356 log^o P/Pi “ aneP/T + 1*76300. 

(14) 

It is better to keep the formula for $ in terms of the ratios Tl'l\ and 
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P/Pj for calculation, because log T/T^ is small compared with log P, 
and some trouble is saved in interpolating the logarithms. There 
is no physical meaning in referring the entropy to an arbitrary 
standard state such as T = 1° abs. and P = 1 Ib./sq. in., or 1 mm. 
of mercury, as is commonly done. With the above formula, the 
constant 1-76300 is the entropy at 100° C. in the state of ideal gas, 
and exceeds the entropy of dry saturated steam at 100° C. by the 
value of the small term ancjPJTi which is -00568. 

Since c varies as 1/T’^, the small term varies as and since 

Nq = (w + 1) P, the expression for the entropy may be put in the 

form, log, XJX - anc^P^XIT^X^ + 1-76300, ... (15) 

where X = PIT'^+'^, and X^ = PJTp+'^, which shows that the 
entropy is constant when PIT”'+'^ is constant. Eliminating P or P 
by the aid of the characteristic equation, the equation of the adia- 
batic may also be put in any of the following forms, 

(F — &) P’* = constant) 

or P (F ~ b)jT = constant! , (16) 

or P^ (V ~ 6)w+i = constant; 

which are exact, and are often more convenient than the expression 
for O, when the initial state is given by P and P, or P and F, or 
F and P, and it is required to find the final state, given P, or P, 
or F, after expansion. 

68. Equation of Saturation Pressure. The general 
expression above found for the entropy of dry steam in any state 
must agree with the expression ^ -|- L/P, previously given for dry 
saturated steam in terms of the latent heat, not only at 100° C. 
(where the agreement is assumed in finding the value of the con- 
stant 1-763), but also at every point of the saturation curve, when 
the correct values of p and P are inserted in the expression. The 
condition obtained by equating the two expressions for the entropy 
represents, in fact, the equation of saturation pressure, or the 
relation between p and T in the saturated state, from which the 
saturation pressure is easily calculated for any given value of P. 

Thus if we substitute O = ^ + P/Pin the general expression (13), 
in which represents -H we obtain 

^ -I- P/P - Pi/Pi 

= Sq log, TjTi - R log, pjp^ - ancpjT + anCjpJT i, . . .(17) 
where the values at 100° C. are denoted by the suffix 1. 
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The value of p might be calculated by trial from this equation, 
but it would be inconvenient because cf) and L both involve p 
implicitly, in addition to the terms Rloggplp^ and ancpjT. We 
accordingly substitute for <f) from (12), with L = — h, from 

equations II (5) and III (24). With these substitutions, most of the 
small terms eliminate, and the remainder collect in a convenient 
manner, giving the required equation in the form 

It log. pip, + (S„ - .V) [log. TjT, - (1 - looVT] 

-l-[«(c-Oj>/hioo ( 18 ) 

where the last term is to be taken between limits 100 and t. The 
constant L' represents the ideal value 542-87 of the latent heat 
at 100'^ C., which is equal to the actual value = 539-80, together 
with the latent heat of the steam molecules in the water, namely 
vLK'F — v) = 0-887, and the water molecules in the steam, namely 
SCp ="• 2-788, both reckoned at 100“ C. n,nd saturation. 

It will be ol)served that this form of the theoretical equation of 
saturation pressure is the simplest possible, since it differs from 
that of an ideal litjuid jind vapour as given l)y Rjinkinc {Phil. 
Mag., 18C0) only by the addition of the term a{c — h)plT. It 
remains true if c is any function whatever of tlie temperature 
only, and is not restricted to the sjiecial case e kT~‘‘K If c is a 
function of P iis well as T, it is merely necjcssary to replace the 
last term by tlic integral of a (a — h) dPfT a;t constant T, taken 
between limits. 

The object of putting the equation of saturation ])ressure in 
this form is twoibld. In the first pla,ce the terms dc(])ending on the 
fundamental consta^its (tlie sj)ecific mid latent heats, and the 
coaggrt;gation), are sejiar-ated, so that the effect of experimental 
errors on the dctermina;tion of each can l)e more easily investigated. 
In the second place, it is more convenient for calculation, because 
all the terms except the first are small, and can be worked out with 
a Fuller slide-rule, or witli five-figure logarithms. Reducing to 
common logarithms by the modulus ni -- -4842945, and inserting 
the numerical values of the constants, the equation becomes 

log'pIPx l.ih2()()9/w (i - li)())/T 

- 4-7173 [log j'/j; - ,n. (t - l()(l)/3’] -I- [-4(157 (« - l.)p/r]'„„-(19) 

In working out the value of j) for any given t, the term 
m {t — 1()0)/T is calculated by logarithms. The first term (1) in 
the equation is found by adding log 18-2009 ( = 1-1206043) to the 
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log of m [t — 100)/^ already found and taking the antilog. The 
second term (2) by multiplying the small difference 

log -m{t- 100)/T 

by 4-7173 with a Fuller slide-rule. The last term (8), which is of 
the same order of magnitude as the second, is also worked on the 
slide-rule, assuming an approximate value of p, and taking (c — h) 
from a table. The constant value of this term at 100® C. is -006474 
(4), which is subtracted from the value found. The value of log_pj^ 
is added, taking in mm. of mercury, orlbs./sq. in. or kilos. /sq. cm., 
according to the units in which p is required. The work may con- 
veniently be arranged as follows : 


Pressure at t = 250° C., T = 523-1° abs., c-h = 0-12054 cu. ft.. 
Trial value p = 560 Ibs./sq. in. Result p = 564*94. 


log m = 

1-6377843 

log T = 

log 150 = 

2-1760913 

logTi^ 

- log T = 

- 2-7186847 

DifE. = 

Sum = 

1-0962909 

= log 

Add 

1-1206043 

DifE. = 

Sum = 

-2168962 

= log 


2-7186847 

log 7^1 = 

1-16699 

2-5718262 

(1) = 

1-64397 

0-1467696 

(3) = 

0-06235 

0-1246348 

(4) = 

- 0-00647 

0-0222247 x 

4-7173 = (2) = 

- 0-10484 

1-64397 (1) 

log 53 = 

2-76200 


Taking p = 570 as trial, alters term (3) to -05329, whence 
logp = 2-75294, ox p — 566-16. A difference of 10 lbs. in the trial 
value makes a difference of 1-22 lbs. in the result. Let the correct 
answer be 560 -t- x. Then we have 560 -f « = 564-94 + 0 - 122 aj, or 
0-878 X — 4-94, x = 5-63. Whence finally, p = 565 * 63 . 

For temperatures near 100° C. the small terms are much 
smaller, and the approximation is more rapid. 

The numerical formula for the saturation pressure in lbs. per 
sq. in. (London) may easily be transformed into the apparently 
simpler shape 

logp = 21-07449 - 2903-39/T - 4-71734 log T H- -4057 (c - h) pjT, 

( 20 ) 

but the terms. are much larger, and, since the result depends on 
small differences, the formula must be worked to the limit of 
accuracy with seven-figure logarithms. The term involving log T 
is more than 100 times larger than in the formula previously given, 
even at 250° C., so that most careful interpolation is required to 
get the value of logp correct to five places of decimals, or p to 
1 in 40,000. 
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An instructive method of deducing the formula is by the direct 
integration of Clapeyron’s equation (4). This equation may be 


written in the form 

aT (Vg - v) {dpjdT) = L (21) 

Since L = II - h, and h = st + v {dpjdT) - -003, the equation 
becomes 

aTV, {dp/dT) = II, - St + -003 (22) 


Substituting for V, and II, from equations (21) and (24) of Chapter 
III, and dividing by the equation is found to be the exact 
differential of that already given, with a slight difference in the 
arrangement of the terms. 

69. Gibbs’ Function or Thermodynamic Potential G. 

It will be observed that the above substitution in Clapeyron’s 
equation gives an expression for the total heat 11, of saturated steam 
identical in form with that already assumed for the total heat h of 
water at saturation. The only difference is that v is replaced by 
V,, thus 

II, = St -I- aTV, {dp/dT) - 0-()03 (23) 

It follows, by exactly similar reasoning, that the entropy cl)^ of 
saturated steam can be represented by an expression corresponding 
to that for (/>, namely, 

(I), - 6* log, TI'J\ + aV, (dp/dT) ~ O-OOOOlO (24) 

The value of the function G, == TO, - II, = Tc/> - /q is the same 
for water and steam at saturation, since 0, - ^ = L/T. With the 
assumption already made for the variation of the specific heat of 
water, the function G, has the comparatively simple expression 
G, == TO, - II, = Tc/> -h== s (T log, T/To - t)~ Q-OOM/T, • • -(25) 

This is a function of the temperature only, and is very easily 
tabulated. It is particularly usefid in the adiabatic expansion of 
wet steam (see p. 213). 

The name “ Potential” is here given to the function G = TO - II 
because equality of potential G may be regarded as the condition 
of equilibrium between liquid and va,pour at any temperature. The 
properties of this func tion, as the criterion of equilibrium in physical 
and chemical changes, were first fully investigated by Willard Gibbs 
(Trans. Acad. Conn., vol. 3, p. 108, 1875-1878). It is often called 
the Gibbs’ function, and is denoted by various Greek or fancy” 
script symbols in different works. The symbol G is here adopted 
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as being the initial of the name Gibbs, on which ground it was 
recommended to the Physical Society of London, and by them 
ado])tcd in their list of symbols for thermal properties. 

In many books the total heat E is also called “the potential,” 
on the analogy of potential energy in statics, because the drop of 
total heat, represents the work done in steady flow at constant 
entro|)y. I he ol)jccti()n to this analogy is that the potential energy 
of the llnid depends on the conditions imposed, and that many 
differcint fuiurtions possess an equal right to the title of potential 
functions on this ground. Thus the increase of the function G, as 
hero defined, represents the work obtainable in steady flow when 
the tcanperature is kept constant. The work so obtained is the 
maximum obl ainable from unit mass of compressed gas at atmo- 
spheric tc'm|)erature without expenditure of fuel, and might most 
a|)propriatcIy be regarded as equivalent to the drop of potential 
energy on expjiusion. Mathematicians often define G SiS H - TO, 
with the ()pi)osit(i sign, as rcipresenting a drop of energy. But the 
sign is purely a mattc;r of convention, and it is just as logical to 
rega-rd the increase of G ~ jI’O ~ Jf in an irreversiible process as 
corresponding to the increase of 0. It would also be very incon- 
vcaiient in practice to have the sign of G always negative. 

d’he exprcjHsion for the potential G of dry steam, superheated or 
supt!rsaturat(Hi, is readily obtained from those already given for 
n and 0, thus 

a ... log« {T/'J:\) - UT log„ iP/l\) + a(c - b)P + {% - No) T - B, 

(26) 

where 0„ = 'I-TOJJOO, and B 464-00, the constants in the expres- 
sions foi’ <I> a,nd E. 

If the above expression for G is equated to the expression 
already gi\'cn l‘or 6\. in tlie case t)f water, we obtain immediately 
the (Hpiation of saturation pressure, which is readily reduced to the 
form previously given. 

The potential G of $uj)erheated steam is always greater than 
that of watc;r. When it becomes equal to that of water at the same 
tem|)t‘ra;turc‘, the steam will begin to condense, if any suitable 
surfaces or nucha arc present to start the condensation. It is well 
known, however, that steam may be obtained by rapid expansion 
in the supersaturated condition, at a temperature much lower than 
the saturation temperature corresponding to the pressure, provided 
that no nuclei are present. Its potential in this condition is given 
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by the same expression as that for superheated steam, but is lower 
than that of water at the same pressure. The state of supersaturated 
steam is unstable, and is quickly reduced to that of wet saturated 
steam as soon as condensation sets in. The transformation of 
supersaturated steam into wet steam is an irreversible process, 
involving an increase of entropy, which must always occur in rapid 
expansion because the condensation cannot keep pace exactly with 
the adiabatic fall of temperature. Some evidence of the actual 
existence of this supersaturated state in the cylinder of a steam- 
engine was obtained by Callendar and Nicolson {Proc. Inst. C. E., 
1898) by measuring the temperature with a platinum thermometer 
during rapid expansion. Ihe phenomenon is ol practical interest 
as explaining part at least of the “missing quantity,” and some of 
the advantage gained by superheating. Wlien the steam is initially 
superheated, the state of supersaturation is post|)oned to a later 
point in the stroke, and the increase of entropy is reduced. Since 
the state of supersaturation undotibtcidly exists, tlie tables have 
been extended a little below the saturation line. The values for 
supersaturated stcaim arc of practical significanee, as showing the 
nature of the change which. occurs in rajiid expansion when the 
steam ha,s insullicient time to condense, and as affording a means of 
estimating the losses tliereby occasioned. The best illustration of 
the effects of suiiersaturation is afforded by the flow of steam 
through a nozzk‘, wlierc tlie expansion is extremely rapid (see 
Chapter X). 


70. Experimental Values of the Saturation Pressure p. 

Since all the lequned quantities in the equation of saturation 
picssuic have, been deteimined independently of any meaisurcments 
of the saturation pressure itself (except tliat the satiiration pressure 
is 700 mm. by (kfinition at 100° C.), tlie eomparison of the values 
ol p calculated by eipiation (19) with those directly observed, 
affoids an additioiml test of the accura.cy ol the theory. A com- 
parison ol this kind was made in the author’s original pajper 
(E. S., 1900) with the observations of Regnaiilt, which were the 
best then available, and the agreement was shown to be satis- 
factory. Since tha,t time additional determinations have been 
made, witli modern appliances, at Miinich (1005) by Knoblauch, 
Linde and Klebe {Forsch. Ver. Deut. Ing., 21), and at the Reichs- 
anstalt, Berlin (1908) by Ilolborn and Henning (A?in. Phys., 26, 
pp. 833-883). The results of these observations, as expressed in 
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mm. of mercury (Lat. 45°), are compared with the author’s equation 
in the following table. 


Table I. Comparison of (19) with Observations of the Saturation 

Pressure. 


Temp. 

Cent. 

Regnault 
Tormula (H) 

Author’s 

equation 

Munich 

(1905) 

Berlin 

(1908) 

0° 

4-48 

4-62 



(4-58) 

20° 

17-30 

17-59 

— 

(17-51) 

40° 

54-91 

55-38 

, — 

(56-13) 

60° 

148-83 

149-38 

— 

149-19 

80° 

354-6 

355-1 

— 

355-1 

110° 

1075-4 

1075-0 

1074-3 

1074-5 

120° 

1491-3 

1490-5 

1489 

1488-9 

130° 

2030-3 

2028-8 

2025 

2025-6 

140° 

2717-6 

2715-3 

2710 

2709-5 

150° 

3581-2 

3577-7 

3567 

3568-7 

160° 

4652 

4646 

4634 

4633 

170° 

6962 

5953 

5939 

6937 

180° 

7546 

7632 

7614 

7514 

190° 

9443 

9420 



9404 

200° 

11689 

11663 

— 

11647 


The agreement between the observed and calculated values 
shown in the above table is seen to be extremely close, and affords 
in fact one of the most exacting practical tests of the second law 
of thermodynamics, on which the calculation is based. The dis- 
crepancies rarely amount to as much as a tenth of 1° C., or 1 in 2000 
of the temperature interval, except in the case of Regnault’s 
observations at low temperatures, which are known to be inexact. 
The agreement with the Berlin observations below 100° C. is much 
closer than with Regnault’s formula. The values at 0°, 20°, and 
40° C., enclosed in brackets, are those given by Thiesen and Scheel 
{TFiss. AI)h. d. Reichs., 3, p. 71, 1900), which have been adopted by 
liolborn and Henning in their table. 

Above 100° C., the author’s results are intermediate between 
those of Regnault and those of the later observers, agreeing better 
with Regnault from 100° to 180° C., but approaching the later 
observers at 200° C. The close agreement between the values 
tabulated by the Munich observers (1905) and those subsequently 
determined by Plolborn and Henning, Berlin (1908), is one of the 
most remarkable coincidences in experimental physics. The con- 
clusion has not unnaturally been drawn that both of the later series 
of observations must be very exact, and that the systematic 
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discrepancy from the author’s equation, equivalent to about a 
tenth of 1° C. from 150° to 1 80° C., is to be explained by some error 


in the theory. It happens, however, that Henning {Ann. Phys., 22, 


p. 625, 1907) has made an independent 
reduction of the Munich observations, 
and has found a different set of values 
for p (Munich) which are in exact agree- 
ment with the author’s equation from 
120° to 160° C. The discrepancy is of 
little practical importance, but is of 
theoretical interest as throwing further 
light on the curious discontinuity at 
100° C. in Henning’s curve of 11 ^ , already 
illustrated in Fig. 4., which appeared to 
be so well supported by the Munich 
observations as reduced by Linde. In 
order to be able to form a fair estimate 
of the value of the experimental 
evidence, it is desirable to plot the 
separate observations of p in relation to 
the curves representing the formulae, as 
shown in tlie annexed Fig. 16. 

In place of plotting tlie differences of 
pressure as shown in the table, it is 
better to plot the corresponding differ- 
ences of temperature, because the errors 
above 100° C. are mainly due to thermo- 
metry, and because a more convenient 
scale is thereby obtained. Thus if p,, is 
the observed pressure, and Pa the 
pressure given by the author’s equation 
at the same temperature, the small 
difference p^ - p« is divided by the 
appropriate value of rip/efe, giving the 
corresponding difference of temperature, 
which is plotted with its proper sign 
against the temperature of observation. 

The zero line 00 in the figure repre- 
sents the author’s equation. The curve 


CD o o 6 o 



RR represents Regnault’s formula II. The wavy line marked HH 


represents Holborn and Henning’s table. The wave at the lower 
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extremity represents the observations of Thiesen and Scheel. It 
would be of no use to plot Regnault’s observations on this scale, 
since the points would give a diffuse band, 0-3° to 0-4° wide, 
nearly filling the figure. The majority of his observations lie below 
the line RR between 100° and 200°, and above the line RR 
between 0° and 100°, showing on the whole better agreement 
with the author’s equation than with his own formula. 

The dots plotted above 100° C. represent the Munich observa- 
tions, which evidently give better agreement with the author’s 
equation than with the line HH, except for the last four, which 
were too near the limit of satisfactory performance of the apparatus, 
and also gave unreliable results for the volume. The discrepancies 
indicated by the scattering of the dots were no doubt largely due 
to the employment of mercury thermometers, which showed ir- 
regularities of the order of 1 or 2 tenths of a degree, as is usual at 
such temperatures with mercurial thermometers. 

The observations of Holborn and Henning on the other hand, 
appear to have been extremely concordant. They employed platinum 
thermometers for measuring the temperature, and an electric 
heating coil for vaporisation. Their apparatus could scarcely fail 
to give consistent results in capable hands, but was of a type 
peculiarly liable to systematic errors from radiation and conduction, 
so that it is questionable whether the temperature which they 
measured was the actual temperature of the steam. The proximity 
of the electric heater to the tube containing the thermometer, 
might easily give rise to small systematic errors of the order of a 
tenth of 1° C. It is most likely that the observed temperatures 
would be systematically too high (or the corresponding pressures 
too low) since temperature-errors in defect would be prevented by 
the condensation of the steam. A systematic error of precisely this 
type is indicated by the somewhat abrupt fall of the curve HH 
starting from the 100° point. The abrupt change of curvature at 
100° C. is better shown in the difference curve representing Holborn 
and Henning’s observations in their original paper, where the 
ternperature differences are plotted on a four times larger scale. 
It is obviously due to a systematic error of observation of the kind 
described, since no possible reason for an abrupt change at 100° C. 
can be found in theory. The existence of a systematic error in the 
values of dpldt is further corroborated by the fact previously alluded 
to (Chapter V, § 46), that the values of L calculated by Linde from 
the Munich values of V and dpjdt agreed so remarkably with those 
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subsequently given in Henning’s table, and gave a similar abrupt 
and impossible bend in the curve of H, at 100° C. as shown in 
Fig. 4. The values of dp/dt employed by Linde were practically 
identical with those subsequently found by Holborn and Henning. 
Whereas if Henning’s reduction of the Munich observations on p 
is accepted, the abrupt bends in the II, and p curves disappear, 
and both are brought into very close agreement with the author’s, 
and with the theoretical expression for II derived from Linde’s 
equation. The systematic error of Holborn and Ilcnniiig’s table of 
p (H. and H.), though small, is of theoretical importance on account 
of its effect on the calcvdation of L from F; because, when taken in 
con i unction with Henning’s low values of L between 120° and 
100° C., it has led nearly all recent computers to depress the E, 
curve umhily in this region, and to emi)loy the erroneous value 

= 305° for extrapolation in the Thiesen formula. / 

The broken line marked S in the ligure below 100° C. indicates 
the effect of assuming the variable value, == 0-400 -I- O-OOOli, in 
place of the constant value, S^^ ^ 0-4772, in calculathig the satura- 
tion pressure. Tins assumption makes so little dillcrence to the 
curve betweem 100" and 200° that it could hardly bo shown on 
the scale of the figure. At low tcmiicratures, it aiipreciably im- 
proves the agreement with experiment, but thc! p7 aftfiW) a differences 
are here so small that it is of no practical iinpoi tancc. It must 
also be remembered that the adoption of the variable value of S 
impairs the agreement with Grilliths’ and Dicterici’s values of L, 
and complicates all the equations unnecessarily for practical 
purposes. 

The experimental values of p, and cifortiofi those of dpfdt, are 
probably less accurate than the calculated values between 100 
and 180° C., where tlie ’data for thc calculation arc satisfactory. 

The uncertainty of both inereascjs rafiidly at higher temperatures, 
but it ajipears proliable that thc cjulculated valuers arc sufliciently 
accurate; for most practical jmrposcs up to 250° C., where the error 
of the fcirmula (19) cannot exceed 1° C., and is probably much less. 

71. Methods of Interpolation for tabulating p. In 

constructing consistent tables of tlu; properties of saturated steam, 
the first essential is to calculate; the values of the saturation 
pressure for different temiK'ratures liy means of: the theoretical 
equation (19), already given. Thc other properties are then easily 
determined by inserting corresponding values of the pressure and 
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temperature in the equations for dry steam. It is commonly 
objected to the author’s theoretical equation for the saturation 
pressure that it is too complicated for practical use, and cannot 
easily be inverted so as to give the temperature in terms of the 
pressure. Many attempts have been made to devise empirical 
formulae with this object, but without much success. When 
however it is a question of interpolation over a restricted range, 
such as 10°, a formula of interpolation may readily be deduced 
from the original equation. A formula of this kind is useful, 

^ eeause the ordinary method of interpolation by simple proportion 
is unsatisfactory in dealing with the saturation pressure or volume, 
unless the differences involved are very small. Interpolation by 
taldng the logarithm of the pressure in place of the pressure itself 
IS often recommended, and gives results about five times as 
accurate as the method of simple proportion over a range of 10°. 
But the following rule, deduced from the pressure formula itself, 
is very little more trouble than logarithmic interpolation, and is 
about ten times more accurate. 

Rule. Given the pressures p' and p" corresponding to tem- 
peratures t' and t" in the tables, to find the value of t corresponding 
to any intermediate pressure p, find t ~ t' hj logarithmic inter- 
polation, reduce it in the ratio T/T", and add the result to f . 

The ordinary rule of linear interpolation by simple proportion 
gives 

t - t'= (t"~ f) (p - pO/(p"- p') (27) 

Logarithmic interpolation gives 

t - {t"- t') (logp - logp')/(logp"~ log p'). ...(28) 

This is worked on the slide-rule, and reduced in the ratio TjT’'. 

The explanation of this rule for inverse interpolation follows 
immediately from the form of the equation of saturation pressure, 
namely, 

logp/p'= 18-2m [t — t')IT -f- small terms, (29) 

since the second term log TjT- m (t - t')/T in the equation is 
small when t is nearly equal to t' . We have similarly forp' and p" 

logp'7p'= l3-2m [t"~ t')IT"+ small terms (30) 

Taking the ratio of these two equations, the small terms are 
approximately eliminated, the constant goes out, and we obtain 
the rule already given. Since the logarithms of the tabular pres- 
sures p' and p" are directly obtained in working the pressures. 
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there is only one logarithm to look up for each required value of 
t. The approximate value of T required for the final reduction is 
obtained from that of t given by logarithmic interpolation in the 
course of the work, by formula (28). The method is accurate to 
about a hundredth of a degree over a range of 10 C., and is much 
less trouble in practice than any of the empiiical formulae com.” 
monly recommended. 

In constructing the Steam Tables, the values of p were first 
calculated for each 10° C. from the exact equation (19). Values 
of f or ^ 7 , at intermediate pressures or temperatures, were then 
deduced by interpolation. *lhe formula of inteipolation employed 
was somewhat moi’e accurate than the modified rule of logarithmic 
interpolation previously given, since it was desirable to work the 
interpolated values to the same order of accuracy as those oii- 
ginally calculated for each 10°. It was devised to take account of 
the effect of the small terms, and was as follows. 

Given p\ p" at t', t", to find p for any intermediate t, 
log {pjp')- log ~ *5)Ah88T)/(i"“ t'). ...(31) 

The corresponding formula to find t for any intermediate p, is 
t - {t"- t') log iplp') (1 - {t"- t)H)'88T")llog{p"/p'). ...(82) 

These formulae are almost as easy to work in practice, as the rule 
previously given, but have the advantage of being accurate to the 
required limit over a much greater range. The following example 
will serve as an illustration of the method of calculation, and a test 
of the accuracy of the formulae. 

Given t'= 90° C., logp'= 1-00692; 1"= 110°, logp"= 1-31759, 
find p at 100° C.; or conversely, find t when ^ = 14-689, or 
log p = 1-16699. We have 

log {p"lp') - -31067. {t - t'W' - i') ^ 

Half log {p"lp') = -155835 

Also 0-88T - 328. 

Add 10/328 of -155885 (worked on a slide-rule) 

sum = -16007 

The sum of these two terms gives log {pip') correct to the last 
figure. The correction term -00474 represents the error of simple 
logarithmic interpolation, which in tins case amounts to about 
1-1 per cent, on the value of y;, whereas the rule given is about 
500 times as accurate over a range of 20°. 

To find t for any given p is not quite so easy because this 
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involves the ratio log (p/p')/log (p"/p') (or •16007/-31067 in the 
present example) which when multiphed by {t''~ t') gives 10-305°, 
the first approximation to (t — f) by logarithmic interpolation. 
This must be reduced by (t"- t)l-88T'\ or 10/337, of itself, which 
gives — -305°, so that the correct answer is {t — t') = 10-000°, or 
t = 100° C. In practice the first approximation to {t — t') can be 
used in finding {t"— t) for the small correction, which is then 
effected by setting the cursor at T on the slide, and setting the 
slide back to T"+ a tenth of {t"— t), without writing down any 
figures except the differences of the logs of the pressures. 

With a table of pressures for each 10° of temperature, the 
temperature corresponding to any given pressure can be found by 
this formula correct to -01° with the aid of a small slide-rule, or to 
•001° by the aid of a Fuller spiral slide-rule. The chief trouble 
involved is that of looking up the required logarithms. For this 
reason the tables of p and V for each degree have been constructed, 
from which any required values can be obtained correct to -01° C. 
by simple proportion, without the aid of logarithms. It must be 
remembered, however, that a change of 1° in the temperature at 
100 C. makes a difference of nearly 4 per cent, in the pressure, 
so that results obtained in this way will not be quite so accurate 
as the tabulated values. It should also be observed that the pres- 
sure itself cannot be tabulated with a uniform degree of proportion- 
ate accuracy. This property is possessed by the logarithm of the 
pressure, which more nearly represents the actual results of the 
calculations, and is more often required in numerical work than 
the pressure itself. For this reason a table of logarithms of the 
pressure is also given for each degree, which will give more exact 
results by interpolation, and is also more useful in finding the 
entropy or working out expansion curves. 

The corresponding table of volumes of saturated steam for 
each degree, has been calculated directly from the logarithms of 
the pressures by means of the characteristic equation 

V — RTjap + & — c. 

In using this table for adiabatic expansion, it must be remembered 
that the quantity which occurs in the adiabatic equation 

pn (jr _ _ constant, 

is not V but V — h, which makes an appreciable difference when 
the pressure is high and the volume small. For most practical 
purposes, the quantity h might have been omitted altogether from 
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the equations, but it has been retained on aecount af its theoretical 
srlfficance, ^ad cannot be neglected in the calcnlations wrthout 
introducing small numerical inconsistencies. 

•72 Empirical Formula for the Saturation Volume. 

AforLla Jtlie saturation volume of the ““ 

was given by Rankine with the value m == 17/16 for the index 
deduced by means of Clapeyron’s equation from Eegnaul s 

formulae for the total heats H and h and the saturation imessme. 
tormuiae i deduced from the throttling 

With the new values ol the total heat, clem ccimi b 

experiments and the specilic heat, a lormiila ol the same typ still 

Sd very elosely, but the vtai.e of the index must be changed to 
nolas vciy yj, ..r n:,,,. ('..e. tv, Hin an il’inv’s en nations. The 


m = 10/15, as deduced by Mollier from the author’s eciuations. The 
value of t ie constant is 490. when the pressure is in pounds per 
Iq hi and the volume in en. ft. per lb., or 1 -reO lor kg. per sq. cm. 
a^d eii. m. per leg. But in prarticc it is generally necessary to 
employ the equation in the logarithmic form 

login F, = 2'3222 - IS (logioPi/lh (F-B-C- ™ F.). ...(.38) 

The order of agreement between this empirical fiirmnla and 
the values deduced from the oharactcristio cciuation, is shown m 
the following table. 

Talilc II. 


Temp. 

Cent. 


0“ 

50“ 

100 “ 

150” 

200 “ 

250“ 


Volume of Haturatod ateam in oubio foot per pound 
By ompirioal fonnida I By cliaracteriatio oquation 


‘}270 

192’9 

2(r70 

()-270 

2-072 

0-874 


8270 

192-7 

20-79 

0-290 

2-074 

0-870 


The excellence of the agreement over ,so wide a range is due to 

the fLt That, although the index is -’‘y 

throuoh a maximum .slightly greater than l(>/la m thc neighbour 
hood of 120“ C. Tlie mean value of m over any desired range sue 
as y/ to P" formula 

m = log {p'tp'lllog {V"IV'), (3‘t) 

where V\ F" are the dry-saturated volumes at p', p". The value 
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of m at any particular point 
of the saturation curve may be 
deduced from the expression 

m = - F {dpldV)lp 
= (1 - D)/(l -Spx 

{dTldp)tS,T), ...(35) 

where D is the deviation ratio 
a{c — b)plRT. The limiting 
value at low pressures when 
D = 0, and S = Sq, is the 
reciprocal of 1 — {dTjdp)IT, 
which has the value 1'053 at 
0° C.j and evidently cannot be 
constant. The value of m 
reaches a maximum of about 
I'OGQ, and falls again at high 
pressures owing to the increase 
of D. 

73. Empirical Formula 
for p from 200° to 374° C. 
It has become the custom of 
recent years to endeavour to 
represent the saturation pres- 
sure all the way from 0° C. up 
to the critical point by elabor- 
ate empirical formulae extend- 
ing to high powers of the tem- 
perature. There is no particular 
difficulty in representing any 
selected set of observations as 
closely as may be desired by a 
formula of this type. But the 
result is of no theoretical value, 
and of little practical utility, 
because pressures exceeding 250 
Ibs./sq. in. are seldom used ex- 
cept in small automobile engines, 
where accurate tests are im- 
practicable, and other considera- 
tions are^more important than 
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Mg. 14. Experimental Results for p between 200° and tbe Critical Point. 
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efficiency. Owing to the uncertainty of the experimental results, 
it is desirable to employ the simplest possible type of formula* 
for purely speculative purposes in the neighbourhood of the critical 
point. There is a considerable amount of evidence, derived from 
the behaviour of other vapours, that a formula of the simple 
type log {pIPq) = KITq - KjT, though certainly inadequate at 
low pressures, represents the saturation curve with remarkable 
fidelity at high pressures over a considerable range. A suitable 
formula of this type in the case of steam is as follows : 

log p - 2-35265 + 4-264 {t - 20Q)IT (F.P.C.), ....(86) 

in which the constants are chosen to give the same values as the 
theoretical equation for both p and dp/dt at 200° C., so that the 
curve joins continuously with the theoretical curve at this point. 
The formula has the advantage of giving the simple expression 
4645/J' for the ratio (T/p) {dpfdt), and agrees sufficiently well with 
experiment for practical pui-poses, as indicated by the annexed 
figure. 

The zero line in the figure represents the empirical formula (86). 
The curves represent the smoothed results of various series of 
experiments. The difference of each experimental result from the 
formula is expressed in degrees of temperature as previously ex- 
plained. The curve CC represents the observations of Cailletet and 
Colardeaii (,Iourn. Phys„ 1891); the curve BB those of Battelli 
{Ann. Chim. Phys., 1892-94); the curve KK those of Knipp {Pliys. 
Rev., 1900). All of these give much higher results for than formula 
(36). But the curve FIB, representing the latest results of Holborn 
and Baumann {Ann. Phys., 1910), which are probably the most 
accurate, gives slightly . lower results than the formula between 
250° and 360° C. It is very likely that the values of p given by 
the formula may be too high in this region, but the difference 
shown does not greatly, if at all, exceed the probable errors of 
experiment. 
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THE CRITICAL STATE 

74* Properties of COg. It would be beyond the scope 
of the present work to attempt a review of all the various specula- 
tions current with regard to the critical state, or to construct a 
system of equations capable of representing the properties of steam 
consistently in this region, but some reference is necessary in order 
to prevent misapprehensions, and a general account of the pheno- 
mena may be of interest as illustrating the difficulties to be en- 
countered in framing a complete theory. The critical temperature 
and pressure in the case of steam are so high that there are grave 
experimental difficulties in the measurement of any of the other 
physical properties of the fluid in this region, and there is httle 
prospect of being able to utilise them efficiently in any kind of 
engine. On the other hand, the substance COg , commonly known 
as carbonic acid, is often employed for refrigerating purposes in 
the neighbourhood of its critical point, and its properties in this 
region have been most carefully investigated by many skilful 
experimentalists. For this reason, illustrations of critical pheno- 
mena will be taken chiefly from the properties of COg, for which 
so many experimental data are available that it is possible to test 
any theory or formula with reasonable certainty. 

The Critical Temperature of any substance is readily observed 
by heating a suitable quantity of the liquid in a sealed tube and 
observing the temperature at which the meniscus, or surface of 
separation between the liquid and vapour, disappears. Experiments 
of this kind were first described by Cagniard de la Tour {Ann. 
Chim. Phys., 1822-23), who measured the critical temperatures of 
several liquids in this way. As the temperature is raised, the 
surface tension of the liquid diminishes, the meniscus flattens out, 
and finally vanishes when the critical point is reached. The hquid 
and vapour then mix, and the tube becomes filled with a homo- 
geneous substance. Above the critical point, the liquid cannot 
be distinguished from the vapour, and no separation into two 
states can be effected by any increase of pressure. Faraday {Phil. 
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Trans., 1823 and 1845), in his experiments on the liquefaction of 
gasess came to the conclusion that there was a similar limit of 
temperature for each gas, above which it could not be liquefied 
by pressure, but the importance of this point in the liquefaction ot 
gases was not fully realised till a much later date. 

The Critical Pressure. Cagniard de la Tour made some rough 
measurements of the pressures at which the meniscus disappeared, 
but he had no independent means of varying the volume, so that 
his experiments were necessarily incomplete. The first satisfactory 
measurements of pressure, temperature, and volume, over a fairly 
wide range in the neighbourhood of the critical point, were made 
by Andrews {Phil. Trans., 1869) in the case of CO,. The gas was 
confined in a calibrated capillary tube over mercury, so that the 
volume could be varied by means of a screw plunger, and the 
pressures were simultaneously indicated by a similar capillary 
containing air. At temperatures below the critical point, the 
saturation volumes of the liquid and vapour could be estimated 
from the observed volumes at the beginning and end of condensa- 
tion, but the pressure in Andrews’ experiments did not remain 
quite constant during condensation at constant temperature 
owing to a residual impurity, about 1 in 1000, of air. The saturation 
pressure appeared to vary in a regular manner with tempeiature 
following a continuous curve up to the critical point. Above the 
critical point, no condensation or separation of liquid could be 
observed, but there were large changes of volume for small changes 
of pressure, giving rise to well marked points of inflection in the 
isothermal, which persisted for several degrees above the critical 
point. The critical temperature was estimated as 31° C., and the 
corresponding pressure as 75 atmospheres, but the air-manometer 
was not corrected for the deviations from Boyle’s law, and the 
effects of any residual impurity, such as air, on the saturation 
pressure, tend to increase as the critical point is approached. At a 
later date, Amagat {Ann. Chim. Phys., 29, p. 136, 1893), employing 
a similar method with the utmost refinements of accuracy, and 
paying special attention to the purity of the gas, found the value 
72-9 atmospheres for the critical pressure of CO, at a temperature 
of 31-35° C., but owing to the effects of supersaturation and the 
instability of equilibrium at the critical point, the critical pressure 
itself is more difficult to determine accurately than the saturation 
pressure at lower temperatures. 

For this reason among others it is advantageous to have an 
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empirical formula representing aU the observations of the satura- 
tion pressure as closely as possible. The following formula, which 
is of the simplest possible type, the same as that employed in the 
last chapter for steam from 200° C. to the critical point, appears 
to represent all the best observations for COg within the limits of 
experimental error: 

logioP = 1-5363 + S-157tlT (1) 

The value of the constant 1-5363 in the above formula gives the 
saturation pressures in atmospheres of 760 mm. (lat. 45°), in terms 
of which most of the observers have expressed their results. If the 
pressure is required in lbs. per sq. in. (London), the value of the 
constant is 2-7033. The temperature t is to be reckoned from the 
freezing point of water. The corresponding formula for the ratio 
LJap (V - v), or (T/p) dp/dt, is 1985/T Cent., or 3573/r Fahr. 

The following table shows a comparison of this formula with 
the results of observation which appear to be most reliable: 


Table I. 

Saturation pressures of liquid COg in atmospheres of 760 mm. 


Temp. Cent. 

O 

O 

1 

O 

O 

1 

-30° 

O 

O 

1 

1 

1 

O 

o 

0° 

+ 10° 

+ 20° 

+ 30° 

Amagat, 1893 

_ 



— 

— 

34-3 

44-2 

56-3 

70-7 

K. and R., 1902 

6-60 

9-82 

14-0 

19-3 

26-0 

34-34 

— 

— 

— 

Z. and S.; 1906 

6-72 

9-88 

14-1 

19-5 

26-8 

— 

— ■ 

— 

■ — ' 

J. and P., 1914 

6-66 

9-86 

14-0 

19-3 

26-0 

34-6 

44-7 

56-8 

— 

Formula (1) 

6-74 

9-88 

14-02 

19-36 

26-08 

34-38 

44-43 

66-46 

70-60 


References: Amagat, Annales de Ghimie et Physique, Vol. 29, p. 136, 1893. 

K. and R. Kuenen and Robson, Phil. Mag., Vol. 3, p. 154, 1902. 

Z. and S. Zeleny and Smith, Phys. Zeit., Vol. 7, p. 667, 1906. 

J. and P. Jenkin and Pye, Phil. Trans. A, Vol. 213, p. 67, 1914. 

The observations of Regnault (utilised by MoUier) are not 
included in the table, as they are much higher than any of the 
others, and he did not consider them satisfactory himself. The 
values which he gives at temperatures above the critical point 
cannot represent true equilibrium. J enkin and Pye consider that 
their values are probably a little too high owing to a small impurity 
of air. The liquid curve can be followed 5° or 10° below the freezing 
point, which is at - 56-2° C. and 5-2 atmospheres. 

The Critical Volume. Accurate measurements of the saturation 
volumes of liquid and vapour in the neighbourhood of the critical 
point become very difficult owing to the rapid changes with pressure 
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and temperature. The critical volume itself cannot be measured 
directly, because the isothermal compressibility {l/v) {dvldp)t 
becomes infinite of the second order at the critical point. The usua 
method in such a case is to measure corresponding values ot y 
and V under saturation pressure at a series of temperatures ap- 
proaching the critical point as closely as possible, and to estimate 
the critical volume itself from the limiting value of the mean of E 
and V. Cailletet and Mathias {Journ. de Phys.,^ II, Vol. 5, p. 549, 
1886), found that better results could be obtained by taking the 
mean’ of the densities 1/E and l/v, which gave a more symmetrical 
curve than the volumes. The diameter of the curve obtained by 
plotting the mean of the densities of the liquid and vapour, as m 
the following figure, turns out to be nearly rectilinear in the case 
of CO 2 over a wide range of temperature, and can be produced 
to the critical point with some degree of confidence, assuming that 
it presents no singularities beyond the limits of experimenta 
measurement of E and v. Cailletet and Mathias measured the 
saturation volume of the vapour E at each temperature by ob- 
serving the disappearance of the last drop of liquid in a capillary 
tube when the volume was gradually increased at constant tem- 
perature. This tends to give too small a result for E, or too large 
a result for 1/E, owing to surface condensation, because the ratio 
of surface to volume is rather high in a capillary tube. They 
measured the difference of the densities of the liquid and vapour by 
a hydrostatic method in terms of the density of mercury, and 
deduced the density of the liquid by adding that of the vapour 
previously measured. For some reason, the values they obtained 
for the density of the liquid are appreciably lower than those 
subsequently observed by Amagat, employing the more direct 
method of measuring the volume in a calibrated tube. I he coeffi- 
cient of expansion of liquid COg is very high, being equal to that 
of a gas at — 25° C., where the cooling-effect vanishes, and in- 
creasing more and more rapidly up to the critical point, where it 
becomes infinite. 

The smooth curve in Fig. 15 represents Amagat’ s table of 
results (loc. ciL, p. 136), obtained by producing the observed iso- 
thermals for liquid and vapour on the PE , P diagram to the satura- 
tion pressure at each temperature. This method has the advantage 
of eliminating much of the error due to surface condensation, since 
the result does not depend exclusively on the observations at the 
saturation point. But the isothermals are so steep near the ciitical 
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point that it is difficult to perform the extrapolation satisfactorily, 
and the behaviour of other substances would appear to indicate 
that the curves of liquid and vapour are not so exactly symmetrical 
as is shown by Amagat’s table for COg . The observations of Cailletet 
and Mathias, indicated by the ( x ) crosses, differ systematically 
from those of Amagat, but give nearly the same diameter. Their 
observations of the density of the liquid do not extend beyond 
22-2° C. Those of Behn {Ann. Phys., 3, p. 733, 1900), indicated by 
the ( + ) crosses, were made by a delieate hydrometer method, and 
are very consistent. They extend down to — 60° C., but do not go 
above 24’3° C, They overlap Amagat’s observations from 0° to 



25° C. When combined with Amagat’s vapour-densities, they give 
a diameter OC, which is an exact straight line within the limits of 
experimental error, giving for the mean of the densities in gms./c.c., 
the simple equation 

(l/F + l/y)/2 = 0-5125 - 0-00148^ (2) 

The extrapolation of this diameter to the critical point gives the 
critical density 0-465 gm./c.c. In the case of many other substances 
the diameter of the curve representing the saturation densities of 
liquid and vapour is appreeiably curved, and there is no theoretical 
reason why it should not present singularities near the eritical point. 
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But there is no experimental evidence that the diameter is other- 
wise than straight in the case of CO^, and the simple equation (2), 
when taken in conjunction with a formula for the latent heat , 
giving the difference V -v from Clapeyron’s equation, affords an 
independent method of deducing consistent values of the saturation 
volumes of both liquid and vapour in the region near the critical 
point where the direct experimental evidence is somewhat deficient 
and uncertain. Values of V and v obtained from L in this way are 
in close agreement with Amagat’s when the same value of L at 

0° C. is assumed. ^ ^ 

The Latent Beat. The values of p, 1/F, and l/v, in Amagat s 
table, give all the necessary data for calculating the values of L 
from 0° to 30° C., by means of Clapeyron’s equation, but it is best 
to utihse formula (1), which gives 1985j?/T for the factor Tdpidt. 
Below 0° C., the direct observations of L by Jenkin and Pye {loc. 
cit.) are the only experimental data available, and are represented 
very closely from - 50° to + 20° C., by a formula of the Thiesen 
type, as follows: 

logio L - 1*1164 + 0*4115 logio (31*5 - t\ (3) 

in which the critical temperature is taken as 31*5° C. 

The following table shows a comparison of the experimental 
values with those given by the above formula. 


Table II. 

Latent heat of vaporisation of liquid COg in cals. C. 


Temp. Cent. 

-60° 

1 

o 

o 

-30° 

O 

O 

1 

-10° 

0° 

+ 10° 

+ 20° 

+ 30° 

31° 

Amagat 


_ 

■ 


1 

56-1 

47-7 

36-5 

14-8 

7-80 

J. and P. 

79-9 

76-7 

71-3 

66-6 

60-9 

54-1 

46-2 

36-65 

— 

— 

Formula (3) 

80-0 

76-8 

71-2 

66-2 

60-6 

64*1 

46-2 

35-7 

15-4 

9-97 


There is a discrepancy of nearly 2 cals. C. between the values 
of L deduced from V and those given by Jenkin and Pye at 0° 
and 10° C. Almost any equation that can be employed to give 
values of V consistent with Amagat’s value at 0° C., and with the 
curve of saturation pressure, will give values of L higher than (3) 
by a nearly constant difference of 2 cals. C. from 0° to — 50° C. 
This is not without significance, because the values of V are more 
likely to be correct at low pressures than those of L, which are 
extremely difficult to measure, and are generally liable to err in 
defect. The observed values of V at high pressures are also liable 
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to err in defect, so that it would not be surprising if the values of 
L given by ( 3 ) should prove eventually to be systematically too low. 
It is probable that a formula of this type would give more satis- 
factory values of h near the critical point than could be deduced 
from observations of V and v, if the critical temperature were 
known with certainty. The difference between the value 31-5° 
assumed in (3) and Amagat’s value 31 '35° C. is almost sufficient to 
account for the differences shown in the table at 80° and 31° C., 
but it is just as hkely that there are systematic errors in V. 

The continuous curve in Fig. 16 represents the empirical 
formula (3) for the latent heat. The dots represent the observations 
of Jenkin and Pye extending from - 53 ° to + 20 ° C. The broken 



Kg. 16. Latent Heat of COg in cals. C. 


curve from 0 ° C. to the critical point represents values of L cal- 
culated from Amagat’s table of p, F, and v: The continuation of 
this curve down to - 60° C. represents the values of L obtained 
by combining equation (39) for V with the observed values of v, 
and deducing the equation of saturation-volume ( 43 ) from the 
values of h represented by equation (4) of the next section, as 
explained later. 

The broken curve in Fig. 16, can be equally well fitted with a 
formula of the Thiesen type, namely, 

logic L = 1-1463 -I- 0-4018 logic (81-5 - t), .(3 b) 
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wMch would agree very closely with Amagat’s table 
critical point if the critical temperature were taken as 31*35 L. 
But any small disagreement near the critical point wou e o 
little significance, because the actual values of V and v cannot be 
observed satisfactorily in this region. The critical temperature is 
taken as 31*5° C. in both formulae for the sake of uniformity. Ihe 
exact value is necessarily a little uncertain owing to the effect of 
impurities, which were not completely eliminated even in the 
observations of Amagat, and which tend to depress the observed 
value of the critical temperature and to raise that of the critical 
pressure in this particular case. 

The Total Heat. The total heat is the most important quantity 
for thermodynamical purposes. In order to complete the solution 
for saturated COg, and to obtain consistent values of H m the 
neighbourhood of the critical point, it is necessary to assume a 
formula either for H or h, consistent with the critical conditions 
and with the experimental values at lower temperatures. The 
simplest way to do this is to adopt a formula of the same type 
as that already applied in the case of water, Chapter II (5), namely, 

H - aVTdpjdt = h- avTdpjdt = TdG/dT ~G = 0*42i - 6*53, (4) 

which has the advantage of giving simple and exact expressions for 
the entropy of the liquid and vapour, and of being consistent with 
the condition that both dHJdT and dhjdt become infinite, but with 
opposite signs, at the critical point. The value of the constant 0*42, 
like the corresponding constant in the case of water, is a little 
• greater than twice the value of the specific heat of the vapour at 
zero pressure, which is 0*203 in the case of COg at its critical 
temperature. The formula is equivalent to assuming that the 
coefiicient Td^GjdT^ remains finite and equal to 0*42. There is no 
thermodynamical reason why this coefficient should necessarily be 
constant, but the constant value selected appears to satisfy the 
experimental data within the limits of probable erroi, as is shown 
in the following table. 


Table III. Total heat h of liquid COg in cals. C. 


Temp. Cent. 

- 50 ° 

O 

O 

1 

-30° 

-20° 

-10° 

0° 

+ 10° 

+ 20° 

J. and P. (1914) 

- 27-3 

- 22*1 

- 16*8 

- 11*4 

-5*8 

0 

+ 6*35 

+ 12*55 

Pormula (4) 

- 26*27 

- 21*51 

- 16*55 

- 11*37 

-5*88 

0 

+ 6*45 

“h 13*^5 
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There appeared at first to be a systematic divergence below 
— 20° C. between the values calculated by (4) and those tabulated 
by Jenkin and Pye in their first paper (1914). The observations 
subsequently given in their later paper {Phil. Trans., A, 215, p. 360, 
1915) appear to differ from (4) by a few tenths of a calorie only in 
the opposite direction, but it is not possible to give exact figures 
as they do not give a corrected table of 7^. The discrepancy in their 
experimental value at + 20° C. rests on a single observation of the 
mean specific heat of the liquid at 900 lbs. from — 12° to + 19-2° C., 
and the observed increase of h from 10° to 20° according to their 
table is less than that from 0° to 10°, which is clearly impossible, 
since the rate of increase of h becomes infinite at the critical point. 
They found in fact that “the liquid limit curve between 10° and 
23 did not fit quite satisfactorily ” in their diagram. The values 
of h and ^ shown on their diagram at the critical point itself agree, 
as nearly as they can be estimated, with those given by equation (4), 
mth Arnagat’s value of v at the critical point. The constant 6-53 
in equation (4) is the value of the term avTdpjdt at 0° C., so that 
^ = 0 at 0° C., according to the usual convention. Jenkin and Pye 
take h = apv = + 0-91 cal. at 0° C. in their table. The constant 0*9 
has accordingly been subtracted from their values of h, as given 
in Table III above, for comparison with the formula (4). 

Empirical Table for the Properties of COg at S aturation. The values 
given in the following table have been calculated from equations 
(1), (2), (3), and (4), without direct reference to Amagat’s table, 
for the sake of uniformity and consistency, because Amagat’s 
table does not extend below 0° C. It is quite likely that Amagat’s 
value, 0T66 for Fg at 0° C., in F.P.C. units, is more nearly correct 
than thd value 0-1605 given in the table, as deduced from equation 
(3) for L. This could easily be represented, if desired, by taking the 
second formula (3 h) with L = 56 at 0° C., and 82 at - 50° C. 

It is theoretically probable that the values of p given by (1) 
are a little too high below — 30° C., and that the corresponding 
values of dp/dt and V are uncertain in this region. Such points 
could not be settled satisfactorily without more exact knowledge 
than we at present possess of the theory of the critical state and the 
form of the characteristic equation, without which it is impossible 
to construct a completely consistent system of equations, including 
the field of the liquid and the superheated vapour in addition to 
the saturated state. This extension is full of difficulties, which will 
be illustrated in later sections. In the meantime it is better to have 
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an exact system of equations summarising the experimental data 
for the saturated state, than a set of tables by different experi- 
mentahsts which are necessarily more or less discontinuous and 
inconsistent. 

Table IV. 

Properties of saturated carbonic acid in F.P.C. units. 


Formulae for tlie above quantities 


Saturation pressure, 
Rectilinear diameter, 
Clapeyron’s equation. 


logioP = 2-7033 + 3-167 tlT {p) 

Ijv + 1/F = 64 - 0-186f {v) 

ap{J -v) = LpjT (dpjdt) = LTim5 (F) 

Latent heat (Thiesen), logm L = 1-1164 + 0-4115 logio (31-5 - t) (Z-) 

Total heat of liquid, h — 0-42i + vLj{V -- v) - 6-63 (k) 

Total heat of vapour, H = 0-42i5 + VLI{V - v) - 6-53 (H) 

Entropy of liquid, cj) = 0-42 log^ 2^/273 + vLjT (F - v) - 6-53/273. ...((/>) 

Entropy of vapour, q> = 0-42 logg T/273 + VLjT{V - v) - 6-53/273.... (<I>) 

These equations are of the same type as those employed for 
steam in the similar Table X at the end of this chapter. 

The Specific Heat of COg. The properties of the liquid and vapour 
in the saturated state are the most important for refrigeration 
purposes, and it is therefore most appropriate to employ the 
saturation table as the starting' point in constructing a diagram. 
The most useful coefficients in determining the variation of i? outside 
the saturated region, are the specific heats and the cooling-effect. 

The specific heat of the vapour at atmospheric pressure is the 
easiest to measure, but shows a considerable variation with tern- 
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illustrated by the values at 0° and 100° C. in 

tne following table. 

Table V. Specific heat of COg at atmospheric pressure. 


Observers 

Regnault (1862) 

E. Wiedemann (1868; 

Swann (1910) 

at 0° C. 
at 100° 0. 

0-1870 

0-2145 

0-1952 

0-2169 

0-1973 

0-2213 

Increase 

0-0275 

0-0217 

0-0240 


I^vvcuiu ^jrnu. irans. A, Vol. 210, pp. 199-238, 1910) employed 
the continuous electric method, which avoids many sources of error 
^d IS best suited for measuring the variation of the specific heat’ 
His results when corrected to zero pressure with the aid of the 
cooling-effect, give the formulae 

aS'o = 0-1950 -H 0-000254i, = 0-01950 -j- 0-000127^, ...(5) 

is the 

0 from 0 to t° C., in mean calories C. These values 
a zero pressure are useful as a starting point, giving H t+ B 
at zero pressure. ^ ® m + -ti 

Joly (PM. Trans. A, Vol. 182, p. 73, 1891) measured the mean 
specific heat of CO^ at constant volume over various ranges of 

quefaction. Taking I, = 536-7 for steam at 100° C. (Regnault)' 

f ^ ^^2 over the whole range 10° 

to 100 C. at constant volume F, the formula 

= 0-1650 -f 0-2135/F -f- 0-S4<0lV% (6) 

where V is m c.e./gm. The extrapolation of Joly’s values to zero 
density is a little uncertain, but if we add the constant B = 0-0450 

r ^0 = 0-2108 (corrected to 

. ~Jo Z agreement with Swann’s value iSo = 0-2090 

at 55 C., the mean of Joly’s range. 

The Cooling-effect C. Joule and Thomson {PhU. Trans., 1854) 
measure ^ t e cooling-effect for COg at moderate pressures, chiefly 
in the neighbourhood of 0° and 100° C. Their mean corrected results 

/? represented by a curve of the type 

L = KI passing through the points 

C = 0-0944°/lb. at 0° C. and C = 0-0421 °/lb. at 100° C., 

but if a formula of this type is employed, the required value of the 
index n is not 2, as generally quoted, but more nearly 2-66 or 8/3. 


U— 2 
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Jenkin and Pye {loo. oil, 1915)made some 
on CO, from which it is possible to deduce values ot C 
- 80° and + 80° C. These appear to agree very closely with the 
JoSe-Thomson curve, though made at somewhat higher pressures. 
They tend to confirm the result of Jouk and Thomson that C is 
nearly independent of the pressure within moderate limits. 

It^will be observed on reference to Table IV that the value of 
H reaches a maximum for the saturated vapour at a temperature 
close to - 20° C. The product Cdp/dt must <5qual unity at this 
point by equation III (7). The value of dpidt at - 20 C is 
1986p/rL8.81bs./deg., by equation (1). the reciprocJ of whiA 
is 0114°Ab-. agreeing almost exactly with the value of C at the 
same point from the Joule-Thomson curve. 

Assuming that C is a function of T only, consistent values of H 
and S at any temperature and pressure within certain limits, are 
readily obtained from those of C by the method of Chapter IV, 
S 89. It is very easy to construct a FT diagram in this way, since 
all the Unes of constant H are exactly similar having tbe “me 
slope at the same temperature. The values of B ““ ™ tor 
each line are given by the conditions If = + and AC -- *oCo, 

where C„. fo, are the values of C and t at the point where the hne 
of constant B meets that of zero pressure. Values of H and A 
found in this way agree very closely with the observations of S 
by Jenkin and Pye, and with values of H obtained by combining 
Joly’s values of with Amagat’s values of PV. But the method 
appears to fail somewhat in the neighbourhood of the critical 
where the approach of the liquid state requires a diminution of C 
with increase of density. At the critical point, Cdpjdt ^ 1, giving 
C = 0-044°/lb., which is smaller than the value 0-070 given by the 
Joule-Thomson curve at this temperature. 


75. Rankine’s Equation for CO2. In correlating the 
values of H, S, and C, in the neighbourhood of saturation, where 
they are difficult to measure experimentally, it is desirable to 
employ expressions consistent with a suitable form of chaiactei- 
istic equation. The majority of equations which have been proposed 
for representing the deviations of actual gases from the ideal state 
are founded on that given by Rankine {Phil. Trans., 1854, p. 337), 
deduced from Regnault’s experiments on the compressibility and 
the pressure-coefficient of COg, namely, 

PF/17116 = {t+ 274)/274 - A'VJV {t -\- 274) (7) 
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The constant 17116 represents the ideal value of the product PV 
in foot-pounds at 0° C., where the temperature is taken as 274 
on the absolute scale. Vq is the ideal value of the volume at 0° C. 
and 1 atmosphere. .^4' is a specific constant having the value 
1 -9° C. for CO 2 . The drop of temperature in expansion through 
a porous plus was given by Ranldne in the form 

= (8) 

where is the volume at the higher pressure Pj at a temperature iy 
before passing the plug, and is the volume at the lower pressure 
P 2 when the gas has been restored to its original temperature 
by supplying heat JS at constant pressure Pg after passing 

the plug. The product PJ^x represents the work done by the pump 
on the gas per unit mass in forcing it up to the plug. The product 
PgFa represents the work done per unit mass by the gas escaping 
at the same temperature. By the first law, the heat which must be 
supplied to restore the temperature to tx is equivalent to the nett 
work, represented by the difference PgFg — P^F^, together with 
the increase of intrinsic energy — Ex in expansion from F^ to Fg 
at constant temperature tx. According to equation (7) the increase 
of E is exactly twice the increase of PF at constant temperature, 
giving the numerical factor 3 in equation (8). 

Since Rankine’s constant 

PqVJJTq = 17116/1400 X 274 = 0-0446 cals./deg. 

represents R, his equation may be put in the more convenient form 

aPIRT =1IV - clV\ (9) 

where c is the coaggregation volume Cq {2\JT)^, and the value of 
the constant Cq, according to Rankine, is A'VJTq, or 0-00693 of Vq, 
giving 3-53 c.c. per gm., or 0-0565 cb. ft./lb. The constant a in 
the first term of (9) is the usual factor for reducing PV to cals., 
according to the system of units employed. 

Rankine obtained the expression for the increase of E in ex- 
pansion at constant temperature by applying to equation (7) 
(preferably in the form (9)) the thermodynamical relation given by 
Kelvin {Phil. Mag., 1852, Vol. iv, p. 170), deduced from the second 


law of thermodynamics, 

{dEJdV)t = aT {dPldT)y- aP = 2cRTIV\ (10) 

which gives the expression for the intrinsic energy 

E^sJ + B'- 2cRTjV (11) 
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where B' is a constant, and the mean value of the limiting 
specific heat at zero density from 0° to f C. The corresponding 
expression for the specific heat s at any constant volume V is 


obtained by differentiation, thus 

5 = {dEldT)^ = 5o + (12) 

The expressions for H, S, and SC, are obtained as follows . 

H = aPV = SJ + B"-~ ScBTIV, (13) 

SC =- {dHldV)tl{dPldV)t= 8flc/(l - 2c/E), (14) 


S = (dHIdT)^ + SC {dP{dT)^ = + 3cE/E + (1 + cIV) RSC/aV, 

(15) 

which show that SC and S become infinite when E = 2c. The 
value of C at any point defined by E and T, is easily found from 
(14) and (15), thus 

C = SC IS = 8ac/[So (1 - 2c/E) + (2 - c/E) 3cR/V]. ...(16) 
But the integrated throttle-drop for a finite range, namely, 

^ (^1 - h) = 3c,RT, (1/Ei - l/V,), (17) 

which is Rankine’s equation (8) expressed in terms of c, is trouble- 
some to work, when only P^ and P^ are given. The value of S 
required is that at P^ from to which is difficult to calculate 
unless is Imown. Rankine takes S = 0-2148, Regnault’s mean 
value at atmospheric pressure from 0° to 200° C., which is often 
quite unsuitable. 

The value of Cq deduced from Rankine’s A' gives fairly good 
results for C on the average at moderate pressures, but errs greatly 
in excess at high pressures near saturation. The limit of C at zero 
pressure is Sac/SQ, and the other limit, when E = 2c, is ^iacjQR, 
which is nearly double. The value at 0° C. and P = 0 is 0-090, but 
that near saturation at 0° C. is 0-128, which is too large, although 
Rankine’s value of c is too small according to other experimental 
data which have to be considered. There are more serious objections 
to Rankine’s equation on other grounds at high pressures. It is of 
interest chiefly as a simple example of a common type. 

The order of agreement obtained under working conditions is 
illustrated by the following numerical example. Jenkin and Pye 
{Phil. Trans., 1915, p. 380, Table E, Throttling experiment T) 
observed a drop of temperature from + 13-5 to — 15-05° C. on 
throttling from 500 lbs. to 200 lbs. abs. Dividing the drop of 
temperature by the drop of pressure, we find the mean value 
C = 0-0953°/lb. at 350 lbs. and — 0-8° C., in practically perfect 
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agreement with the Joule-Thomson curve. On referring to the 
diagram, Fig. 19, we find that the initial and final states lie on the 
same horizontal line at JT = 59. To compare the result with 
Rankine’s equation (8) or (17), we have to find the appropriate 
value of S, which cannot be done satisfactorily except by calculating 
H from (13) at both temperature limits at 200 lbs., and dividing 
the difference by the difference of temperature. The equation then 
reduces identically to H'= H", showing that the calculation of H 
at 13'5° C. and 200 lbs. was superfluous, and that it would save 
trouble to write the equation directly in the form 

Sm - t") = Bc'RT'IV' - 8c"RT"IV", (18) 

where is known, being the mean value of Sq from t' to t'', 
namely 0-1949 in the present case, giving t'— t"= 33-9°, or 
t"= — 20-4° C., showing that Rankine’s equation gives too large 
a value of C near saturation. 

The most direct method of performing the verification, is to 
calculate the values of J? — R from (13) at each limit, and find 
t" by interpolation, thus: 

AtP = 500, t = + 13-6°: 8^^ = 0-1961, c = 0-0513, V = 0-1796, R - B=- 8-430. 
AtP = 200,i= - 16-1°: = 0-1931, c = 0-0633, F = 0-4930, if - A = - 7-388. 
AtP = 200, t = -20° : = 0-1925, c = 0-0658, V = 0-4800, H-B=- 8-544. 

By interpolation at 200 lbs., H"= H', when t''= - 19-5° C. 
The most difficult part of the calculation with an equation of this 
type, giving H in terms of V instead of P, is to find V in each case 
from (9). 

Rankine’s equation (12) makes s a linear function of the density 
at constant temperature. Joly found this to be the case provided 
that the temperature range did not extend below the critical point, 
below which a quadratic function of the density was required as 
shown in equation (6). Joly’s observations afford an independent 
method of calculating c in Rankine’s equation. Since Joly’s 
represents the mean rate of increase of E per degree over a con- 
siderable range of t, the comparison is best effected by reference 
to equation (11) for E, which gives, on substituting c — Cq {TJT)^, 
a simple equation for Cq 

= {E' - E")l{t' - 1") = s^ + 2Rc,TQ^jVT'T". ...(19) 

Taking Joly’s first formula, = 0-1657 + 0-2064/F, applying to 
moderate densities, we find Cq = 3-25 c.c./gm., slightly less than 
. Rankine’s value. But if we take his later formula (6), applying to a 


168 


PROPERTIES OF STEAM 


[CH. 


mean volume 7*62 c.c./gm. we find an average value Cq = 4-06 c.c./gm., 
or 0-0650 cb. ft./lb., which is considerably larger. The method is 
not very satisfactory for finding c, because the change of with 
density over the experimental range is relatively small, being only 
about 12 per cent, of the whole quantity measured, and because the 
quadratic formula (6) does not exactly correspond with Rankine’s 
equation (11) for 

Joly also endeavoured to obtain evidence of the variation of 
with temperature by maldng experiments over different ranges of 
temperature, but was unable to detect any change with certainty. 
This has been quoted as casting doubt on Swann’s equation (5) 
for the variation of Sq with temperature, which ought to be the 
same as that of 5o • The apparent discrepancy is explained by refer- 
ence to equation (19). The value of will increase as the range of 
temperature is raised, but that of the second term will diminish 
with increase of the limits T' and T". If Swann’s value is taken for 
the rate of increase of , it happens that, for the densities chiefly 
employed by Joly in this investigation, the rates of change of the 
two terms are nearly equal and of opposite sign for a mean tem- 
perature in the neighbourhood of 50° C. 

A similar effect occurs in the variation of the specific heat at 
constant pressure with temperature according to equation (15), 
but at much lower pressures, because the variation of S with 
pressure is much greater than that of s. When the increase of Sq 
with rise of temperature is compensated by the diminution of 
c and IJV, there will be a minimum value of S at each constant 
pressure, accompanied by a slow rate of variation over a consider- 
able range of temperature. According to (15) the minimum for S 
at 150 lbs. should occur in the neighbourhood of 0° C., which 
explains the fact that Jenkin and Rye were unable tq detect with 
certainty any variation in the value of S at this pressure, from 
- 30° to -f 30° C. 

As explained by the author {Phil, Mag., Jan. 1903), the agree- 
ment of Rankine’s equation with observations of the specific heat, 
cooling-effect, and compressibility, is greatly improved, even at 
moderate pressures, by the introduction of the covolume h, as 
proposed by Natterer {Wiener Ber., 1850-54), and further developed 
by Him {Theorie Mec. de la Chaleur, vol. 2, p. 211), to represent 
the limit of compressibility at high pressures. Some modification 
of this Idnd is obviously necessary, because Rankine’s equation, in 
its original form (7) or (9), gives maximum values of P when 
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V - 2c, and imaginary values of V when P exceeds RT/4^ac. The 
simplest way of removing these difficulties is to put F - & for V 
in the first term of (9), which then becomes 

aP/RT = l/(F -b)- (20) 

This sirnple addition makes no change in the expressions for E 
and if b is regarded as constant, but the equations for H, S, 
and 6'C, become 


H = Sj + B- ScRTjV + bRT/{V ~b), (21) 

SC = a [3c - bVy{V~ &)2]/[F2/(F- b)^ - 2c/F], ...(22) 

S = So + ScRjV + bR/{V~ b) + (P/(F~ b) + cR/V^)SCIa. ...(23) 

If the critical pressure is taken as P^ = 1071 lbs. at = 31-5° C., 
with R = 0-0451 cals. deg. C., we find 


Co = 0-0655, b = 0-0156 cb. ft./lb. 

With these expressions, the anomalies in the values of C at 
high pressures disappear. Thus the value of at 30° and 1037 lbs. 
IS less than Cq at 30° and zero pressure, instead of greater, but 
C at 500 lbs. is nearly equal to Cq s confirming the experimental 
results at these pressures. Values of S calculated from (23) give 
good agreement with the observations of Jenldn and Pye over the 
whole experimental range as shown in the following table. 


Table VI. 

S Observed by J. and P., compared with S Calculated by (23). 


Pressure 

160 lbs. 

200 lbs. 

300 lbs. 

400 lbs. 

500 lbs. 

700 lbs. 

Temp. C. 

Ohs. Calc. 

Obs. Calc. 

Obs. Calc. 

Obs. Calc. 

Obs. Calc. 

Obs. Calc. 

- 30° 

- 15° 
0° 

+ 16° 

+ 30° 

2315 2301 
2315 2246 

2315 2216 

2316 2209 
2316 2210 

270 263 
258 240 
246 234 
234 230 
221 228 

292 287 
277 264 
261 252 
246 245 

330 313 
296 282 
263 266 

396 404 
347 326 
298 294 

547 572 
378 386 


Note. To save space, the decimal point is omitted before each value of S. 


The values of S tabulated by Jenkin and Pye were required 
in the construction of their m diagram by a step-by-step process, 
and were obtained by drawing tangents to the curves representing 
their observations on the variation of H. Formula (23), though 
deduced from totally independent data, fits the observations as 
closely as if it had been specially calculated from the observations 
themselves, and affords strong confirmation of the accuracy and 
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consistency of the experiments. The small discrepancies shown in 
the table would have very little effect on the values of E, and may 
fairly be attributed to accidental errors. It is hardly possible, for 
instance, that the value of S at 80° C. should be less at 200 lbs. 
than at 150 lbs., as shown by the observed values 0-221 and 0-2315. 

The agreement of the values of C deduced from (22) and (23) 
with those found by Joule and Thomson and by Jenkin and Pye, 
is equally good over the experimental range, but is less important, 
because the range of variation of C is much less than that of S. 
It follows that the expression (21) must represent the variation of 
H correctly according to the same experiments, provided that the 
appropriate value of V is calculated from (20) for the given values 
of P and T at each required point. The expressions for S and C are 
not required in calculating H, but are useful as an auxiliary means 
of verifying experimental data. The values of H at saturation can 
be fitted very approximately with those already given in Table IV 
by using the appropriate value of the constant R in (21), but it by 
no means follows that the values of V given by (20) with those of 
p taken from (1) will fit with the values of Vg in Table IV calculated 
from L and dpjdt by Clapeyron’s equation. As a matter of fact the 
values of V from (1) and (20) differ from those given in Table IV 
in the same direction as Amagat’s, but slightly more, indicating 
that the values of L given by (3) are systematically too low, or 
that there is a systematic error in the formula for p. An exact 
fit could be obtained only by finding the equation of saturation 
pressure consistent with (20). This is a highly debatable problem, 
which has given rise to endless discussion. It will be instructive 
to consider some of the difficulties, though no completely satis- 
factory solution has yet been obtained owing to the complexity 
of the conditions to be satisfied. 

76. The Continuity of State. In the ordinary process 
of evaporation or ebullition at constant temperature and pressure, 
the change of state from liquid to vapour takes place only at the 
surface of separation, and is a discontinuous process in the sense 
that all parts of the substance are not simultaneously affected. The 
state of the substance at any stage of the transformation is not 
homogeneous, but consists of two separate parts liquid and vapour, 
in equilibrium at the same temperature and pressure. The change 
is represented on the indicator diagram in the annexed figure (17), 
which is drawn nearly to scale for COg , by the horizontal line DEF 
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at 45 atmospheres, which is the saturation pressure at 10° C. 
Any point of the line, such as E, represents a mixture of liquid and 
vapour in the ratio of EE to DE by weight. The point F represents 
the state of dry saturated vapour, D that of complete condensation 
to liquid. The curve DL represents compression of the liquid, and 
FJ expansion of the vapour at the same constant temperature. The 
complete isothermal LDEFJ is a discontinuous curve with sharp 
breaks at the beginning and end of condensation. 

Andrews showed that it was possible to effect the transformation 



Fig. 17. James Thomson. Isothermal for COg at 10° C. 


from saturated vapour at F to saturated liquid at D, without any 
separation into two states, or breach of homogeneity, as follows. 
The substance is compressed and simultaneously heated along any 
line such as FK (which represents the adiabatic), to a temperature 
and pressure above the critical point. The state at K is evidently 
that of superheated vapour. The substance is then cooled, keeping 
the pressure constant, to its original temperature, when its state 
will be that represented by the point L. In passing from K to L, 
the substance remains homogeneous throughout. No separation of 
liquid and vapour occurs, but the substance at L is certainly in 
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the liquid state. This is shown by releasing the pressure to its 
original value. The liquid expands to B, at which point the vapour 
usually makes its appearance on further expansion. It is frequently 
possible, however, if the liquid is very carefully freed from dis- 
solved air, to follow the expansion of the liquid several atmospheres 
below the saturation pressure, along the curve DG, which is an 
exact continuation of LD. But when the pressure is P atmospheres 
below saturation, a very small bubble, of radius only -iYjSP 
millionths of a cm. (if Y is the surface tension in mgm./cm.) will 
suffice to start the vaporisation explosively, and restore the pressure 
to the saturation value. {Ency. Brit. 1911, vol. 27, p. S98.) 

The dry saturated vapour can similarly be compressed, in the 
absence of liquid or hygroscopic surfaces, along the curve Fli, 
which is an exact continuation of JF, to pressures considerably 
exceeding the saturation pressure. A limit of eight times the normal 
saturation pressure has been reached in the case of steam under 
suitable conditions at low temperatures. The vapour in this state 
is said to be supersaturated, a condition which appears to be very 
common in rapid expansion, such as occurs in a turbine nozzle. 
But since under this condition a dust particle of radius 2YvfBTw 
(where e® is the pressure-ratio), is capable of acting as a condensa- 
tion nucleus, this branch of the curve cannot be traced very far by 
static experiments. See X (23). 

Since the transformation from vapour to liquid, or vice versa, 
can be effected by a continuous process without any breach of 
homogeneity, it is theoretically possible to include both states, 
liquid and vapour, in a single characteristic equation connecting 
the variables P, V, and T, and representing an isothermal curve 
on the PV diagram for any given value of T. Considering the 
isothermal as an equation for finding V when P is given, experi- 
ment shows that for any isothermal above the critical temperature 
there can be only one real root representing the volume of 
the vapour at the given temperature and pressure. Below the 
critical temperature, James Thomson {Proc. R. S., 1871) argued 
that the equation of the isothermal must have three real roots, 
such as D, E, F (for any given value of P within certain limits), 
two of which evidently correspond with possible volumes of the 
liquid arid vapour, which can be observed experimentally along the 
branches LDG and HFJ respectively. These two branches should 
be parts of a single continuous curve such as LDGEHFJ on the 
indicator diagram, representing a continuous transformation from 
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liquid to vapour without breach of homogeneity, of which the 
middle part GEH, giving the third root E, is theoretically possible, 
but cannot be realised in practice because it represents a series of 
unstable states in which the volume increases with the pressure. 
It is possible, however, as J. Thomson suggested, that states 
corresponding to this part of the curve may exist in the surface 
film, which is in a different condition to the rest of the liquid. 


77. Van der Waals’ Equation. The simplest algebraic 
equation capable of representing the James Thomson isothermal 
is that proposed by Van der Waals in his celebrated essay on the 
“Continuity of the Liquid and Gaseous States” (Leyden, 1873) 
in the following form 

{P+a'IV^) {V-b)==BT (24) 


The term called the “internal” pressure, was identified 

with the capillary pressure of Laplace. It was attributed by Van der 
Waals to molecular attractions, and assumed to be proportional to 
the square of the density, but independent of the temperature. The 
constant a' being the same for liquid and vapour, the surface tension 
would vanish when the volumes and capillary pressures became 
equal at the critical point. We have already seen that a term of this 
type as in Rankine’s equation, represents the deviations of the 
vapour from the ideal state with a fair degree of _ approximation 
provided that the coefficient a' is a suitable function of the tem- 
perature, but according to P. G. Tait it cannot represent the pro- 
perties of any known liquid. , . . i , 

The covolume b expresses the effect of the size of the molecules 
in reducing the free-space. Van der Waals showed that, according 
to the kinetic theory of gases, b should approximate to a constant 
limit when F is large, but should diminish with diminution of F. 
Boltzmann at a later date obtained a more exact expression for & 
as a function of F, but this is of no practical importance when the 
volume is large, and becomes inapplicable when the volume is 
small. For practical purposes b cannot represent anything excep 
the minimum volume at high pressures, and cannot be regarded as 
a function of the volume without introducing hopeless complica- 
tions in the theory of the critical state where it is of paramount 

^Van der Waals treated both a' and b as constants, and calculated 
their values from Regnault’s experiments on the pressure-co- 
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efficient and the compressibility. The values found m this way for 
COo, taking the unit of pressure as the standard atmosphere of 
760 mm., and the unit of volume as that of the gas at 0 C., and 
760 mm., were as follows : 

0-00874, 5 = 0-0023, J? = 1-00646/273. ...(25) 

With these values of the constants, the equation represents a 
fair qualitative approximation to the isothermal of James Thomson 



shown in Fig. 17, in which the scales of pressure and volume are 
the same as those employed by Andrews and Van der Waals, and 
subsequently adopted by Amagat. The saturation pressure 
45 atmospheres at 10° C. cuts the Van der Waals isothermal in 
three points corresponding to DEF, Fig. 17, but the least root 
representing the volume of the liquid is nearly twice too large, and 
the volume of the vapour is a little too small. 

The actual isothermals represented by Van der Waals’ equation 
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for CO 2 are drawn to scale at intervals of 10° C. from — 20° to 
+ 50° C. in the annexed Fig. 18, in which the broken curve ACB 
represents the saturation volumes of liquid and vapour as observed 
experimentally, the full curve aC^b those given by Van der Waals’ 
equation. As the temperature is raised towards the critical point 
C^ the difference V — v diminishes, and the three roots approach 
equality. All three finally coalesce at the critical point, where the 
equation has three equal roots, and reduces to the form (F— F^,)^ = 0, 
Fc being the critical volume. Van der Waals deduced the values 
of the critical constants in the manner usually adopted in the 
theory of equations, namely, by writing equation (24) in the form 
of a cubic in F with unity for the coefficient of F®, and equating 
the coefficients of the other powers of F to the corresponding 
coefficients in (F — FJ^. I-Ie thus obtained the well known 
relations for the critical volume, pressure, and temperature 

F,= 3&, P,= a'l27b\ T,= 8a'l27bR (26) 

Inserting the numerical values of the constants as given by (25), 
we find 

Vo = 0-0069Fo, Pc = 61-2 atmospheres, 

To = 805-3° abs. or to = 32-2° C. 

The approximate agreement of the calculated value of to with 
that observed by Andrews is still regarded as a remarkable veri- 
fication of Van der Waals’ theory, but little weight can be attached 
to this coincidence, because the value of b could not be determined 
with any approach to the required order of accuracy from Regnault’s 
experiments. It was obvious that the critical pressure and volume 
did not show a satisfactory agreement with experiment, but, in 
order to make an adequate test of the theory, it was first necessary 
to find some method of calculating values of the saturation pressure 
at each temperature consistent with the form of the characteristic 
equation. 

78. Maxwell’s Theorem. The most important contribution 
to the*theory of continuity of state on the thermodynamical side 
was that made by Clerk Maxwell {Nature, March 4, 1875, vol. 11, 
p. 358 ; Collected Papers, vol. 2, p. 434) shortly after the publication 
of Van der Waals’ equation. There was no indication in the original 
theory of James Thomson, or of Van der Waals, as to how the 
horizontal line representing the saturation pressure should be 
drawn in relation to the continuous curve represented by the 
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equation at the corresponding temperature. Maxwell, by applying 
Carnot’s principle, that no work could be obtained from heat 
without difference of temperature, showed that the saturation line 
on the indicator diagram DEF in Fig. 17, must cut off loops of 
equal area, DGE, EHF, from the continuous isothermal. The work 
represented by the area of each loop would then be the same, but 
the two would be of opposite sign, so that no work could be obtained 
from any heat-engine capable of performing the cycle, given by 
combining the curve DGEHF with the straight line FED. In 
other words, according to Maxwell’s theorem, the work of vaporisa- 
tion, p (V ~ v), at saturation pressure p along the straight line 
FED must be equal to the work represented by the integral of 
PdV from v to V taken along the continuous isothermal DGEIIF. 
The importance of this theorem is that it applies to any form of 
equation capable of expressing the continuity of state of liquid 
and vapour in a consistent manner. 

Maxwell does not appear to have applied his theorem to the 
particular case of Van der Waals’ equation, but the application is 
easily made by writing the equation in the form 

aP/RT = 1/{V -h)- cjV^ (27) 

where c is the coaggregation volume, equivalent to a'jRT in terms 
of Van der Waals’ constant a'. The equation in this form is identical 
with that obtained by introducing the covolume h in Rankine’s 
equation (20), except that c in (20) varies as T-\ instead of being 
proportional to IjT as in (27). 

Equating ap (F ~ v) to the integral of aPdF at constant T 
obtained from either equation (20) or (27), we find immediately 

ap (F- v)IBT = log, (F-b)- log, (v ~ h) -|- cjF - cjv. ...(28) 

The foim thus obtained for the equation of saturation pressure is 
extremely simple, but at the same time incredibly inconvenient for 
purposes of calculation. The values of F and v must satisfy the 
original equation (27) in addition to (28) so that there are three 
equations for determining p, F, and v for any value of T, but the 
elimination of F and v cannot be effected so as to obtain an explicit 
relation between p and T. 

The saturation pressures shown in Fig. 18 by the horizontal 
lines at each 10 from 0° to 30° C. were calculated from Maxwell’s 
relation with Van der Waals’ values of the constants a', h, and R. 
The curve aC^ extending from - 50° C. to the critical point, shows 
the values of the volume v of the liquid at saturation, with the 
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temperatures marked at intervals of 10° down to — 50° C. The 
curve C^b, extending from the critical point to a little below 0° C., 
shows the corresponding values of the volume of the vapour V at 
saturation. The dotted curve ACB, shown in the same figure, 
represents the volumes of liquid and vapour actually observed in 
the case of COg at saturation, with the saturation temperatures 
similarly marked on the curve at the appropriate pressures. It 
will be seen that there is a wide discrepancy between the observed 
values of the saturation pressures and those calculated from Van der 
Waals’ equation by the aid of Maxwell’s theorem. The discrepancy 
in the value of V at 0° C. and saturation is only about 15 per cent., 
but the values of v deduced from Van der Waals’ equation are all 
nearly double the values actually observed. The value of p is about 
right in the neighbourhood of 12° C., but the increase ofp between 
0° and 30° C. is nearly twice too small, and the value of at — 50° C, 
is more than twice too large. 

Corollary. It also follows from Carnot’s principle as applied to 
the continuity of state that the latent heat L is given by the integral 
of aT {dP/dT)ydv from v to V at constant T, which gives the simple 
expression L = RT log^ {V ~ b)j{v — b), for L according to Van der 
Waals’ equation if a' is constant. The value of L at 0° C. comes out 
25-6 cals. C., which is less than half the observed value, namely 
54 cals. C., and the calculated values show a similar discrepancy 
from observation at other temperatures. But it is hardly to be 
expected that so simple an equation should be capable of satisfying 
all the required conditions. 

It follows from the general expression for L when combined 
with Clapeyron’s equation, that the useful coefficient dpjdt is equal 
to the mean value of (dP/dT)^ taken along the isothermal from 
vtoV at equal intervals of v. The expression for L if c is any arbitrary 
function of the temperature, while b is constant, in an equation of 
the form (20) or (27), is easily seen to be 
L == RTlog, {V - b)/{v -b) + RT {Tdcjdt + c) (1/F - l/w),...(29) 
which by substitution of ap (V — v) from (28) reduces to the form 


L==ap(V-v) + T^ (dcldt) {RIV - R/v), (30) 

giving for dpjdt the simple and convenient expression 

dpjdt =pjT -T {dcjdt) RjaVv (31) 


in which it may be remarked that dcjdt is usually negative. 

The equation of saturation pressure may also be obtained in a 
form identical with (28) by writing down the general expressions 
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for H and O, and equating the values of G = 2’$ - H foi 1 qu 
and vapour. The value of p at any temperature depends only on 
the values of the eonstants B, b, and c at that temperature. It 
the eritieal temperature and pressrae are known, the constants are 
readily determined from the critical relations 

RTJap, == 8VJ3 = 8& = 6ic J27, (32) 


whieh apply to any equation of the type (20) or (27). ^ 

The absolute values of the constants for any particular sub- 
stance can be eliminated by taking the ratios of each to their 
critical values, so that it is possible to construct a table of corre- 
sponding values of the ratios and cjc, from which the 

value of V at any temperature is readily obtained in terms o c, 
or .ie. versa. Clausius {Phil. Mag., vol. 18, p. 132, 1882) constructed 
a table of this kind, which gives also the corresponding values 
Qf Y — h and v — b a.t saturation in terms of — b. Similar 
tables can be constructed for other types of equation, but are very 
troublesome to calculate accurately, though useM in testing the 
applicabihty of any equation to a particular substance. Since it is 
always possible to choose the variation of c with temperature in 
such a way as to fit the observed variation of p, the applicabihty 
or otherwise of an equation cannot be determined by p alone, as 
is often assumed, and it is necessary to consider other properties 


in addition to p. 


79. Clausius’ Equation for CO2. Of all the equations 
employed for COg, that of Clausius has been most often quoted, 
since it was realised that the equation of Van der Waals was very 
inaccurate. Clausius {loc. cit.) adopted Rankine’s formula for the 
variation of c, but substituted V + 6" for F, choosing the empirical 
constant b" to make the volume of the liquid agree with observation 
in the neighbourhood of 20° C. 

aPIBT = 1/(F - b') - cl{V + b"f (33) 

The effect of this is to reduce all the values of V and v by the 
constant quantity b", and to replace V — b in the first term by 
Y — b', where b'= b — b". The values of c and b, calculated from 
the critical relations (32), remain exactly the same as for (20). 

If = 31-5° C., and p, = 1071 lbs., as in Table IV, we have 
Cg = 0-05265, Cq = 0-0655, b = 0-0156, F.P.C., as in (20), but 
b'=: 0-0064, and b"= 0-0092, to make v = 0-02073 at 20° C. 

For any given values of P and T, the value of V from (20) is 
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the same as that of F + h" from (33), and all the other properties 
calculated from (20) are identical with those calculated from (33), 
if Maxwell’s theorem is assumed. The following table shows the 
values of the latent heat, saturation pressure and liquid volume, 
calculated with- the aid of Clausius’ table. The values apply equally 
to (20) or (33) except for the constant difference h" in v. 

Table VII. Values of p, L, and v, calculated from Clausius’ equation. 



p Ibs./in.^ 

L cals. 0. 

100 u cb. ft. /lb. 

t° c. 

Obs. Caio. 

Obs. 

Calc. 

Obs. 

Calc. (20) Calc. (33) 

- 50° 

97-2 64-6 

80-0 

109-6 

1-386 

1-944 

1-024 

- 20° 

284-0 240-8 

66-2 

85-0 

1-652 

2-168 

1-248 

0° 

506-1 468-2 

64-1 

66-9 

1-731 

2-433 

1-513 

+ 20° 

829-0 812-1 

36-5 

39-6 

2-075 

2-993 

2-073 

+ 30° 

1037 1034 

(15-4) 

14-3 

— 

3-891 

2-971 


Equation (20) gives 0-0468 for the critical volume, the same as 
Van der Waals’ equation (27), but (33) gives 0-0468 — h"= 0-0376, 
which is in rather better agreement with Amagat’s 0-0345 F.P.C. 
Unfortunately the values of the saturation pressure calculated by 
Maxwell’s theorem (28), and those of the latent heat calculated by 
(29) or (80), do not agree sufficiently well with experiment to be 
of any practical use, at low temperatures. Clausius took 77 atmo- 
spheres at 31° C. for the critical pressure, in order to makep agree 
more nearly with observation at 0° C. But this value of is 
undoubtedly too high, and does not materially affect the values 
of L, besides leaving p much too small at low temperatures. It 
would be possible, as already explained, to choose the variation 
of c to make 'the values of p agree as closely as desired with observa- 
tion, but when this is done the equation no longer represents the 
variation of H, or the observed values of S and C satisfactorily, 
and the volumes of the liquid do not agree with observation any 
better than before. 

The same difficulty is illustrated by Clausius’ equation for 
Steam {loc. cit.), which is of the same type as (38), but with different 
values of the constants, which are as follows : 

b'= 0-000754, b"= 0-001815, 

c = 45-17T'“^*2^-- 0-00737, in cu. m./kg. 

The variation of c was chosen to fit with Regnault’s values of the 
saturation pressure from 0° to 220° C. The values of c calculated in 
this way do not represent the cooling-effect satisfactorily, and the 
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extrapolated values given by the equation at the critical p 

''T-882«C., = 184 atmospheres. ^ - 5-89 e.c./^. 

diHer rridely from the results of experiment. The constant b was 
Tol by aausins to fit the volume of the liquid at 20 C. bid 
the voluiles of the liquid at other temperatures do not agree 
with observation. 

Table VIII. Volumes of Water from Clausius’ equation for steam. 


Temp. Cent. 

0° 1 

100° 

200° 

300° 1 

332° 

Vol. Obs. c.c./gm. 

„ Calculated 

1-000 

0-971 

1-0433 

1-160 

1-159 

1-526 

1- 429 ’ 

2- 686 

1-620 

5-89 


It is unjustifiable to apply Maxwell’s 
the saturation pressures, or deducing the vaues o gj.ties 

in fliw eouation unless it is capable of representing the properties 
of thi liquid with the same degree of proportionate accuracy as 
It ome vl^^our. An equation of the Van der Waals type, with 
a suitable fuLtion of T, is fairly accurate for representmg the 
properties of the vapour through a wide range, but it is 
contnient and unsuitable for the liquid, and it may be doubted 
whether it is possible to represent the properties of both liquid and 
vapour by.a^single formula without impracticable complications 
which would render such an equation useless. 

80 Variation of H, S, and C near the Critical Point 

The critical point is most conveniently defined by the general 

conditions = o, and (d*P/dF“), = 0 (84) 

which imply that it is a point of inhexion on the indicator diagram 
with a hmizontal tangent cutting the critical isothermM m three 
consecutive points. The expression for (dP/dP), on the critical 
isothermal chains (V - KY as a factor, and becomes 2 ero of the 
second order at the critical point, where V ~V„ vanishing without 

°*'™t follows from the general expressions (14) and (16) for SC 
and S that both will become infinite of the second order at the 
critical point, but since the only term in S which becomes iMnite 
is that containing SC as a factor, we observe that C rernams finite, 
being equal to the reciprocal of (dP/dT). at the critical pomt, and 
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that C {dPldT)y differs from unity by a small quantity of the 
second order only, if (dHjdT)^ remains finite. 

We have already seen as a corollary to Maxwell’s theorem that 
dp/dt is a mean between the values of (dP/dT)^ for the liquid and 
vapour which become equal at the critical point. 

At the critical point 

1/C = {dP/dT), = dpjdt (35) 

This is a useful relation, which has generally been overlooked, for 
testing the applicability of an equation at the critical point, 
because an expression for (dP/dT) ^ is easily found from the equation, 
and compared with the observed value of dpjdt, which is generally 
known with a fair degree of accuracy. Thus in the case of (20) or 
(33), we have dcjdt == — ^cjT, so that dpjdt at the critical point 
from (31) and (32) comes out exactly IpjT. But the empirical 
equation (1), which cannot be far out, makes it only 6-5pjT, so 
that we should expect to find some difficulty, as is shown to be the 
case by Table VII, in reconciling (20) or (33) with the saturation 
pressures, unless the index of c were reduced. 

One of the commonest objections to an equation of the Van der 
Waals type is that it makes the ratio, BTJapaVg, of the ideal 
volume to the critical volume, equal to 8/3, as shown in (32), 
whereas experiment gives higher values, averaging 3-7 for most 
substances. This is not a fatal objection because Maxwell’s theorem 
says nothing about the zero from which V is reckoned, but gives 
only F(. + h", so that F). can usually be adjusted to suit the observa- 
tions by the method of Clausius. 

Dieterici {Ann. Phys., vol. 5, p. 51, 1901) devised a very in- 
genious equation, which is often quoted, to meet this objection, 
namely, 

aP {V~b) = RTe-^!^. (36) 

Applying conditions (34) we obtain for the critical relations 

F, = 2& = cj2, RTJap, = e% = 7-39& = 3-695F,, ...(37) 

giving the required value 3-7 for the critical ratio without any 
adjustment. This equation gives a simple expression for SC, and 
very fair agreement with observed values of C from — 30° to 
+ 30° C., if c is assumed to vary as IjT^!'^, as proposed by Dieterici. 
Unfortunately the expressions for L, p, etc. cannot be integrated 
in finite terms. This would not be a serious matter if the equation 
were otherwise satisfactory. We find, however, by applying con- 
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dition (35), that the value of dpjdt at the critical point is only 
4plT, sho’vving that it would be impossible to reconcile the satura- 
tion pressures with experiment, unless the index of c were raised 
to 2-75, in which case it would not represent the other properties 
at all satisfactorily. 

Another suggestion with a similar object is to reduce the index 
of V in the term c/F^ in Van der Waals’ equation from 2 to 5/3. 
This gives a value 3-75 for the critical ratio. But it also gives 
dpjdt = 9plT at the critical point, if the index of c is 2, and would 
require the index of c to be reduced to 11/8 to agree with the satura- 
tion pressures. This would not affect the value of V^, or of Cg, 
which is 16Fg‘^/15, but the equation would be unsatisfactory for 
the representation of the cooling-effect. Thus, it would make C 
at 0° C. about 30 per cent, too large at saturation, diminishing to 
negative infinity at zero pressure, and the two fractional indices 
would be very inconvenient as compared with the simple squares in 
(20) or (33). Most of the other numerous modifications which have 
been proposed appear liable to similar objections. Attention has 
usually been restricted to the representation of some particular 
property, such as the saturation-pressure, without observing that 
modifications introduced with this object played havoc with the 
other properties of the substance. Clausius devoted his attention 
almost exclusively to the saturation-pressures, which he did not 
succeed in representing very accurately, but he appears to have 
been quite unaware that the chief merit of the equation lay in 
representing the total heat. 

It has often been disputed, whether the volumes of the liquid 
and vapour actually become equal at the critical point when the 
surface tension vanishes. There is strong evidence that the capillary 
elevation y of the liquid in a tube of radius r diminishes near the 
critical point at a finite rate, and vanishes precisely at the critical 
temperature. But the surface tension, Y = gyr (V — u)/2Fu, also 
contains the factor V - v, so that dY jdT, and the surface energy 
Y — TdY jdT, should vanish simultaneously with Y when the 
volumes become equal. In the case of mixtures there are many 
possibilities, but in the case of a pure substance there is no satis- 
factory reason to abandon the simple relations V = v, and L = 0, 
consistent with an equation of the Van der Waals type, or to 
assume that any molar distinction between liquid and vapour can 
persist beyond the critical point, though both types of molecules 
may remain present in the mixture. 
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Assuming that the latent heat vanishes, and that the saturation 
values of the total heats of liquid and vapour become equal at the 
critical point, the rates of variation of II and /^ must become 
infinite, but with opposite signs. This is consistently explained 
by the usual equation III (7) for the variation of the total heat at 
saturation, when combined with (15), which gives 

{dHIdT), = {dllldT)^ + SC [{dP/dT)^ - (dp/dOJ- --(SS) 

The coefficient {dHjdT)^ remains finite, and becomes the same for 
liquid and vapour at the critical point, but SC becomes infinite of 
the second order. The value of dpjdt is intermediate between thoge 
of {dPJdT)^ for the liquid and vapour, so that the difference in 
square brackets is positive for the liquid but negative for the vapour. 
Since this difference is a small quantity of the first order near 
the critical point, the product of the difference by 6'C becomes 
infinite of the first order at the critical point, but changes sign from 
positive to negative in passing from liquid to vapour. This gives a 
perfectly consistent representation of the phenomena in the neigh- 
bourhood of the critical point, agreeing with the values of the 
coefficients given by an equation of the Van der Waals type in 
conjunction with Maxwell’s theorem, but material inconsistencies 
may result if experimental values of dpjdt are employed which do 
not happen to agree with those of H and SC and {dPIdT)^ required 
by the characteristic equation or the expression for H. 

8i. Equation of Saturation Volume. An equation of 
the Van der Waals or Clausius type represents the properties of 
the liquid so badly that it would seem almost hopeless to apply 
Maxwell’s theorem, with any empirical adjustment of c to make 
the saturation pressures correct, because it would certainly follow 
that the equation, being inconsistent for the liquid, would be also 
erroneous in several other respects. Van der Waals’ theory of the 
covolume and the capillary pressure is very unsatisfactory as 
applied to the liquid; but a term c/F^ of the Rankine type may be 
interpreted as representing the effects of coaggregation in the 
vapour, according to the law^ of equilibrium between molecules of 
different types, at moderate pressures, and the covolume b intro- 
duces the necessary limit at high pressures, so that the equation 
remains a very suitable type of empirical formula for the vapour, 
although the theory cannot be regarded as exact. Any attempt do 
modify this type to suit the liquid would probably result in such 
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intolerable complexity, that it is preferable to assume different 
equations for the liquid and vapour. 

The simplest method of obtaining a consistent equation of 
saturation volume is that employed by the author in the case of 
steam, namely to assume an equation of the type (4) for the total 
heat of the liquid, which has already been shown to give satisfactory 
agreement with experiment. This equation, when combined with 
(20) for the vapour, will necessarily give a fair approximation 
to the saturation pressures, so far as (20) correctly represents the 
total heat of the vapour. As in the case of steam, we have merely 
to integrate equation (4) with the expression for H from (20), 
which is easy, because 11 — aVTdpjdt when divided by is 
necessarily the exact differential of GJT, namely 

(1/T) dGIdT - GjTK 

The equation thus obtained gives values of the latent heat and 
saturation pressure from — 50° to + 28° C., which are much better 
than those obtained from Maxwell’s theorem, as given in Table VII. 
But it fails near the critical point to give any solution, for the 
reason already explained, namely that the saturation pressures can- 
not be reconciled with the value dp/dt = Ipff at the critical point 
required by equation (20), or by (83), which cannot be corrected 
by changing the index of c without introducing other discrepancies. 

There is an infinite variety of ways in which the equation may 
be modified to suit the critical conditions, especially if transcen- 
dental functions are introduced, but the experimental evidence is 
too vague to determine the form of the equation with any certainty. 
For this reason it seems preferable to limit the field to algebraic 
equations of the cubic type, which are well understood and fairly 
easy to manipulate. The following equation does not appear to 
have been investigated previously 

aPjRT = 1/F - c'jV^ + c'c"IV\ (39) 

in which c' and c" are any arbitrary functions of the temperature. 
This equation is based on the coaggregation theory, but, since no 
such theory can claim to be exact for very high densities, it is 
better to regard the equation simply as a convenient type of 
empirical formula for the vapour. The application of the critical 
conditions (34) gives immediately 

aP,lBT, = 3F, = 3c;= Qc/', (40) 

which are simpler than those given by the Van der Waals type, 
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and give a somewhat better value of the critical ratio. The co- 
aggregation theory requires that c' shall be of the form o — b, 
where c is the usual coaggregation volume and b the covolume. If 
we restrict ourselves to squares and square-roots, which are easy 
to work on a slide-rule, c must vary inversely as the square of T, 
as in Rankine’s equation, and b directly as the square root, and the 
value of c" must be 5b/8, in order to satisfy (40) and to make the 
value of dpjdt exactly Q-BpjT at the critical point. We thus 
obtain 

V, = c-b^ 5b = 0-0416 F.P.C (41) 

When the constants are determined in this way at the critical 
point, the values obtained for the specific heat and the cooling- 
effect are very nearly the same as those given by equation (20), 
which have already been verified. But (89) has the advantage of 
giving very accurate values of the saturation pressure all the way 
from — 60°, and of giving an exact solution right up to the critical 
point. The pressures are also within 2 per cent, of Amagat’s along 
the 40° isothermal down to a point well below the critical volume. 
The saturation volumes agree with Amagat’s at 0° and 10° C., 
and are probably within the limit of experimental error at 30°. 
The equation also gives a much closer approximation than (20) 
to the liquid volumes, though not good enough to permit the 
application of Maxwell’s theorem. 

Combining equation (89) with (4), the equation to be integrated 
for the saturation volumes reduces to the simple form 

Lg'-f 0-217i'= aVTdp/dt + DH, (42) 

where DH is the defect of the total heat according to (39) from the 
ideal value + B at zero pressure. L/, the ideal value of the 
latent heat, is the critical value of aVTdpjdt -f DH, which is 
exactly 5RTg, according to (39). The constant 0-217 is the difference 
of the specific heats of the liquid and vapour, as in the 
corresponding equation for steam, and t' is the temperature 
to — t, reckoned downwards from the critical point, which is 
one of the limits of integration, the other being the saturation 
volume ;F at t'. 

The integral of this equation corresponds term by term with 
that similarly obtained for steam in Chapter VII, equation (18), 
except that the limits are different, and that an equation of the 
fprm (39) necessarily gives the relation between temperature and 
saturation volume instead of saturation pressure. When the volume 
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is found, the pressure is given by (39). The equation of saturation 
voliune takes the form 

MjT + 5-81 [mt'IT - log TJT] 

= log VjV, + 2'mc'IV - 5mbc'j2V^ - 3m/2, ...(43) 

in which the logarithms are to the base 10, and m is the modulus of 
common logarithms. The coefficient 4 in the first term isL^ /ETj, — 1, 
and the coefficient 5-81 in the second term is 1 + 0-217/E. The 
symbol t' denotes — t, and the symbol c' denotes c — & as in (40). 
The constant 3m/2 is the difference of the two preceding terms at 
the critical point. The temperature function in square brackets in 
the second term on the left is a small quantity of the second order 
near the critical point, but becomes important at low temperatures. 
It is easy to find the value of V from this equation for any given t , 
by taking a trial value of V from Table IV in calculating the volume 
function on the right hand side of the equation. After two trials, 
the solution is obtained by interpolation. Near the critical point, 
it is necessary to use seven-figure logarithms, and to take values 
of c and h exactly consistent with those assumed at the critical 
point, because the volume function reduces to a small difference 
between relatively large quantities, but an error in V makes very 
little difference in the pressure at this point. 

The following table shows a comparison of the results calculated 
from (43) with those given by observation so far as they can be 
verified. 

Table IX. Values calculated from (39) and (43) in F.P.C. units. 


t 

p(43) 

p (K. & E.) 

100?; 

lOOF 

h 

H 

L(43) 

L{^) 


Sg 

- 60° 

- 50° 

- 40° 

- 30° 

- 20° 

- 10° 
0° 

+ 10° 
15° 
20° 

25° 

28° 

30° 

31° 

31-5° 

63-2 

97-2 

143-6 

205-0 

284-0 

383-1 

505-1 

652-9 

737-3 

829-0 

928-5 

992-2 

1036-5 

1058-4 

1070-0 

63-2 

97-0 

144-0 

205-2 

284 

383 

505 

653 

735 

828 

930 

994 

1038 

1062 

1071 

1-345 

1-386 

1-433 

1-488 

1-552 

1-631 

1-731 

1-866 

1- 957 

2- 075 

2-272 

2-482 

2- 756 

3- 073 

4- 160 

137-7 

91-25 

62-44 

43-83 

31-34 

22-72 

16-57 

12-02 

10-17 

8-490 

6-916 

5-943 

5-210 

4-719 

4-160 

29-92 

25-57 

20- 98 
16-16 
11-15 

- 5-77 
0 

+ 6-33 
9-82 
13-69 

18-25 

21- 75 
25-07 
28-14 
36-32 

55- 64 

56- 51 

57- 17 
57-54 
57-54 

57-08 

56-02 

54-08 

52-63 

50-63 

47-70 

44-98 

42-15 

39-80 

36-32 

85-56 

82-08 

78-16 

73-70 

68-69 

62-85 

66-02 

47-75 

42-81 

36-94 

29-45 

23-23 

17-08 

11-66 

0 

80-00 

75-77 

71-20 

66-21 

60-55 

54-06 

46-21 

41-44 

36-56 

29-18 

22-59 

15-92 

10-11 

0 

0-215 

0-231 

0-262 

0-282 

0-326 

0-398 

0-538 

0-670 

0- 923 

1- 681 
2-993 
6-831 

20-76 

Inf. 

0-466 

0-484 

0-606 

0-536 

0-576 

0-634 

0-738 

0-996 
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The values of the saturation pressure p given by (43) are com- 
pared with the observations of Kuenen and Robson below 0° C., 
interpolated where possible from the actual observations, since 
the values in their table are less accurately stated. The empirical 
formula ( 1 ) agrees better than ( 43 ) with the observations of Zeleny 
and Smith at low temperatures, but a formula of the type (1) 
necessarily gives too high values in this region, and the observa- 
tions of Kuenen and Robson appear the most reliable from internal 
evidence. Amagat’s values are taken above 0° C., but are uncertain 
by 2 or 3 in the last figure. 

The values of v are taken as in Table IV, up to + 20° C. from 
Behn’s observations. Beyond this point they are calculated to suit 
the critical volume 0’0416 F.P.C. They differ from Amagat’s by 
less than 3 per cent, at 31 ° C., where the observations would be 
extremely uncertain, and the rectilinear diameter might well 
present singularities. 

The discrepancy between Tables IV and IX in regard to the 
values of Fg and Hg looks alarming at first sight, but is of no practical 
importance, because the values of V or H near the critical point 
cannot be accurately specified in terms of P and T. The relation 
between H and V near the critical point remains practically the 
same in both tables. Thus the formulae of Table IV would give 
// = 36’3 at V = 0-0416 as in Table IX, and the formulae of 
Table IX give II = 31-4 at F = 0 - 0344 , as in Table IV. The un- 
certainty of Table IV, from a theoretical standpoint, lies in the 
assumption of a rectilinear diameter of 1/F and Ijv. If we had 
assumed a rectilinear diameter of H and h, which is intrinsically 
more probable, but unorthodox, we should have found Hg = 34-4 
instead of 31 - 4 , giving Vg — 0-0386 instead of 0 - 0344 . 

The values of h in Table IX differ slightly from those in Table IV. 
The reason of this is that the limiting value of the specific heat 
of the liquid, 0 - 42 , was assumed to be constant in calculating 
Table IV, in the absence of evidence to the contrary, whereas in 
Table IX the difference of the specific heats of liquid and vapour 
at zero pressure was assumed to be constant, and to be equal to 
the value, 0-420 — 0-203 = 0 - 217 , at the critical point. This is 
intrinsically more probable, and has the effect of simplifying the 
equations ( 42 ) and ( 43 ). It also gives better agreement with the 
observed values of p and A, and tends to reduce the discrepancy in 
the values of L. 

By far the most serious difference is that between the observed 
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and calculated values of L, which has already been illustrated in 
Fig. 16. The values given in Table IX under the heading L (43) 
are ealculated from consistent values of V and dpjdt, deduced from 
the same equation, and have greater weight than values of ^ L 
previously calculated by Mollier, Cailletet, and others, from in- 
dependent and possibly inconsistent observations, such as those 
of Regnault for p, and Cailletet for V . The values L (43) are repre- 
sented by the broken eurve in Fig. 16, which gives an exact 
continuation of the curve representing Amagat’s table down to 
0° C. The values L (3) are taken from equation (3) representing 
Jenkin and Pye’s observations, with the exception of the observa- 
tion at 20° C. which falls on Amagat’s curve. Above this point the 
values under L (43) depend on an empirieal extrapolation of the 
values of v, which are more uncertain, but do not differ greatly 
from Amagat’s. 

The required expression for R is deduced from equation (39) 
in the same way as in the case of Rankine’s equation (9). Differ- 
entiating (39), with regard to T at constant V, we find 

a {dPjdT)^ = RIV + {c + 3&/2) B/V^ -5b{c + 4&) R/eF^. ...(44)‘ 

The expression for E is deduced by integrating aT (dPIdT)^ - aP 
at constant T with respect to F, from F = infinity to F , and 
aPV is added to find H. 

+ &/2) ET/F 4- 5h {7c - 2b) RTjnV^ ...(45) 

SC and S are obtained by differentiation as in (14) and (15), 

SC = a [3c - bl2 - 5b (7c - 2&)/6F]/[l - 2 (c - &)/F + 5& (c - b)/V% 

......(46) 

S = So + 3{c + b/i)RIV - 5b (7c + 8b) E/24F2 + SC {dP/dT) „ . (47) 

To find L and /^ at saturation for any value of T, V is first calculated 
from (43). PL and DR are obtained from (45). DR in (42) is 
Sji + B — R, which gives aVTdpjdt, taking L'= 5RT = 68-68, 
whence avT dpjdt for the liquid (since v is known) and the difference 
gives L. R — L = h, which may also be obtained directly from 
the equation 

h = {S^ + 0-217) t - 6-53 + avTdpjdt (48) 

The constant being chosen to make /i = 0 at 0° C., gives B = 68-97 
in (45). 

The expressions for S and SC are useful for calculating con- 
sistent values of either near the saturation line, or in other cases 
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where they cannot be measured experimentally. The values 
of Sg given in Table IX were calculated in this way from (47) 
by using the saturation values of V. They are chiefly of academic 
interest, and illustrate the rapid variation of S near the critical 
point. 

The values of Sg given in the table are those of the specific heat 
of the liquid at constant pressure at the saturation point. They 
are obtained from dhjdt by the usual relation, III (7), 

Sg = {dh/dt)/{l — Cdpidt), (49) 

in which C denotes the cooling-effect for the liquid at saturation. 
The results agree closely at low temperatures with the observations 
of Jenkin and Pye on the specific heat of the liquid at constant 
pressures of 700 and 900 lbs., because the values of C are small and 
fairly certain. Above 0° C. the values of C become more uncertain, 
and the values of s show an increasing divergence from the ob- 
servations at lower temperatures, because both s and C increase 
rapidly in the neighbourhood of saturation. They cannot be cal- 
culated above 20° C. without assuming some arbitrary type of 
characteristic equation for the liquid. 

82. H log P Diagram for COa. The annexed diagram 
is given as a graphic illustration of the properties of a sub- 
stance in the critical state. On account of the experimental 
discrepancies previously enumerated, which amount to nearly 
4 per cent, in the value of the latent heat at 0° C., the diagram 
cannot claim a very high order of quantitative accuracy, but 
there is no other substance for which more complete and accurate 
data are available in this region, and there is little doubt that 
the diagram for COg affords a very fair qualitative representation 
of the phenomena. 

Mollier {Zeit. Ver. Deut. Ing., vol. 48, p. 272, 1904) gave anH® 
diagram for COg together with his well known diagram for steam. In 
constructing a diagram of the £fO type near the critical point, it is 
necessary to use skew coordinates in place of rectangular, because 
the pressure and temperature lines would otherwise be excessively 
crowded. Both pressure and temperature lines are of a peculiar 
shape and difficult to locate accurately, which makes it difficult to 
construct thePO diagram from experimental data. Mollier alsogave 
an HP diagram, which is much easier to construct, and possesses 
some useful properties, but affords an inconvenient scale, when 
extended to low pressures. The scale of temperature in the wet 
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region is five times as open near the critical point as at — 50 C., 
and the volume lines are excessively crowded at low pressures. 
The adiabatics are also of an inconvenient shape, being sharply 
curved near the lower extremity. These difficulties are avoided 
bv taking the logarithm of the pressure as one of the coordinates, 
wiiich gives uniform proportionate accuracy in reading ^ the 
pressures. The adiabatics become nearly straight, and it is 
possible to insert a complete system of constant volume lines 
without confusion. 

There is little advantage in having the adiabatics exactly 
straight, as in the Td) and diagrams, because adiabatic ex- 
pansion or compression cannot be accurately realised in practice, 
and because the value of <5 is seldom required and can never be 
observed experimentally. The quantity most often required is H, 
and that most easily observed is P. The processes most accurately 
realisable in practice are those of expansion through a throttle at 
constant H, and heating or cooling at constant P. It is a great 
convenience to have the lines of constant pressure straight, although 
it entails a logarithmic scale, but this cannot well be avoided in 
any case. 

Mollier made use of Regnault’s data for the saturation-pressures 
below 0° C., and deduced an expression for the entropy from an 
equation of the Clausius type, but assumed c in equation (38) to be 
of the form, He also assumed the specific heat at 

constant volume to be constant and equal to 0T82, which would 
be inconsistent with (33) and with Joly’s experiments. Some of 
his lines of constant pressure are thermodynamically impossible, 
but the experimental data available in 1904 were very incomplete. 
Most of the deficient experimental data were supplied by Jenkin 
and Pye {loc. cit), who gave a more accurate HO diagram, con- 
structed on the same lines as that of Mollier, but directly from the 
experimental data without assuming any particular type of equation. 
There is much to be said for this method, on account of the un- 
certainty of the theory, if the object is merely to construct a 
diagram for practical use. But it is convenient to have a set of 
equations to represent the experimental data, if the object is to 
elucidate the theory, or to calculate properties which cannot be 
read with sufficient accuracy from a diagram. 

The diagram here given was constructed at the same time as 
the steam diagram (1915) with a view of testing, in the critical 
region, the equation employed for the total heat of the liquid, and 
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the method of calcukting the saturation pressure by combining 
the equation for li with a suitable type of characteristic equation 
for^ the vapour. Both these methods were found to give more 
satisfactory results than any based on Maxwell’s theorem, and 
there was no great difficulty in making the equation represent the 
variation of the total heat of the vapour satisfactorily. But it was 
found to be impossible to reconcile the values of the latent heat 
observed by Jenkin and Pye with values calculated from Amagat’s 
observations, or from any form of characteristic equation con- 
sistent with the saturation-pressures and with the variation of 
H and. h. This may possibly be explained by the restriction of the 
investigation to equations of the simple cubic type, but it is at 
least equally possible that there may be some constant error in the 
observations of L, if the great difficulties of the experimental 
measurements are considered. 

In constructing the diagram. Fig. 19, Table IV was taken as 
the basis for the saturated state, which made it very easy to plot 
all the lines in this region, but implied the adoption of the experi- 
mental values ol L represented by formula (3), in place of those 
deduced from Amagat s table or from the characteristic equatioui 
I he starting points oi the lines of constant temperature and volume 
thus fixed on the saturation curve were necessarily inconsistent 
with those of Amagat above 0° C. The position of the isothermal 
at 100° C. was fixed with a fair degree of certainty by the character- 
istic equation, but some adjustment was required in spacing the 
intervening iso thermals. This was found to be unsatisfactory, and 
it would be better, in drawing the diagram on a large scale for 
practical measurements, to draw all the curves for the vapour 
down to V = 0-04 F.P.C., including the saturation line, so as to 
be consistent with Table IX instead of Table IV. This is easily 
done with the aid of equations (39) for P and (45) for H, which, 
though inconvenient for calculating V and T from H and P, are 
of a suitable type for locating the lines of constant temperature and 
volume on the HP diagram by calculating values of P and R for 
given values of V and T. 

In the liquid region below 20° C. the lines of V and T are fairly 
simple and are readily drawn to fit the saturation line with the aid 
of Amagat’s tables and of Jenkin and Pye’s values of the specific 
heat and the cooling-effect. Near the critical point there is neces- 
sarily some uncertainty owing to the absence of observations on 
S and C, but some assistance is obtained from the consideration 
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that the relation between V and TI remains finite and continuous, 
being represented by the relation, App. I, (55), 

{dVIdH)^ = CjaT + V/ST = {1/aT) {dtjdP)^, (50) 

the value of which at the critical point is 0-00140 F.P.C. 

The adiabatics, of which a few are shown dotted, present no 


Pressure Lbs ./so, in. 

100 200 500 1000 2000 



Fig. 19. R log P Diagram for COg. 
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difficulty, since they cross the saturation line without change of 
direction, and the vertical scale of entropy is T cals, /deg. in any 
part of the diagram. 

The position of the critical point shown on the diagram is that 
deduced from the rectilinear diameter of 1 /F and Ijv. It should 
probably be higher, as already explained, but this would not affect 
the position of the V lines appreciably, and would fit better with 
the raising of the saturation line for the vapour as required by 
Amagat’s table and by equation ( 39 ). 

83. Refrigeration Cycle. The method of Jenkin and Pye 
for measuring the latent heat affords a good example of the usual 
refrigeration cycle. The gas is compressed by a pump and liquefied 
continuously in a condenser. The liquid flows through weighing 
flasks (required in these special experiments for measuring the 
flow) past a thermocouple, where its temperature is measured, 
to a throttle. In passing through the throttle from to the 
total heat remains constant and equal to its value /q on the satura- 
tion line at ti , but some of the liquid evaporates and its temperature 
falls to that of saturation, ^3 at . It then passes through a calori- 
meter in which it is completely evaporated at constant pressure pg » 
and is superheated to a temperature (which is measured), to make 
sure of complete evaporation. The heat absorbed in this process is 
measured by observing the electric energy required to keep the 
temperature of the calorimeter constant, and is equal to the change 
of total heat from as liquid before passing the throttle to Hg as 
vapour on leaving the calorimeter, applying corrections for any 
external loss or gain of heat in the process. The latent heat at 
is deduced ( 1 ) by adding the difference between the values 

of the total heat of the liquid on the saturation line at and ^ 3 , 
and ( 2 ) by subtracting the difference Hg — required to superheat 
the vapour from to . After leaving the calorimeter, the vapour 
is returned to the pump, and compressed to the saturation pressure 
Pi in the condenser. 

Jenkin and Pye illustrate the process in their paper by areas 
measured on the T® diagram, but it is much easier to follow on the 
H log P diagram. Taking one of their experiments as an example, 
the initial state as liquid before passing the throttle is represented 
by the point (1) on the saturation line at + 14-7° C., where the 
total heat is = 9-77 according to equation (4). It is throttled 
along the horizontal line at A = 9-77 to the point (2), where the 
pressure is given as 105 lbs., and the temperature ~ 48-3° C. 


0 . s. 
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Bv employing adiabatic expansion in place ot throttling, wor 
fqual to the adiabatic heat-drop (6-7 as measured on the diagram) 
mio-ht be .ained, with an equal increase in the refrigerating effect, 
bur the aieoretieal gain woidd probably be counterbalanced m 
practice by mechanical losses, and the adiabatic process would m 
Lv case be inapplicable for accurate measurement. ^ 

^The flow through the calorimeter during the experiment was 
6 lbs in 61-5 mins! The electric heat supply was 42-9 cals, per lb. 
The heat gained by the calorimeter externaUy was estimated as 
li-S cals, per lb., giving 48-2 cals, per lb. as the refrigeiating effect 
B due to the evaporation, and to the superheating from 

JaS'S-’to - 80-6” C., including an almost negligible correction for 
change of temperature of the ealorimeter between the beginning 

and end of the experiment. rr rr 

The quantity - h ^ be added, and the quantity f/g 
to be subtracted from the observed refrigerating effect m order to 
deduce the latent heat, were determined by special 

experiments. The change of h for the liquid, at constant pressures 
of 700 and 800 lbs., was obsei-ved over various ranges of temperature 
from - 40° to + 19° C. Combining these results with observations 
of the cooling-effect, the variation of h along the saturation line 
could be deduced. The correction is given as 35-25 by Jenkin 

and Pve for this particular experiment, agreeing as closely as 
possible with the value read on the H log P diagram, from point 

(2) down to the liquid limit curve. 

The correction H, - H, for the superheating of the vapour was 
estimated by measuring the specific heat of the vapour near the 
saturation line, and is given as - 3-72 cals., which also agrees as 
nearly as possible with the distance of point (3) above the satura- 
tion line on the H log P diagram. The value of L comes out 79-75, 

as shown on the curve in Fig. 16. . i ^ 

The difficulties of manipulation increase considerably at tem- 
peratures above 10° C., owing to the rapid variation of the quan- 
tities concerned, and the corrections become less certain, especially 
that for the superheat. Thus at 20° C. the specific heat at saturation 
according to Table IX is 0-92, but varies so rapidly that the change 
of H would be difficult to determine satisfactorily without the 

aid of an expression for H such as (45). 

The standard refrigeration cycle is supposed to be completed 
by adiabatic compression to the condenser pressure as shown 
by the line (3, 4) on the diagram. The work required is represented 
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by the difference —Hz > which is found to be 23-5 cals. , as measured 
on the diagramfor this example. The ratio (H^ - h^)l{H^ -H^) = 2-05, 
called the “coefficient of performance,” depends chiefly on the 
temperature range, as in the Carnot cycle, 

84. Empirical Table for Saturated Steam from 200° 
to 374° It is to construct an empirical table for steam on 
the same lines as Table IV for COg , extending to the critical point. 
Although the values for steam in this region cannot easily be verified 
experimentally, the table may serve as a guide for future work and 
may be accepted with greater confidence on account of the ex- 
perimental verification of analogous methods in the case of COg. 

All the formulae employed in constructing this table have 
already been explained and verified in the case of steam within 
certain limits, except that for the diameter of the density curve. 
This formula depends chiefly on observations of the volume of the 
liquid V under saturation pressure, which is fairly well established 
by previous experimentalists up to 320° C. Beyond this point, the 
author has succeeded in following the variation of n up to a tem- 
perature within 1° C. of the critical point, by heating the liquid in a 
series of sealed tubes of quartz-glass. The diameter of the density 
curve is found to be a flat parabola, and gives = 0-521 cb. ft./lb., 
or 3-25 c.c./gm. as the critical volume. The only previous measure- 
ments of the critical volume appear to be those of Nadjedine, 
and Battelli, giving 2-33 e.c. and 4-80 c.c. respectively, which 
happen to agree very closely with the values of v and V given in 
the table at 373° C. It is noteworthy that Nadjedine’s method 
measured the volume of the liquid, and Battelli’s that of the vapour 
near the critical point, so that the discrepancy between them is not 
surprising, considering the rapid changes of both. By combining 
the parabolic diameter with Clapeyron’s equation, it is easy to 
calculate both V and v at any temperature. 

The value of H reaches a maximum, 681-5, at 277° C., at which 
point the factor 1 — Cdpjdt in equation III (7) vanishes. This 
gives C = 0-0732°/lb, which agrees very closely with the author’s 
curve marked Cg in Fig. 10. The same factor must vanish again at 
the critical point to account for the change of sign of dh/dt. This 
gives Co= 0-0286°/lb., which is quite a possible value, since C for 
the liquid vanishes and becomes positive at 260° C. The relations 
of these quantities to S in the neighbourhood of the critical point 
have already been explained in § 80. 
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Table X. 


Properties of Saturated Steam from 200° to 374° C. m 


t 


200 ° 

210 ° 

220 ° 

230° 

240° 

250° 

260° 

270° 

280° 

290° 

300° 

310° 

320° 

330° 

340° 

350° 

360° 

370° 

373° 

374° 




225-2 

276-0 

335-4 

404-5 

484-2 

575-7 

680-2 

798-6 

932-0 

1082 

1249 

1435 

1642 

1870 

2120 

2394 

2693 

3020 

3122 

3168 


100 « 

1-856 

1-884 

1-914 

1-946 

1- 981 

2- 018 

2-060 

2-106 
2-159 
2-218 

2-292 

2-370 

2-459 

2-664 

2- 691 

2-860 

3- 069 

3-483 

3-880 
5-211 


100 F 

L 

li 

207-38 

467-41 

203-65 

170-04 

459-00 

214-44 

140-37 

450-00 

225-49 

116-67 

440-60 

236-71 

97-61 

430-60 

248-13 

81-96 

420-25 

259-78 

69-22 

409-30 

271-69 

58-69 

397-56 

283-89 

50-00 

385-04 

296-45 

42-69 

371-62 

309-39 

36-59 

357-11 

322-86 

31-38 

341-12 

336-84 

26-91 

323-37 

351-45 

23-03 

303-18 

366-88 

19-61 

279-51 

383-32 

16-50 

260-44 

401-12 

13-47 

211-35 

421-17 

9-84 

142-60 

446-81 

7-864 

92-00 

461-36 

5-211 

0 

494-26 


° to 374 

° C. in 

F.P.C. 

units. 

H 

Q 

4> 

$ 

670-96 

5Q-15 

0-5666 

1-6445 

673-44 

65-33 

0-5790 

1-6291 

675-49 

71-12 

0-6016 

1-6140 

677-31 

77-11 

0-6237 

1-4995 

678-73 

83-30 

0-6458 

1-4850 

680-03 

89-67 

0-6679 

1-4713 

680-99 

96-31 

0-6903 

1-4580 

681-45 

102-98 

0-7123 

1-4443 

681-49 

109-97 

0-7347 

1-4308 

681-01 

117-03 

0-7572 

1-4171 

679-97 

124-34 

0-7803 

1-4035 

677-96 

131-79 

0-8037 

1-3888 

674-82 

139-45 

0-8277 

1-3729 

670-06 

147-27 

0-8526 

1-3561 

662-83 

155-22 

0-8784 

1-3343 

651-56 

163-35 

0-9069 

1-3076 

632-52 

171-67 

0-9364 

1-2702 

589-31 

180-15 

0-9749 

1-1964 

563-35 

182-75 

0-9969 

1-1393 

494-25 

183-52 

1-0474 

1-0474 


Formulae for the quantities in the above table; 

Saturation pressure, logu P = 2-3526 + S 

Parabolic diameter, l/v + 1/7 = 60-76 " 

Clapeyron’s equation, ap {V-v) = LpjT {dpidt) - -^^M646 cals. 0. ...(7 
Latent heat (Thiesen), logio^ = 1-9638 + 0-3151 logio (^74 t), cals. C. (i 

Total heat of liquid, h = 0-99666i + vLI{V - v), cals C. -W 

Total heat of vapour, 0-99666i + 7i/(7 - v), cals. C. (H) 

Gibbs’ potential, G = 2-2Q5 T log,,T/T,- 0-99666^, cals. C. .... G 
Entropy of hquid, 4> = 2-295 log^o T/Tq + vLjT (7 v), ca s. (^) 

Ltropy of vapour, $ = 2-295 log, „ T/To + 7i/7’ (7 - cals. C. ...($) 

Eor ip) see Chapter VII, equation (36), and Chapter IV, § 41. 

For {L) see Chapter H, equation (18), and Chapter IV, § 41. 

Por (h) and {H) see Chapter II, equation (6). 

For {(b), ($), and (G) see Chapter VII, equations (11), (24), and (26). 


Judging from the analogous case of COg we should conclude that 
the formulae employed for L and h in the case of steam would be 
fairly satisfactory because they represent the values of H very 
closely at low temperatures (between 0° and 200° C.) which are 
much more accurately known than in the ease of CO 2 • The empirical 
formula employed for p represents the observations of p itself within 
the limits of experimental error, as in the case of CO 2 over the 
corresponding range of temperature. But in the case of steam we 
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have the additional evidence at low temperatures, which shows that 
it must give far too slow a rate of change of the ratio (T/p) 
in this region. The same effect is observed in the case of COg if we 
compare the values of this ratio, 1985/T from (1), with those given 
by the theoretical formula (48). It follows that the formula em- 
ployed for steam in Table X must give too high values of p and 
dpjdt in the region between 200° and 300° C. An error of the same 
nature is indicated by comparison with the observations of Holborn 
and Baumann in Fig. 14. The effect of this is most important in 
deducing the values of V from those of dpjdt, which are necessarily 
more uncertain than those of p. This error does not affect the values 
of H or L appreciably, and cannot be corrected with certainty in 
the case of steam, because there are no satisfactory observations of 
the volume between 200° and the critical point. Even if the values 
of p were known with certainty, they would not suffice by them- 
selves, as already explained, to determine a satisfactory form of the 
characteristic equation capable of being extended to the critical 
point. Even in the case of COg, for which the experimental data 
are more complete than for any other substance, this problem 
cannot be satisfactorily solved. In the case of steam, it would 
doubtless be possible to find a more probable formula for p, and to 
make a better estimate of the values of dpjdt and V, but since the 
problem is of purely theoretical interest, it would seem better to 
wait for more experimental evidence before proceeding to speculate 
on the form of the characteristic equation. 

With the scanty experimental data at present available above 
200° C., we can hardly do more than estimate the probable limits 
of error of p and V. The values of p given by the empirical formula 
in Table X are almost certainly too high, and those of V too low 
as already explained. The experimental values of p in the neigh- 
bourhood of the critical point, are probably vitiated by the presence 
of gas, which can hardly be avoided in heating water in steel 
vessels at such temperatures. Holborn and Baumann succeeded in 
reducing this source of error by gilding the inside of the container, 
but they do not seem to have been able to eliminate it completely. 
Their results are likely to be too high, especially near the critical 
point, though the error from this cause would be less than that 
shown by the other curves in Fig. 14. 

A lower limit to the values of p can be estimated as follows. 
The rate of diminution of the ratio (Tjp) dpjdt at 200° C. cannot well 
be greater than that given by the theoretical formula, VII (19). 
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Assuming that the ratio diminishes to a minimum 7-5, as is probable 
at the critical point, we find the following formula 

{Tip) dpjdt = 7-5 + 7-65 (T, - T)'^ x (51) 

ao-reeing with the theoretical equation, VII (19), at 200 C. The 
corresponding formula for p, taking p = 225-2 at 200 C., and 
1\ = 647-1, is 


logic P 


= 3-4866 - 39-54 log^o (Tg/T) 

+ 1-6615 (T, - T) (3T, - T) x 10-^ 


(52) 


which gives 3066 lbs. for the critical pressure, differing by 3 per- 
cent. from the value 3158 in Table X. The difference is no greater 
than that between the values given by Andrews and Amagat for 
the critical pressure of CO 2 , which would be much easier to deter- 
mine than that of steam. 

The value of p at 250° C., given by (52) is 567-6, as compared 
with 565-3 by VII (19), and 575-7 in Table X. The value of 
{Tjp) dpjdt from (51) at 250° C. is 8-676 giving V = 0-850 by Cla- 
peyron’s equation. The value of V at the same point calculated 
directly from H = 680-03 by III (28), with p = 567-6, is F - 0-886, 
as compared with V = 0-8695 in Table III, App. Ill and V = 0-820 
in Table X, or F = 0-854 from H with p = 575-7 as in Table X. 

Equation (52) for p is in some respects more probable than the 
empirical formula of Table X, but it is evident that a considerable 
margin of uncertainty must remain until further light is thrown by 
experiment on the form of the characteristic equation at high 
pressures. Since steam-pressures above 250 lbs. seldom occur in 
engineering practice, it hardly seems worth while to make any 
modifications to suit possible deviations at higher pressures from 
the simple formulae employed in the Steam Tables. 

It is common practice to deduce the properties of steam, or 
other substances beyond the experimental range, from those of a 
similar substance (e.g. COg which is also triatomic), by reference 
to the “law of corresponding states.” According to Van der Waals’ 
equation, the reduced value, p'= plPc, of the saturation-pressure 
expressed as a fraction of the critical pressure, should be the 
same for all substances at any given value of the reduced tempera- 
ture, T' = T/T,. Thus for COg at - 50° C., the reduced tempera- 
ture T' = 223-1/304-6 = 0-7324, corresponding to a temperature 
0-7324 X 647-1 = 473-9 abs., or 200-9° C. for steam, at which point 
the pressure is 229-4 lbs. The corresponding pressures for COg 
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according to equation (1), are 99-0 and 1071 lbs,, at — 50° and 
+ 31-5° C. respectively. The critical pressure for steam should 
therefore be 229-4 x 1071/99 = 2482 lbs., which is evidently much 
too small. The law in this form is clearly unreliable, even for the 
saturation-pressures, and is much less likely to give reliable results 
for other properties, such as the cooling-effect, to which it has 
frequently been applied. According to the equation of Clausius, 
the law takes a slightly different form. Corresponding temperatures 
are those for which the reduced value of c is the same. At such 
temperatures the reduced values of p/T and of F — & correspond. 
It is always possible to satisfy the law in this form for p by choosing 
the variation of c to fit with that of p, but the other properties, 
such as V and L, show little or no correspondence, as illustrated 
by Table VII, and the law affords no assistance for estimating the 
variation of p unless the variation of c can be predicted. On 
account of these difficulties, the application of the law has generally 
been abandoned except for closely related substances, but has 
recently been revived, on the basis of Clausius’ equation, by 
M. Aries, in a long series of papers in the Comptes Rendus, 1918-19, 
who assumes that the variation of c with T should be the same for 
molecules containing the same number of atoms, recalling Maxwell’s 
suggestion with regard to the ratio of the specific heats. The 
variation of c is undoubtedly different for different types of molecule, 
but the agreement thus obtained, except for closely related sub- 
stances, is not of a sufficiently high order for the present purpose, 
and M. Aries finds it necessary to admit that h also is a somewhat 
peculiar function of the temperature. In spite of this complication, 
there are many notable exceptions. The variation of c which appears 
suitable in the case of COg fails entirely for steam. According to 
the orthodox view, the discrepancy is explained by saying that 
water is an abnormal, or highly associated liquid. We have seen, 
however, that the expressions here proposed for the total heat of 
water and liquid COg show a remarkable correspondence, and it 
seems more likely that the difference is due to the mode of variation 
of c for the vapour in either case, since different indices are required 
to represent the other properties satisfactorily, in addition to the 
saturation-pressures. In this connection, it is perhaps noteworthy 
that, in order to make the value of c — b for steam at 374° C. equal 
to the critical volume 0-0521 (which depends chiefly on the author’s 
observations of the expansion of the liquid up to 373° C.), taking 
the value c = 0-4213 at 100° C., it would be sufficient to assume 
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that c varies as in extremely close agreement with the mode 

of variation required from 0° to 200° C. 

It would no doubt be possible to devise an equation capable of 
representing the properties of steam within the limits of experi- 
mental error over the whole range 0° to 374° C., but the experi- 
mental data available in the critical region are so inadequate and 
uncertain that it would be impossible to discriminate satisfactorily 
between a variety of possible types. The problem is by no means 
so easy as it looks, and the solution, when found, would necessarily 
be very cumbrous and inconvenient for practical calculations, as 
compared with the simple equations which suffice for the experi- 
mental range of the steam-engine. In the case of CO 2 , since the 
experimental range coincides with the critical region, it is impossible 
to avoid such complications, which otherwise would be regarded 
as prohibitive. But in the case of steam, it would be unreasonable 
to insist on the use of equations capable of representing the critical 
phenomena which are not required in practice. 


CHAPTER IX 


IDEAL CYCLES AND STANDARDS OF EFFICIENCY 

85. Application of the Laws of Thermodynamics to a 
Cycle. The application of the laws of thermodynamics to a cycle 
of operationSj such as are performed by a heat-engine, or can be 
represented on the indicator diagram, is so fully discussed in all 
the textbooks that a brief summary of the prineipal facts and 
formulae will be sufficient to explain the notation employed and the 
use of the tables in the caleulation of numerical results. 

First Law. The general expression of the first law as applied 
to a cycle is that the thermal equivalent AW of the work repre- 
sented by the area of the indicator diagram, is equal to the difference 
between the heat energy Q' received by the working substance 
and the heat energy Q" rejected by it in the performance of the 
cycle, as expressed by the simple equation 

AW = Q'- Q" (1) 

Second Law. Since all closed cycles which can properly be 
represented on the indicator diagram, are reversible so far as the 
working substance is concerned, it follows from the second law 
that the entropy of the heat received is equal to the entropy of the 
heat rejected in any such ideal cycle. 

Symmetrical Cycles. There are three principal types of sym- 
metrical cycles employed in heat-engines, characterised by the 
reception and rejection of heat, (1) at constant temperature, (2) at 
constant pressure, and (3) at constant volume. 

Constant T cycle. This is the Carnot cycle, consisting of four 
operations, which may be described as follows : 

(1) Reception of heat energy Q' at constant temperature T'. 
Since T is constant Q' = T' ~ Oq), where O — $0 is the increase 
of entropy. 

(2) Adiabatic expansion at constant €) to the lower tempera- 
ture T". 

(3) Rejection of heat energy Q"= T' (O — <E>o) at the tem- 
perature T". 
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(4) Adiabatic compression at constant Oo to the initial state 

T. 

These give the following simple and obvious relations between 
the change of entropy, the heat energy received, and the eqmvalen 
of the work : 

O _ Oq == Q'IT'= Q:'IT"= {Q: - T") = AWI{T'- T''). 

( 2 ) 

Consta 7 it P Cycle. This cycle comprises four symmetrical 
operations, similar to those of the Carnot cycle, except t at ea 
is received and rejected at constant pressure instead of at constant 

temperature. . 

(1) The heat energy Q' received at constant pressure is 

equal to the increase of total heat H'— Hq', where Hq is the initia 

and H' the final value of H during the heating. 

(2) The drop of total heat in adiabatic expansion from P 

to P" at constant 0 is denoted by the suffix cf) 

may be omitted if it is otherwise obvious that adiabatic expansion 

is intended. ,, 

(8) The heat energy Q." abstracted at constant pressure r 

is equal to the diminution of total heat H"— Hq required to 

restore the entropy to its initial value ^>o . 

(4) The working substance is restored to its initial state by 
adiabatic compression at during which operation the increase 
of total heat is Hq — Hq". 

We thus obtain the following general expression for AW 

AW = Q'- Q"= {IP - IP \ - {Hq' - II o')^, (3) 

the application of which is seen to depend on the evaluation of 
the heat-drop in adiabatic expansion at constant O. 

In the case of the steam-engine, the initial state of the fluid as 
supplied to the boiler by the feed-pump, is generally that of water 
at condenser temperature. The initial value of the total heat Hq 
is that of water h', under the saturation pressure p' of the boiler 
but at temperature T". The water is heated at constant pressure, 
and converted into steam of total heat IP, which is adiabatically 
expanded from^p' to p", with heat-drop IP- H" as before. But m 
the third operation the steam is completely condensed to water 
of total heat h" at the pressure p", by abstracting heat 

q;'=T" {^'- j>"). 

The water is returned to the boiler at pressure p' , in which operation 
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its total heat is raised from h" to h'. Since the changes of volume 
and temperature in this operation are negligible, the increase 
h'— h" is equal to the equivalent av {p'— p") of the work done by 
the feed-pump. The formula as applied to this case, becomes 

AW = H'- H"- (/^'- h") = H'~ H"- av {p'~ p”) 

= H'~ T" (O'- f '), (4) 

which is the general formula of the Rankine cycle described in 
the next section. 

Constant V Cycle. If the heat Q' is received at constant volume 
V', the increase of intrinsic energy E'- Eq during heating is equal 
to Q_'. Similarly if heat Q", is rejected at constant volume after 
expansion to V" , the heat rejected is equal to E"- E^', where Eq" 
is the final energy. If the expansion from E' to E" , and the com- 
pression from Eq" to Eq are adiabatic, we have 

AW = Q'- {E'- E'% - (Eo'- E,'\ (5) 

It is possible to calculate the values of E" and Eq" from the 
condition of constant entropy, if the properties of the working 
fluid are known. The constant volume cycle corresponds closely 
with that employed in the internal combustion engine, where heat 
is communicated to the working fluid by ignition of an inflammable 
mixture at constant volume in the working cylinder. This method 
is most appropriate when air is the working fluid, but is impracticable 
in the case of steam, because the only convenient method of 
supplying heat to steam is by the use of a separate boiler at constant 
pressure. On the other hand, the constant pressure cycle woifld be 
very inconvenient for a gas-engine or gas-turbine, owing to the 
size and inefficiency of the compression pump required, and the 
difflculty of avoiding excessive waste of heat if external combustion 
were employed. 

Expression for the Efficiency. In the case of an ideal gas, it is 
easy to calculate the expressions for the efficiency, which were 
first given by Rankine. 

For the constant V cycle, E'~ E" = Sy{T'— T"), where S^, 
the specific heat at constant volume, is assumed to be constant. 
The ratio T' jT" is (where n is the adiabatic index in 

the equation FT™ = K), and is equal to the ratio Tq/Tq", of the 
initial and final temperatures in compression. Making these 
substitutions the expression for the efficiency becomes 

AWIQ'= 1 - T"ir= 1 - 


(6) 
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Similarly in the constant-pressure cycle, if the working fluid 
is an ideal gas with Sp constant, we have H'— II = — T ), 

and the ratio T'/T" is equal to (P ’ from the adiabatic 
Pjpn+i _ The temperature ratio in compression is the same as 
that in expansion, and we obtain 

awiq'=^ 1 - r'ir= i - (P''ipj/^-+^^ (7) 

In both cases, the expression for the efficiency in terms of the 
temperature range is the same as that for the Carnot cycle, provided 
that T'lT" is interpreted as the temperature ratio in adiabatic 
expansion. 

If we imagine the area of the cycle on the indicator diagiam 
divided up into a number of elementary sections by means of a 
family of adiabatic curves, the efficiency of each elementary section 
will evidently be 1 — T" jT' , where T' jT" is the temperature ratio 
for the section considered. The same expression for the efficiency will 
therefore apply to a cycle of any form for any working substance 
whatever provided that the ratio T' JT" is the same for all the 
elementary adiabatic sections into which the cycle may be divided. 
This condition is always satisfied in the case of the Carnot cycle 
for any substance, but it is satisfied in special cases only, such as 
that of the ideal gas, when the reception and rejection of heat are 
at constant pressure or volume. 

When the ratio T'jT" is not the same for all the elementary 
adiabatic sections of the cycle, the work theoretically available 
must be calculated by a process of summation or integration for 
the elementary cycles. For each elementary cycle, if a small 
quantity of heat energy dQ is received at the upper limit T , the 
work available is dQJT' multiplied by the range of temperature 
T'—T" in the elementary section considered. The efficiency of the 
whole cycle is obtained by summing the available work for the 
elementary sections, and dividing by the whole quantity of heat 
energy supplied. It is always possible to perform the summation 
provided that the properties of the working fluid are known and 
that the operations of the cycle can be mathematically specified. 
In many cases the result can be expressed in a very simple manner 
in terms of the properties of the working fluid, and affords a most 
useful criterion of the performance of an engine working under the 
specified conditions, showing how much of the work theoretically 
available is actually realised, and indicating the directions in which 
improvement may be effected. 
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Standards in general use for this purpose are (1) the Rankine 
Cycle for the steam-engine, and (2) the Air Standard Cycle for 
the internal combustion engine as recommended by the Institution 
of Civil Engineers *. 

86. The Rankine Cycle. The Carnot cycle can seldom 
be realised in practice, because the practical limits of working are 
limits of volume and pressure rather than limits of temperature. 
It would be very difficult to arrange for all the heat to be received 
by the working fluid at one temperature, especially in the case of 
superheated steam. In the steam-engine heat is supplied at the 
constant pressure of the boiler, giving a constant temperature of 
vaporisation, but the heat of the liquid and the superheat of the 
steam are supplied at different temperatures. Heat is rejected at 
the constant pressure of the condenser, so that the temperature of 
rejection is constant if the steam is saturated. 

Rankine {Phil. Trans. R. S. Lon., Jan. 1854) was the fii-st to 
calculate the maximum work obtainable from a heat-engine 
receiving dry saturated steam at a temperature T', and condensing 
the steam completely at T". Expressed in our notation, the formula 
which he gave for the work obtainable per unit mass of steam was 
as follows 

W = JL' {T'~ r')/T'+ Js [T'- T"-T" log, {T IT")],...{S) 

where J is the mechanical equivalent of heat, L' the latent heat 
of vaporisation at T', and s the specific heat of the liquid, which 
is taken as constant. 

The first term on the right hand side is the mechanical equi- 
valent of the product of the entropy of vaporisation L'jT' by the 
range of temperature T'- T", since the latent heat of vaporisation 
is all received at one temperature T. The second term is more 
complicated, and represents the work obtainable from the heat 
supplied in heating the water from T" to T under constant 
pressure, which heat is taken in by the liquid at all intermediate 
temperatures, ranging from T" to T. The expression for this part 
of the work is obtained as follows. 

If a small quantity of heat sdT is received by the liquid at any 
intermediate temperature T, the part convertible into work is the 
product of the entropy sdTjT, by the available range, T - T", 
which gives the expression JsdT (1 - T"IT) for the corresponding 

* Sir D. Clerk, Oas Engine, vol. i, p. 83. 
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element of work obtainable. The second term in the formula given 
by Rankine represents the integral of this expression from T" to 
T\ on the assumption that s is constant. 

More accurately, if 5 is not assumed to be constant, the integral 
of sdT is the increase of total heat h of the liquid from T" to T 
under the constant boiler pressure ja'; and the integral of sT'dTjT 
is the corresponding increase of entropy multiplied by T". This 
remains true however s may vary. 

A similar expression for the work obtainable was subsequently 
given by Clausius (Poggendorff’s Annalen, March 1856), precisely 
equivalent to Rankine’s formula with the exception that a factor 
corresponding to the dryness fraction q was introduced into the 
first term, so as to cover the case of steam initially wet. Rankine 
clearly had priority of publication, so that the name “Rankine 
Cycle” appears to be more appropriate than the name “Clausius 
Cycle,” which is always given to this cycle in German works, and 
is often found in American textbooks. 

In accordance with a recommendation of a Committee of the 
Institution of Civil Engineers {Proc. Inst. C. E., 134, Part IV, p. 284, 
1898), the work obtainable in the Rankine cycle is now generally 
taken as a standard of comparison for the performance of steam- 
engines, because the Carnot cycle leads to an exaggerated idea of the 
possible performance, especially in the case of superheated steam. 

In the formula recommended by the Committee for saturated 
steam, the specific heat s of the liquid was taken as unity, which is 
near enough for all practical purposes, though not theoretically 
exact. The corresponding formula recommended by the Committee 
for superheated steam, contains the additional term 

JS (Ti - T'~ T" log, Ti/r), 

which represents the work obtainable from the heat required to 
superheat the steam at constant pressure p' from T' to if the 
specific heat S of the superheated steam is taken as constant. This 
term is calculated in exactly the same way as the corresponding 
term for the liquid. The Committee proposed Regnault’s value, 
S = 0-48, for the specific heat, but expressed a doubt as to its 
accuracy. As is now generally recognised, the appropriate value 
of S is somewhat larger and certainly variable, depending both on 
the pressure and on the temperature. 

On account of the differences between various tables of the 
properties of steam, it is useful to have an authoritative formula 
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of this kind as a standard of reference, but in practice it is pre- 
ferable to take the required values of H, O, etc. from the tables, 
in place of working out the Rankine formula, because this saves 
a great deal of trouble, besides making it possible to take consistent 
account of the variation of specific beat. 

The expression given by Rankine tacitly assumes that the 
temperature of the liquid, after adiabatic compression to boiler 
pressure, is the same as the temperature T" of condensation. This 
is not exactly true, since the liquid will in general be heated by 
compression. In the case of water at low temperatures, the error 
of this assumption is quite negligible, but it may be appreciable in 
the case of other liquids, such as carbon dioxide, when used in the 
neighbourhood of the critical point for refrigeration purposes with 
a similar cycle. 

87. Graphic Representation of the Rankine Cycle on 

the PV and TO Diagrams. Many of these points are more 
clearly brought out when the operations of the cycle are repre- 
sented on the temperature-eutropy and indicator diagrams, as 
in the accompanying figures, which are drawn approximately to 
scale for carbon dioxide, because the behaviour of the liquid cannot 
be shown satisfactorily when the diagram is drawn to scale for water. 

The curve AC in either figure is the saturation line, showing the 
relation between T and <I), or P and F, respectively, for the liquid 
under saturation pressure. The curve CB is the saturation line for 
the vapour. C is the critical point. Any point such as k inside the 
boundary ACB, represents a mixture of liquid and vapour in the 
proportion of dh to ck. 

Starting from the point A, representing the state of liquid COg 
at 0° C., under the saturation pressure of 500 lbs. per sq. in. abs., 
in either diagram, (1) the line Kb represents the adiabatic com- 
pression of the liquid to the higher limit of pressure represented 
by 900 lbs. The temperature is raised 8° in this process, and the 
volume is slightly diminished, (2) The line hcde represents heating 
at constant pressure. The part he represents heating of the liquid 
to saturation temperature and volume. The part cd represents 
vaporisation at constant temperature T', with absorption of latent 
heat L', and increase of volume from v^' to Vg. The part de repre- 
sents superheating of the vapour at constant pressure with a further 
increase of volume. The increase of total heat from & to e is repre- 
sented by H'— h' in the general formula (4). 
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(S) The line efg represents the adiabatic expansion of the vapour, 
with a drop of total heat from H' to H", corresponding to the 
pressure drop from P' to P". In the diagram, efg is a vertical 
straight line, because the entropy is constant. In the PV diagram, 
the two parts ef and fg of the curve meet at a slight angle at the 
point/ where the adiabatic crosses the saturation line, because the 
form of the curve for the dry vapour is slightly different from that 
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Mg. 20. and PV Diagrams of Rankine Cycle for COg. 

for the wet mixture. The dryness fraction q at the point g is repre- 
sented by the ratio of the length Ag to the length AB in either 
diagram. 

(4) The last operation is the condensation of the wet vapour, 
represented by the line gA, in which heat H"- h" is abstracted 
at the lower pressure. 

The area of any closed reversible cycle on the TO diagram 
represents the heat converted into work. The corresponding closed 
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area on the PV diagram represents the work obtained, so that the 
areas are equivalent. The area of the Rankine cycle is not exactly 
represented by taking the saturation line Ac for the liquid in place 
of the broken line Abe. The difference is quite appreciable in the 
case of carbon dioxide, but immaterial in the ease of water at low 
temperatures. 

The work done by the feed-pump is represented by the area 
OAbp on the indicator diagram, which is equal to {P' — P") v, 
where v is the mean volume of the liquid during compression. Even 
in an extreme ease like that of COg, the area in question is very 
nearly a rectangle. This area is not represented at all on the 
diagram, because the energy is supplied as work and not as heat. 
The whole area Ogep on the indicator diagram, to the line of zero 
volume, accurately represents the work-equivalent of the adiabatic 
heat-drop H'— H" of the vapour, being the integral of VdP from 
P" to P', from which the work of the feed-pump must be deducted 
to get the area of the cycle. The area AcdefgA is not exactly equi- 
valent to H'— II", though this is commonly assumed in using 
the diagram. The error of this assumption, represented by 
the area OAcbp on the PV diagram, is of the same order of magni- 
tude as the work of the feed-pump, about 20 per cent, in the 
present case. 

88. The Adiabatic Heat-Drop. The quantity most often 
required is the work obtainable in the cylinder of the engine, which 
is directly given by the adiabatic heat-drop II'~ H", without 
applying the small correction for the feed-pump work required in 
the case of the Rankine cycle. In any case it is important to be 
able to determine readily the value of the total heat H" at any 
point of .the expansion when the entropy <D' remains constant. 
Either IP— H" or H" is directly obtained from the formula (4) 
already given for the Rankine cycle by transferring the small 
term h'— h" to the right hand side of the equation, which gives 

IP- II"= PL'- T"^'+ T"f"- /^"= H'- G", ...(9) 

or II" = T"^'- G", (10) 

where G"= T"<j>"— h" by definition. Since G is the same function 
of the temperature for either wet steam or water, the only difficulty 
in applying this formula is to find the initial value of the entropy 
O', which necessarily depends on the data given for the initial state. 

In any practical problem, it is usually necessary to find the 
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final value of the volume V' in addition to the total heat, but this 
is easily deduced from the total heat by the aid of the relations 
already given. The two cases of dry and wet steam will be treated 
separately on account of the difference of the expressions required 
in applying the formula, but the principle of the method is the 
same in both cases. The differences arise only from variations in 
the possible data, since the state of wet steam cannot be fixed by 
the pressure and temperature alone as in the case of dry steam. 
In many cases the final volume is given in place of the pressure 
or temperature, which necessitates a slight variation in the 
procedure. 

It is sometimes necessary to distinguish between (1) the work 
done in adiabatic flow, which is the equivalent of the Heat-Drop 
H'— H", and (2) the work done in adiabatic expansion, which is 
the equivalent of the Energy-Drop E'— E", and is seldom required 
in practice. In a reciprocating engine, the heat-drop is the equi- 
valent of the total work obtainable in the cylinder, and includes the 
work {P'V) done by the admission of the steam and the work 
(— P"V") done in exhausting the steam, in addition to the work 
of expansion J {E'~ E"). Similarly in steady flow through a 
turbine, the total work done is the equivalent of the Heat-Drop, and 
not of the Energy-Drop. The latter is so seldom required that the 
term expansion may be used generally to include the case of steady 
flow, unless otherwise specified. 

89. Adiabatic Expansion of Dry Steam. If the final 
state is dry as weU as the initial state, as may frequently happen in 
the early stages of expansion with superheated or supersaturated 
steam, it is often advantageous to calculate the heat-drop, or the 
final state, directly from the adiabatic equations, which are the 
same as those of a perfect gas. The advantage of this procedure is 
most evident when small differences are in question, as in cal- 
culating the discharge through a nozzle. The use of the tables for 
dry steam involves a double interpolation for both T and P, which 
is troublesome to perform with the necessary degree of accuracy. 
Whereas the adiabatic equations are extremely simple, especially 
if the small quantity b is neglected, as is usually done in the case 
of gases. The values of 0 and G are seldom required if the initial 
and final states are both dry, because, if either P, or V, or t, is 
given for the final state, the other two are easily calculated without 
reference to O or G. The adiabatic heat-drop is most easily found 
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from the formulae, given on p. 229, and in Appendix III, and the 
value of V is most easily calculated from that of H. 

The tables are most useful for finding the initial values of H, 
€>, V, and G, when the range of expansion is considerable, and the 
final state is saturated. The value of H is the easiest to find by inter- 
polation in the tables, since the differences are small and regular. 
When required below the tabulated limit of 100° C. for dry steam, 
li may easily be obtained with great accuracy from the formula, 
H = SqT — SCP + 464 (F.P.C.), which for purposes of numerical 
calculation takes the form 

H = 594-32 -f- 0-4772i5-P(c- 0-0037)/2-2436 (F.P.C.). ...(11) 
The last term, representing SCP, being small, can be worked on a 
small slide-rule, with values of c from Table III (c). The small 
constant 0-0037 to be subtracted from c, represents Sb/lS; and the 
factor 2-2436, representing S/lBa, is the same as that required for 
finding F by the formula 

V = 2-2436 {H - B)IP + 0-0123 (F.P.C.), (12) 

which is most often required, and is given for other systems of 
units in the Steam Tables, App. III. Unless small differences are 
in question, the initial and final values of H and V may often be 
obtained with sufficient approximation by reading the diagram, 
as explained in Appendix II. 


90. Adiabatic Expansion of Wet Steam. The usual 
method of finding H" in adiabatic expansion for wet steam, is 
to find the final quality or dryness fraction q" from the equation of 
constant entropy, 0"= <!)', or 

f '+ q"L"IT"= cl>'+ q'L'/r, (13) 

and to deduce R" and V" by means of q" from the relations 


q"L"+ h", F"= q"V;'+ (1 


where F/' is the tabulated volume of dry saturated steam at the 


final pressure. 

This method involves the tabulation of the five quantities, 
V, cj), h, L, and L/T in addition to p, t, O, H, and F, and gives the 
required drop of total heat R'-R" as the difference between two 
large quantities, eaeh of which must be carefully calculated when 
small differences are in question. The method is somewhat in- 
convenient in practice when the final volume, or the ratio of ex- 
pansion, is given in place of the final pressure or temperature. 

1^— " 2 
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When the final volume is the given quantity it is first necessary to 
find the final pressure, which is generally calculated by employing 
Zeuner’s empirical formula, namely, 

ppi.oss+aVio =, constant (15) 

This equation gives a fair qualitative representation of the 
adiabatics of wet steam over the range required in practice, but it 
is found on closer investigation that it does not agree with the tables, 
unless the index is taken as a function of the initial and final 
pressures, as well as of the wetness. Thus for steam nearly dry at 
200° C., the initial value of the index is 1T55 in place of 1T35, 
but falls below the latter value when the range of expansion 
(starting at 200° C.) is extended below 100° C. The error at low 
pressures may amount to 15 or 20 cals. C. in the heat-drop. Many 
attempts have been made to express the variation of the index in 
terms of pressure or temperature for different ranges, but the 
resulting expressions are too complicated to be of much practical 
use. Even in its simplest shape, the formula is somewhat trouble- 
some to work. It cannot be applied to superheated steam, and the 
results are often less accurate than those which may be obtained 
by simple inspection of a diagram (see Example 1, below). 

If more exact results are required than can be obtained from a 
diagram the method of the next section based on the thermo- 
dynamic potential G is generally the most convenient. 

To find p" and t" if V" is given. If the final volume is known, 
but not the temperature or pressure, as is the case when the ratio 
of expansion alone is given, the usual procedure for calculating q 
fails. The main object of Zeuner’s equation is to meet this case by 
calculating the final pressure from the ratio of expansion. It is 
weU known that Zeuner’s equation does not give p very accurately 
from V. An exact solution, however, may easily be found by trial 
from the simple expression for V /V^ already given, with the aid of 
the tables for V, H, and G for saturated steam. If the final volume 
of wet mixture V is given, the value of is known approximately, 
since it must be a little greater than V. This gives an approximate 
value of the temperature, and therefore of and G, from which V 
may be calculated for comparison with the given value. After 
two trials, the exact answer can always be found by interpolation. 

Example 1. The following example will make the procedure clear. 
Given 0'= 1-600, from the initial state, find the pressure and 
temperature when the steam has expanded to a volume of 200 cu. ft. 
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per lb. The answer can be found approximately from any diagram 
on which both volume and entropy are shown. Inspection of the 
diagram accompanying this book gives immediately 

p"=l-37, r=44-5°C., H"= 505, q’'= 0-807. 

To find a more accurate solution from the tables, take as a trial 
solution, 

t"= 45°, 244-30, H;'= 615-34, G"= 3-50, H''= 505-45. 

This gives 

V"IV,''= (505-45 - 44-85)/(615-34 ~ 44-85)*, 
or F"= 197-23. Taking t"= 44°, F,"= 256-45, 614-88, 

G"= 3-35, gives V"= 206-63. By interpolation 

t''= 44 + 6-63/9-40 = 44-71°, 1-3694, G"= 3-46. 

Whence H"— T"^'— G"= 508-48 — 3-46 = 505-02, which confirms 
the diagram. Since V^" at 44-71°= 247-8, 

(1 _ q") = 47-8/247-8= -1930, 

or g"= -8070. 

It is seldom worth while, except when small differences are 
required, to solve problems of this land more accurately than they 
can be solved by inspection of the diagram. It should be observed, 
however, that it is a great advantage to have both F and 0 shown 
on the same diagram. As a rule, they are shown on different dia- 
grams (e.g. those of Mollier) and it would be necessary to find by 
trial a point on the line O = 1-60 on one diagram giving the same 
state as a point on the line F = 200 on the other. This is so trouble- 
some and confusing in practice that it is generally better to use 
the tables, if a suitable single diagram such as that explained in 
Appendix II, is not available. 

91. Use of the Potential G in Adiabatic Expansion. 

The thermodynamic potential G being defined by the general 
relation 

G = T(h-//, (16) 

the expression for the heat-drop H'— H" when $'= O" is evidently 
H'- Lf"= (r- T") O'- {G'- G"), (17) 

which applies to any state of the steam, whether wet or dry, 
* See equation (18), next page. E" from G" by (10). 
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superheated or supersaturated, provided that the proper values of 
G are inserted in the formula. The use of this expression is most 
advantageous in the case of wet steam, because G is the same for 
water and steam in equilibrium, and its value for any mixture of 
water and steam is therefore independent of the composition of 
the mixture. 

The defect of volume V,"- V" due to wetness is directly 
obtained by the equation 

V,"- V," (//;'- st), (is) 

from the corresponding defect of total heat Hg"— H” due to 
wetness, without the necessity of calculating q". This expression is 
exact, according to the author’s equations, and does not require 
any correction for the volume of the liquid or for the variation of 
the specific heat. The value of st is t — i/300, but it may generally 
be taken as t simply, since st itself is small compared with H. 

The advantage of this method is that the required drop of 
total heat, and the required defect of volume, are directly given as 
small terms which may generally be calculated with a small slide- 
rule. The single quantity G is tabulated in place of the five quantities 
V, h, (j), L, and LjT, which are so seldom required for other purposes, 
and are so easily calculated by the author’s formulae, as not to 
require close tabulation. This effects a considerable simplification 
in the tables, and makes it possible to include all three systems of 
units in one table, App. Ill, Steam Table II, which is a matter of 
great convenience in comparing the results of experiments recorded 
in different systems of units. 

Since G"= T"(b"— H"= T''(^g"— Hg", for wet steam, where 
Og" and Hg" are the tabulated values of the entropy and total heat 
of dry saturated steam at T", the same formula may also be written 
in the convenient shape 

H'- H"= T" (fi)/'- O') + H'- Hg", (19) 

which is easy to work by taking Og" and Hg" from the tables for 
saturated steam in place of G' and G". But the formula in this 
shape applies only when the final state is wet, and it is necessary 
to find T" by adding 273T° C. or 459-6° F. to the tabulated value 
of t" . The results obtained will not be quite so accurate as those 
given by the G formula unless Og is tabulated to five places of 
decimals. Since H' occurs on both sides of the equation, it is 
evident that the formula in this shape is simply equivalent to 


IX] IDEAL CYCLES AND STANDARDS OF EFFICIENCY 215 

^ ~ ~ ^ (®s~ which is obvious, and is often convenient 

if O' is given and H" alone is required in place of H'- H". 

It was not considered worth while to tabulate T in addition 
to t, because the G formula for the heat-drop involves only the 
difference T — T" , which is the same as t' ~ t" , and because T is 
so easily obtained from t on the few occasions on which it is required. 
The potential G on the other hand is troublesome to calculate, and 
is worth tabulating for many other reasons. 

When it is required to calculate a number of values of the 
heat-drop DH from a given initial state to several different 
final states, the formula (17) in terms of G will be found the most 
convenient, since <!)' and G' are the same for each value of DH to 
be calculated. The work may conveniently be arranged as in the 
following example. 

Example 2, Find DH^ from the initial state P = 160 lbs,, 
t = 200° C., to each of the final states, P = 80, 40, 20, 10, 5, 2, 
and 1 lb, 

Here(I)'= 1-59123 from Table VI, and G'= 76-40 from Table VII, 


Final P 
Final t 

80 

165-62 

40 

130-67 

20 

108-87 

10 

89-58 

5 

72-38 

2 

52-27 

1 

38-74 

Diff. t'-t" 

44-48 

69-33 

91-13 

110-42 

127-62 

147-73 

161-26 

Diff. X (^i'' -1) 

26-30 

40-99 

53-88 

65-29 

75-46 

87-35 

95-35 

Add 0" 

37-64 

27-12 

19-22 

13-26 

8-81 

4-69 

2-61 

Subtract G' 

- 76-40 

76-40 

76-40 

76-40 

76-40 

76-40 

76-40 

DH^ = 

31-92 

61-04 

87-83 

112-57 

135-49 

163-37 

182-82 


The difference t' - t" is multiplied by <!)'- 1 and added to 
t'— t" because this gives better accuracy with the Fuller slide-rule 
employed for the multiplication of t' — t" by the constant factor 
0-59123. If the second formula (19) for DH^, involving the term 
were employed for this purpose, we should have to 
look up Hg" and Og" in Table II in addition to t" at each point, 
and to find T" by adding 273-10. Both factors of the product 
T" (Og"— O') would be different in each case, which would add 
considerably to the work required. 

When on the other hand we require the heat-drop from several 
different initial states to the same final pressure, the second formula 
(19) is usually more convenient, since T" and Og" are constant; 
whereas both factors of the product (i^'— i") O' would be different 
at each point in the G formula. 
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Example 3. Find DHq> from 160 to 1 lb., with initial tempera- 
tures t = 200°, 250°, 800°, 350°, 400°, 450°, 500° C. T"= 311-84° C. 


Initial t 

200° 

260° 

0 

0 

0 

00 

350° 

400° 

450° 

600° 

Initial ($' - 1) 

0-59123 

0-64699 

0-69523 

0-73810 

0-77685 

0-81233 

0-84511 

Final 

0-97239 

0-97239 

0-97239 

0-97239 

0-97239 

0-97239 

0-97239 

Dili. - $0 

0-38116 

0-32540 

0-27716 

0-23429 

0-19554 

0-16006 

0-12728 

Initial 

676-41 

704-14 

730-55 

. 756-16 

781-25 

806-00 

830-52 


118-87 

101-47 

86-43 

73-06 

60-98 

49-91 

39-69 

Subtract H^' 

-612-46 

612-46 

1 

612-46 

612-46 

612-46 

612-46 

612-46 


182-82 

i 193-15 

204-52 

216-76 

229-77 

243-45 

257-75 


92. Tablfes of Adiabatic Heat-Drop. The adiabatic 
heat-drop is required as a standard of comparison for the per- 
formance of steam engines and turbines, and is often tabulated with 
this object, especially in relation to the efficiency required or 
guaranteed in commercial specifications. Tables of heat-drop in 
B.Th.U. based on the author’s formulae have been published* for 
this particular purpose covering a range of 27 to 29 inches vacuum 
in tenths of an inch, with 50 to 400 lbs. initial pressure and 0° 
to 300° F. superheat at intervals of 10 lbs. and 25° F. These contain 
upwards of 12,000 entries, and are very complete for the required 
purpose; but the possible variety of initial and final states is so 
great, and there are so many different systems of specifying the 
measurement of pressure and temperature, that it would be im- 
practicable to construct tables of this kind to meet all possible cases. 

The Steam Table VIII of heat-drop in calories Centigrade, 
given in Appendix III, covers a wide range of initial states, but is 
restricted to a final pressure of 1 lb. It will be found useful for a 
similar purpose, but requires the application of a vacuum correction 
if the final pressure differs from 1 lb. The table is arranged to 
correspond with Steam Tables IV, V, VI, and VII, of H, V, O, 
and G, so that the initial values of these quantities are easily 
obtained if required in the case of superheated steam. In the case 
of steam below the saturation limit, the initial states are defined 
by the values of H given in Steam Table IV, but the initial state 
is taken as wet saturated instead of dry supersaturated, so that 
the initial values of V, 0, and G are different, and must be 
deduced from H, if required, with the aid of Steam Table II 
for saturated steam. This is equivalent to supj)osing that the dry 
* Edward Arnold, 1917. 
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supersaturated steam of Tables V, VI, and VII, is transformed 
mto wet saturated at constant P and II, as would actually 
Happen if the dry supersaturated steam were discharged into a 
receiver mthout loss of heat. The initial temperatures for super- 
heated steam are those given in the column on the left; the initial 
temperatures for steam below the saturation limit, are the satura- 
tion temperatures given in the lowest line of the table, together 
Wit the values of the heat-drop for dry saturated steam, 
rrom the given initial pressures to a final pressure of 1 lb. 

The values are tabulated to two places of decimals, in ease they 
mj^ be required for small differences, but ovnng to the number of 
ifferent figures from other tables involved in the calculation of 
each separate result, the errors may often exceed one in the last 
figure of the heat-drop. 

Values of the heat-drop to 1 lb., for initial pressures and tem- 
peratures intermediate between those tabulated, may generally 
be obtained with sufficient accuracy for most purposes by linear 
interpolation. But at low pressures, where the intervals are re- 
latively large, it is sometimes advisable to emplov the special rule 
for <D and G given in the Steam Tables, App.'' Ill, § 202. The 
largest interval (ratio 2/3) is that between 20 and 30 lbs., which is 
very seldom required. To find the heat-drop from 25 lbs. at 200° C 
by linear interpolation, we should add half the tabular difference 
13A1 to 117-06, giving 123-82. By the special rule, the half- 
difference 6-76 should be increased in this case b}?- 1/lOth, or 0-68, 
giving 124-50 as the correct result. The error of linear interpolation 
between tabulated values P' and P" can never exceed 

{P'~ P")/4 (P'+ P") 

of the tabular difference, e.g. between 90 and 100 lbs. the maximum 
error amounts to less than l/20th of a calorie, and between 450 
and 500 lbs. to about l/30th. Linear interpolation for temperature 
difference is quite satisfactory, and may be effected simultaneously 
with that for pressure difference by adding the appropriate fraction 
of the tabular difference for 10°. 

Tq coriect the heat-drop to any other final temperature t^, 
in place of t^ == 38-74 C., the value for 1 lb., we have to add 
{t^ - t^) O'- ((?! - (?g), the heat-drop from t-^ to t.^ at O', the initial 
value of the entropy. This is easier than calculating the whole 
heat-drop, because G' is not required, an approximate value of O' 
suffices, and the multiplication can be done on a small slide-rule. 
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I 

Thus to find the heat-drop from 25 lbs. at 200° C., to 2 lbs. in place f 

of lib., we find <!»'= 1-814 from Table VI, = 52-27° C., and 
(?2 = 4-69 from Table II, whence the required correction^ is 
13-53 X 1-814 - 2-08 = 22-47, to be subtracted from 124-50, giving 
102-03 for the heat-drop to 2 lbs. or 25-92" vacuum (Bar. 30 ). 

But this is an extreme case. The vacuum correction seldom exceeds 
10 cals. C. The correct value of the heat-drop, directly calculated 
with 0'= 1-81425, G'= 170-70, by 7-figure logarithms, comes out ' 

102-02, which agrees within the probable limits of error of the 

tabular data. 1 

Table VIII differs from Steam Tables IV, V, VI, and VII, by 
the addition of the first column for an initial pressure of 15 lbs. 

This has been added to include the case of low-pressure turbines, 
which generally work with an initial pressure between 15 and 20 lbs. 

The maximum error of linear interpolation between 15 and 20 lbs. | 

cannot exceed 1/28 of the tabular difference, which is nearly 10 cals. 

at all degrees of superheat. This amounts to 0-35 per cent, of the 

heat-drop at the lower initial temperatures in the table, so that it 

may be advisable to correct the result of linear interpolation by the , 

special rule already quoted, which takes in this case the following 

form. 

When the given initial pressure P is intermediate between 15 -i 

and 20 lbs., find by linear interpolation the fraction (P - 15)/5 
of the tabular difference D at the given initial temperature, increase 
it by the fraction (20 - P)/2P of itself, and add the result to the i- 

tabulated heat-drop at 15. 

Thus if P == 17, t = 200°, D = 9-68, the correction by linear 
interpolation is 3-87. This must be increased by 3/34 of itself, or 
0-34 cal. giving the result 107-38 + 3-87 + 0-34 = 111-59 cals. C. 

The initial values of H at 15 lbs. are easily found, if required, 
by adding 5SC to the tabulated values at 20 lbs., or half the 
difference for 10 lbs., namely lOSC, given in the first column of ^ 

Table IV. The value at the given initial pressure may be obtained 
with equal ease by adding the appropriate fraction of lOiSC, e.g. 
at 17 lbs. and 200° C., add 0-3 x 0-834 = 0-25 to P = 688-08 at 
20 lbs. Similarly, to find the initial value of the entropy, if required 
for the vacuum-correction, add to the tabulated value of the 
entropy in Table VI at 20 lbs. the fraction (20 - P)/5 of 0-032, 
since the value of the entropy at 15 lbs. exceeds that at 20 lbs. 
by the nearly constant quantity 0-032, which is accurate enough 
for the purpose of the vacuum-correction, though not for the whole 
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heat-drop. The initial value of G is not required for the vacuum- 
correction, and that of V may be most easily obtained from H by 
the usual formula for dry steam. 

It will be seen that most of these corrections are insignificant 
in practice, but they may be required if it is desired to investigate 
the probable effect of small changes in the initial conditions. 

93. Absolute Thermal Efficiency of the Rankine Cycle. 

The efficiency of the cycle, or the fraction of the heat received 
, which is converted into work, is readily obtained from the expres- 

sions previously given for the work done per cycle. The heat received 
is the change of total heat H'— h' at constant pressure p', from the 
state of water at the lower temperature to that of steam at the 
upper limit of superheat. The heat rejected is the product of the 
I corresponding change of entropy <!)'— (f)' by the temperature T". 

The heat converted is H'— A'— T" (O'— which may also be 
put in the form H'— H"— {h'~ h"), where R'— H" represents the 
I ' work done by the steam, and h'— li" the work of the feed-pump 

! Aw = av" {p' — p"). We have therefore the following expressions 

for the efficiency AWjQ', 

AWIQ'= 1 - T" (O'- f )/(i?'- /^') = {H'- R"- Aw)j{R'- h"- Aw), 

( 20 ) 

of which the second is the most convenient for use with the tables, 
when combined with the formula already given for the heat-drop 
R'- R". 

The performance of an engine is commonly expressed in terms 
of the number of pounds of steam required per horse-power-hour 
of 1,980,000 foot-pounds (H.P.H.). The work obtainable per pound 
of steam in the Rankine cycle being represented by 

1400 {R'- R"- Aw), 

the number of pounds of steam required per H.P.H. is given by 
the numerical formula, 1414-3/(H'— R"- Aw). This is a favourite 
method of expression in the case of superheated steam, but is very 
misleading, because it obscures the fact that a pound of super- 
heated steam contains more heat, and requires more fuel to 
produce it, than a pound of saturated steam. The theoretical 
I improvement in efficiency by superheating is comparatively small 

even when the superheat is considerable, as showm in the following 
example, in which supersaturation (§ 137) is excluded. 
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Example 4. Efficiency of the Rankine Cycle for steam at 200 lbs. 
condensing at 40° C., 'vvith various initial temperatures. 


Initial 

H' 

¥ 

G' 

H'-H” 

AW 

H'-¥ 

Efaciency 

Lbs./ 

H.P.H. 

194-36° 

669-69 

1-5538 

56-69 

185-96 

186-62 

629-47 

•2949 

7-618 

300° 

728-82 

1-6682 

227-24 

209-49 

209-16 

688-60 

•3037 

6-761 

400° 

780-26 

1-7511 

398-37 

234-79 

234-46 

740-04 

•3168 

6-031 

500° 

829-93 

1-8199 

577-02 

262-93 

262-60 

789-71 

•3326 

5-385 


Final state, p"= 1-0703, G"= 2-78, Aw = 0-33, 7i'= h"+ Aw = 40-22. 


The calculation of the heat-drop by the formula 

H'- H"= {f- t") G'+ G" 

is very easy, but is not so advantageous in the case of highly super- 
heated steam as in the ease of wet steam, because the value of 
G' may be large, as in the last example, and the range t'— t" is also 
large. When the absolute thermal efficiency is required in addition 
to the heat-drop, it is necessary to take H' from the tables in any 
case, and the heat-drop may be found by the equally simple 
formula 

H'- H"= H'- r'O'-f G"= H'- H;'+ T” (0/'- <D'), 

which is just as easy to work, and saves looking up G'. The formula 
in terms of G is more convenient when the heat-drop is small, 
especially if H' is not required. The second is often preferable 
when the superheat is considerable, and W is required for other 
purposes. See Ex. 3. 

The above method of calculation is much simpler and more 
accurate than working out the Rankine formula with S = -48, and 
5 = 1, but there is no great difference in the results if the same 
values of L are employed. The usual method of working out the 
dryness fraction q as an intermediate step with the aid of ^ and 
LJT, and deducing H" from q, L", and h", involves more arith- 
metic, but is otherwise exaetly equivalent to employing G, provided 
that H and h are defined by the same expressions. 

The correction for the feed-pump work Aw is of the same order 
of magnitude as the effect of the variation of the specific heat. 
Both are generally less than errors of observation, and are unimpor- 
tant for practical purposes; but neither can be exactly applied 
unless the relations of h, L, and H are defined with much greater 
precision than is usually attempted. The method of applying the 
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correction given in the above example, is that required by the 
author s equations and definitions. The assumption 
h'~ h"— Aw ~ av" {p'— _p"), 

in adiabatic compression of the liquid from p" to p', is very accurate, 
and the value of G" takes exact account of the variation of specific 
heat according to the formula assumed for h” under saturation ' 
pressure. The effect of the variation of S for the vapour is also 
exactly represented in the expressions for (!>' and G'. But when 
purely empirical formulae are employed for these various quantities 
it is very difficult to say how the corrections should be applied or 
to interpret the application of the formulae in special cases. Thus 
if Regnault s formulae are used for H and h, it is difficult to say 
exactly what they mean, or to specify the variation of s and L. 
They have in fact been interpreted and applied in different ways 
with inconsistent results. 

94. The Efficiency Ratio, and the Relative Effici- 
ency , F. The drop of total heat in isentropic expansion, calcu- 
lated by the method above explained, gives the thermal equivalent 
of the work theoretically obtainable under the condition of steady 
flow from a higher to a lower pressure, and can be calculated very 
accurately in any case, since it depends only on the properties 
of the working fluid in the initial and final states. The thermal 
equivalent of the work actually done by the steam in an engine 
or turbine for the same initial state and final pressure, must 
always be less than the ideal value thus calcrdated, provided 
that no additional heat is supphed after the steam has reached 
the engine. The ratio of the work done to the work theoretically 
obtainable in the engine is a measure of the relative efficiency 
which is of greater practical utility than the absolute thermal 
efficiency, because it affords a fair estimate of the thermal losses 
due to imperfect fulfilment of the theoretical conditions. 

The relative efficiency having been determined for different 
types of engine under various conditions by direct experiment, 
supplies a convenient means of estimating the performance to be 
expected in any given case, or the dimensions required in designing 
an engine for a particular purpose. But since its value cannot be 
determined by experiment, or predicted by theory, with a high 
degree of accuracy, no practical advantage is gained by insisting 
on small corrections, such as the work done by the feed-pump, or 
by distinguishing between the work done in the Rankine cycle and 


222 PROPERTIES OF STEAM [ch. 

the work-equivalent of the heat-drop in adiabatie expansion. The 
relative efficiency, denoted by F, will therefore be defined and 
employed in the present work as the ratio of the thermal equivalent 
AW of the indicated work per pound of steam to the adiabatic 
heat-drop {W - H'% calculated from the tables, or read on the 
diagram, for the same initial state and final pressure. The relative 
efficieney thus defined is for all practical purposes the same as the 
ratio of the thermodynamic efficiency of the actual engine to that 
of the Rankine cycle, which is commonly called the “Efficiency 
Ratio.” It is easy to allow for the difference in any case in which 
the accuracy of the caleulations makes it worth while, but the 
“relative efficiency” F as here defined is the most useful quantity 
to employ in theoretical calculations. 

It follows immediately from the above definition of the relative 
efficiency F that, if M is the mass-flow, or the steam supplied to the 
engine, in pounds per second, the indicated horse-power, I.PI.P., 
is given by the equation 

I.H.P. = 2-5454MF (H'- H'% (F.P.C.) 

= 1-4141MF {H'- H")^ (F.P.F.) (21) 

The English horse-power is taken as 88,000 foot-pounds per 
minute at London. If the French horse-power (F.H.P.) or Cheval- 
Vapeur, is taken as 75 kilogrammetres per second in latitude 45°, 
and M is in kilograms per sec., the corresponding expression for 
the French horse-power in (K.M.C.) units is 

French I.H.P.== 5-694MF {H'- H"\ (K.M.C.). ...(22) 

To find the consumption of steam in pounds or kilograms per 
I.H.P. hour we have 

Lbs./(I.H.P.H.) = 8600M/(I.H.P.) 

= 1414-3/F {E'- H")^ (F.P.C.) 

= 2546/F {H'- E"\ (F.P.F.) (28) 

Kg./(F.I-I.P.H.) = 682-8/F {E'- E"\ (K.M.C.), 

which are useful for finding the value of F, when the consumption 
is given, by taking {E'- E")^ from the tables or diagram for the 
given conditions. 

By equation II (2), if there is no external loss of heat, and if 
the kinetic energy of the steam at release is included in the final 
value of H" (as would be the case if the total energy rejected 
were actually measured in a calorimeter), the actual heat-drop 
{H'~ H") will be equal to the effective heat-drop given by the 
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produ^ F {H ~ H )^. The effective heat-drop may be estimated 
rom the value of F in this manner, or may be calculated from the 
actual heat-drop measured experimentally, by applying a correc- 
tion for the external heat-loss. 

In many cases the external heat-loss may be neglected, being 
small or less than the uncertainty of F. The actual final value of 
hi IS thus known approximately, and the state of the steam at 
intermediate points of the expansion may be inferred with a fail- 
degree of probability, or represented by a suitable curve on the 
diagram. This method is particularly useful in treating problems 
relating to nozzles and turbines, when the flow is continuous, and 
the intermediate states lie on a continuous curve. 

Detailed examples of the applications of these and similar 
methods are given as illustrations of the use of the diagram, which 
affords ample accuracy in nearly all cases in which the relative 
efficiency enters, except when small differences of heat-drop are 
required. In the latter case it is generally necessary to use the 
tables, but very fair results may also be obtained by a simpler 
method of calculation based on the following formula. 


95* Enipirical Equation for the Adiabatic of Saturated 
btea^ The theoretical equation of the adiabatic, namely 
H=:T%~ G, is easily applied if tables of G and are available. 
For exact calculations in the case of saturated steam, the adiabatic 
drop may also be expressed in terms of H and T only, by means 
of the following theoretical formula 

H'- {H'+ s X 273-1) (1 - T'/T') + sT" log, {T'lT'), (24) 

which is comparatively easy to work in the absence of any tables. 
But the corresponding theoretical expressions in terms of H and p, 
or p and V are too complicated to be of any use. For this reason an 
empirical expression for R in terms otp may prove useful in special 
cases, for obtaining the final state, or for finding intermediate 
points when the final state is given. 

As an empirical equation for the heat-drop, it is preferable to 
use an equation giving H directly in terms of p or V. A suitable 
type of equation is the following 

H-B'=kp'^, ( 25 ) 

which gives an expression for the adiabatic heat-drop exactly 
similar to that for dry steam, except that the small constant b is 
omitted, and that the values of B' and m vary slightly for different 
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adiabatics, and are only about half as great as the corresponding 
constants for dry steam. 

When used as a formula of interpolation, for finding inter- 
mediate values along an adiabatic for which the final state is given, 
the values of k and m are not required in the calculation, but only 
that of B', which is obtained from the simple relation 

(//'- B') = p'V'/p'T", (26) 

where H", p", V" , are the given final values. The resulting value 
of B' is nearly 250 for large ratios of expansion with steam initially 
dry. Intermediate values of H — B' are obtained from those of p 
by logarithmic interpolation, since log {H — B') divides the interval 
between log {H'— B') and log {H"~ B') in the same ratio as that 
in which log^ divides the interval between log^' and logp". 

An equation of the type pV^= K is often employed for a similar 
purpose by calculating the appropriate value of the index y to fit 
the initial and final states, from the relation 
• y = iog(p7p")/iog(F"/F'). 

But it is more convenient in practice to employ this equation in 
the precisely equivalent form 

pV = kp'^, (27) 

where m = l-l/y = log {p’V /p"V")llog {p'/p"). 

An equation of this type, with the appropriate value of m, fits 
the adiabatic very closely for small ranges of pressure, but it has 
the disadvantage of being somewhat inaccurate for large ratios of 
expansion, and of being inconvenient for the heat-drop, which is 
difficult to calculate accurately from the value of V given by the 
formula. 

The difficulty of calculation may be evaded by employing the 
fictitious value of the heat-drop obtained by integrating aV dp, 

namely, ^ {p'V- p"V")lm, (28) 

but the values of H so obtained are ineonsistent with those of V, 
and usually lead to a diserepancy of 1 or 2 per cent, for the final 
heat-drop assumed in calculating m. 

So much experimental work has been based on Zeuner’s equation 
for the adiabatics of wet steam, and so many attempts have been 
made to find empirical expressions for the index y in terms of the 
initial and final states and the wetness, that it is important to 
realise that an equation of this type cannot correctly represent the 
adiabatic with any value of the index except for small ranges of 
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pressure. On the other hand a formula of the type (25) fits the 
adiabatic very fairly for large ratios of expansion, and is also useful 
for representing different tj^pes of exjjansion curves in the case of 
turbines, whether the efficiency is constant or varies systematically 
throughout the expansion. 

The difference between the types of formulae here discussed is 
most readily appreciated by taking a specific example and drawing 
curves showing the difference between the theoretical values of 
the heat-drop and those given by the empirical methods of cal- 
culation. Cuiu^es of this kind are shown in the annexed Fig. 21 
for the case of adiabatic expansion from 165 lbs. (dry sat.) to 
1 lb. The abscissa in the figure represents the logarithm of the 



pressure-ratio ; the ordinate of each curve, the difference in cals. C. 
of the heat-drop, as calculated by the empirical methods, from that 
given by the theoretical equation, represented by the horizontal 
base-line. The lowest curve, 25 — Th, which crosses the base-line 
at the middle of the range, shows the excess of the values of H 
calculated by formula (25) over the theoretical values. The maxi- 
mum error of this formula is only 0-3 of cal., or less than l/5th of 
1 per cent, of the whole heat-drop. The curve Z — Th, which also 
crosses the base-line near the middle, shows the deviation of 
Zeuner’s formula (15), with the index 1T35 for dry saturated steam. 
This gives a positive deviation of about 5 cals, near the start, and 
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a negative deviation amounting to 17-4 cals, at the finish. The 
curve 27 — Th shows the deviation of formula (27) from the theoretical 
when the value of the index is specially calculated to fit the final 
state, as is often done. The deviation then reaches a maximum of 
11-5 cals, near the middle of the range. The curve Th — 28, in which 
the sign of the difference plotted has been changed so as to bring 
the curve above the base-line, shows the effect of calculating m as 
in (27), but taking the beat-drop as in (28). This gives good results 
for small ratios of expansion, but leads to a discrepancy of 3 cals, 
in the final state. 

Formula (25) is distinctly the most satisfactory for large ranges 
of pressure. If H" is given, or calculated by the theoretical 
formula, it is generally sufiicient to take R'= 250, and the values 
of V at intermediate pressures may be found with sufiicient approxi- 
mation for most purposes by the simple formula F = m {H — B')lap. 
This is less trouble than calculating V from II at each point by 
reference to the tables for saturated steam, but the latter method 
is much the most accurate. 

If p is a round number given in the tables, so that no inter- 
polation is required, it is usually more satisfactory to work a single 
result by means of the theoretical formula H = TO) ~ G. But if p 
is not a round number, and if several intermediate values are 
required, the empirical formula represents some advantages. Its 
utility becomes even more apparent if it is required to solve the 
inverse problem of finding the pressures when the division of the 
heat-drop is given, as in the following. 

Example 5. Find the pressures required to give subdivision of 
the adiabatic heat-drop into ten equal parts from R = 667-55 at 
165 lbs. toH = 466-66 at 1 lb. 

The whole work is shown in the following table, giving the 
values of p at the nine intermediate points. Taking B'= 250, the 
values oiR — B' given in the first line are obtained by successive 
addition of 18-089 (being one-tenth of the given heat-drop) to the 
fin al value of if — B' , namely 286-66. The second line gives the 
corresponding logarithms omitting the characteristic and the 
decimal point. The third is obtained by subtracting the logarithm 
(37412) of the final value from each. The values of log p given in the 
fourth line are obtained by logarithmic interpolation, i.e. by 
multiplying each of the differences in the third line by the ratio, 
1 [m = 2-2175/0-24644 of the difference of the logarithms of the initial 
and final pressures to the difference of the logarithms of the corre- 
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spending values of E — B', and adding logp", which in this case 
IS 0, The theoretical values are added in the last line for comparison, 
as obtained by a method given in a later section. 

r./ 363-28 345-19 327-10 309-02 290-93 272-84 254-75 

997 S 40612 

37412 22735 20722 18611 16394 14058 11587 08966 06178 03200 

log^j 2;^0441 1-8633 1-6733 1-4741 1-2640 1-0418 0-8061 0-5555 0-2877 

iheor. 111-3 73-56 47-53 29-97 18-41 11-00 6-368 3-567 1-927 

The values of p show very fair agreement with the theoretical. 
It would not be at all easy to get equally accurate results from a 
diagram. The equal subdivision of the heat-drop on the diagram 
would also be a troublesome process. The gra|)hic analogue of 
logarithmic interpolation is to rule a straight line joining the initial 
and final states plotted on logarithmic scales for both P and H. 
Unfortunately the scales required are so different that suitably 
ruled paper is unprocurable. 

The formula (25) with B'— 250, is essentially one of interpola- 
tion, and would not represent the adiabatic with the same degree 
of accuiacy unless the values of the constants B' and m were cal- 
culated to fit the final state. If the final state is not given, but only 
p or F , the formula can still be used for finding with certain 
limitations, by employing a fixed value of to, provided that the 
value of B' is taken to suit the initial temperature t' by the formula, 
B'= 300 — 0-27)5', in which case fairly accurate values of E at low 
pressures are given by 

{E ~ B')I{E'~B') = {PjP'f!^ or ...(29) 

The formula in terms of p gives fairly accurate values of E with the 
index to = 1/9, throughout the whole range, and accurate values 
of V can be deduced from E by the usual formula for saturated 
steam. If V only is given, the formula in terms of V with the index 
^ ~ gives equally accurate values of E at low pressures, where 
they are most required, but is distinctly inferior to the p formula 
for moderate ranges, because the equation pF®/^ cannot fit the 
adiabatic throughout, and cannot be used for deducing p from F. 
If p is required, better values may be obtained with much less 
trouble from F by the formula, p = i-08 (IT - R')/F. 

Correction for Initial Wetness. The formulae above given apply 
to the initial state of dry saturated steam. Zeuner’s method of 
making the index a function of the wetness is very crude and un- 
satisfactory. The exact correction of the adiabatic heat-drop for 
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initial wetness of the steana is given in terms of the defect of H' 
or O' by the very simple formula 

Correction of = (O'— Og') {f— t") — {TI — Hg ) {t — t )/T , 

(30) 

where H,' and O,' are the initial values for dry saturated steam. For 
this reason it is usually best to calculate the heat-drop as for dry 
saturated steam, and to apply the correction with a small slide- 
rule if the wetness is known. In a practical problem the value of 
H' is the quantity directly given, but if the dryness fraction q' 
is given in place of H', the defect of H' may be taken as 
jj;- H'= (1 - q') (//;- t'). 

The correction for wetness is always negative, as is indicated by 
the sign of the term {E'- R/) in the formula. In modern practice, 
the initial steam is more often superheated than wet, but wet steam 
is common in intermediate stages, where it is usually complicated 
by supersaturation. 

If the initial steam is superheated, and remains superheated for 
an appreciable range of expansion, as is often the case in practice, 
an equation of the type PV^= K cannot represent the adiabatic 
satisfactorily, as commonly assumed, with a single value of the 
index, calculated in the usual way to fit the initial and final states. 
The reason is that an equation of this type gives a continuous curve 
on the PV diagram, whereas the true adiabatic shows an abrupt 
change of slope at the point where it crosses the saturation line. 
Conversely, the curve PV^== K, when plotted on the ElogP 
diagram, shows an abrupt change of slope on crossing the saturation 
line, whereas the true adiabatic is continuous. This follows from 
the fundamental relation d/f/dP == aV at constant entropy, which 
may be regarded as the differential equation of the adiabatic. 

On the other hand, a curve of the type H - B'= kP'^, satisfies 
the condition of continuity for dllldP, and can be employed to 
represent the adiabatic with a fair degree of approximation by 
calculating B from the initial and final states as already explained. 
The approximation obtained with a single value of B' is generally 
within per cent, of the whole heat-drop; but a much closer 
representation is secured, without any discontinuity, by using 
different values of B' for the superheated and saturated portions 
of the curve. For superheated steam the required value of B is 
s im ply 464 cals. C. (if b is neglected in the equation of the adiabatic) 
and the value of the index m is 3/13. At the point where the curve 
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Glosses the saturation line, the condition of continuity gives the 
simple relations 

'P = apVs = (3/13) {H, ~ 464) = m {H,- B'). ...(31) 

Ifm = 1/9 for saturated steam, we find 464- (14/13) {H^- 464), 

which gives values of B' slightly smaller than the empirical formula 
B'= 300 - 0-27t', owing chiefly to the neglect of b. The latter 
formula for B' is generally the most convenient and accurate. It 
gives R = 260-3 in the following example, in which the curve 
crosses the saturation line at 64 lbs., starting with steam initially 
superheated to 805-67° C. at 256 lbs. 

Example 6. Empirical equation for adiabatic applied to super- 
heated steam. 


Pressure 

256 

128 

64 

32 

16 

8 

4: i 

2 

1 

H (Theor.) 
B'= 260-3 
B'= 325 

729-48 

729-48 

729-48 

690-00 1 

690- 10 

691- 76 

656-55 

656- 55 

657- 55 

627-00 

627-13 

626-53 

599-81 

599-88 

598-40 

574-74 

574-67 

572-90 

551-49 
551-32 1 
549-78 

529-88 

529-71 

528-81 

509-70 

509-70 

509-80 


In the last line a single value of B' is taken throughout, and 
the deviations exceed 1 cal. In the second line B is taken as 
464 for superheated steam, and the agreement of the empirical 
formula with the theoretical is seen to be extremely close. 

The exact expression for the adiabatic heat-drop for dry steam 
in terms of the initial value of //, is readily obtained by writing the 
general expression for R in the form 

E'- B - S^T (1 - fl (w + 1) c'P'IT) + abP', 

in which we observe that c'P' jT' is proportional to PjT'^'^'^, and 
is constant along an adiabatic. Thus if H" is any value of H on the 
same adiabatic at P" and T", we have the simple relation 

H"~ B - abP"= {T'lT) {H'- B - abP'), 
giving for the adiabatic heat-drop H'— R'\ or DH^ , the expression 
{E' -B' - abP') (1 - T'lT) + ab {P'- P"). ...(32) 

The adiabatic heat-drop is obtained in terms of the pressure-ratio 
P"IP' by the substitution T'JT^ {P" IP')^I^\ since n + 1 - 18/3. 
EE^ may also be expressed in terms of the initial value of V, by 
substituting for E' in terms of P'V from the general expression 
for E, as follows 

BE^ =a{n+ 1)P'{V'~- b) (1 - {P"jP')^l^^) + ah {P'~ P")....{88) 
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When V is large, the & terms may usually be negleeted in the above 
formulae, which then become the same in form as those applicable 
to perfect gases. The values of the constants in different systems 
of units are 

B = 464-0, ab = 0-00165, 3/13a = 2-2436, (F.P.C.) 

B = 835-2, ab = 0-00165, 3/13a = 1-2464, (F.P.F.) 

B = 464-0, ab = 0-0234, 3/13a = 0-009847, (K.M.C.). 

In working with a slide-rule it is generally best to use the reciprocal 
of the factor a{n + 1), namely 3/1 3a, to reduce the number of 
settings. 

The heat-drop for saturated steam, according to the empirical 
formula B — B'— hP'^, takes the same form as for dry steam, but 
with b omitted, and with the index 1/9 in place of 3/13, thus 

{W- B') (1 - {P"IP'fl^), (34) 

assuming that the steam remains saturated. But it appears pro- 
bable that in rapid discharge through a nozzle the steam usually 
becomes supersaturated, as explained in the next chapter. In this 
case the formulae for dry steam apply, with the index of {P"/P') 
equal to 3/13, even when the initial steam is wet saturated, provided 
that DH^ is expressed in terms of F', thus 

DH^ = (18/3) aP'V' (1 - {P"jP'fl^^) (35) 

96. Use of the Potential G in Isothermal Flow. If 

the flow is isothermal instead of being isentropie, we have the 
condition T'= T" in place of 0'= O", and the expression for the 
drop of total heat H'— H" in terms of G becomes 

H'- H"= r (O'- O") -I- (G"- G') (36) 

Comparing this with the general expression for the drop of total 
heat in steady flow deduced from the first law, II (2), namely, 

IP- H"= Q + AW, ( 37 ) 

we see that the term T'(0'- O") represents the heat Q abstracted 
per unit mass if the flow is reversible, and the term G"~ G' repre- 
sents the thermal equivalent AW of the work done, including any 
kinetic energy generated. In other words, the increase of the 
potential G, as here defined, represents the external work done in 
reversible isothermal flow, in the same way that the drop of total 
heat represents the work done in adiabatic flow when Q = 0. The 
increase of G at constant T between any given limits of pressure 
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represents the thermal equivalent of the maximum work obtainable 
without expenditure of fuel per unit mass of compressed fluid, 
provided that the temperature can be maintained constant during 
expansion by communication with a large reservoir, such as the 
ocean, at a practically constant temperature T. The work thus 
obtained is equal in magnitude to the minimum work required to 
compress the fluid to its original state at the same constant tem- 
perature. The function G is accordingly just as useful in estimating 
the work done in isothermal expansion or compression, as it is 
in adiabatic expansion or compression. In many cases isothermal 
compression is more economical than adiabatic compression, and 
is the logical limit required in defining a standard of efficiency. The 
familiar refrigeration cycle is a case in point. But adiabatic com- 
pression is commonly assumed, though not the most efficient, be- 
cause it is easier to calculate the work done in adiabatic com- 
pression from the tables as usually arranged. The actual compression 
curve is usually intermediate between the isothermal and the 
adiabatic, but may be considerably more efficient than the latter, 
if the compression is slow, especially if made in two or more stages 
with intermediate cooling. 

97* The Refrigeration Cycle. The ideal refrigeration 
cycle is a reversed Carnot cycle in which heat Q" is abstracted from 
the refrigerator by the evaporation of the working fluid at a low 
pressure p)" and temperature T", and is transferred to the cooling 
water in the condenser at a higher temperature T' by the expendi- 
ture of external work W per cycle. In the ideal cycle the com- 
pression from p"T" to T' and the expansion from p'T' to p"T" 
are both adiabatic, but the temperature during compression is not 
allowed to rise above T'. The coefficient of performance, measured 
by the ratio of the refrigerating effect Q" to the thermal equivalent 
AW of the work expended in the cycle, is given, as in Carnot’s 
cycle, by the ratio T"j{T'— T"), and is independent of the nature 
or state of the working substance in the ideal case. 

By employing a mixture of liquid and vapour throughout the 
cycle, it would be possible in practice to approach the theoretical 
condition of isothermal compression and condensation at T', 
and to realise an approximation to the theoretical performance, 
if it were not for mechanical inefficiency of the compressor and 
excessive interchange of heat between the wet vapour and the 
walls of the cylinder. 
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The practical cycle more nearly resembles a reversed Rankine 
cycle, and is selected on the ground of simplicity of operation and 
convenience. The liquid is completely evaporated in the refrigerator 
at p"T", in order to avoid evaporation by absorption of heat from 
the walls of the compressor, which in practice would more than 
counterbalance the slight theoretical gain by the compression of 
wet vapour. The vapour is compressed to a pressure P' slightly in 
excess of the saturation pressure p' corresponding to the limiting 
temperature T' of the condenser. During this process the dry 
vapour is superheated and raised to a temperature much higher 
than that of the condenser, so that a somewhat greater amount of 
work is done than would be required if the temperature were not 
allowed to rise above the condenser limit T'. The vapour after 
leaving the compressor is completely condensed, and reduced as 
nearly as possible to the temperature of the cooling water T'. 
Since very little work could be gained by the adiabatic expansion 
of the liquid, the adiabatic expansion is replaced in practice by 
throttling from P' to p" through a regulating valve, which effects 
a great simplification in the mechanism, and also in the theory, 
since the total heat remains constant. The refrigerating effect is 
the difference of total heat II" — h' from dry saturated vapour at 
p" to liquid at P' and T'. The work required AW is IP— H", the 
increase of H in adiabatic compression from dry saturated vapour 
at p"T" to P', if the interchange of heat with the walls of the 
cylinder is neglected. 

An example of a refrigeration cycle using COg is given in 
illustration of the use of the diagram for COg in the previous 
chapter. 


OHAPTEE X 

FLOW THROUGH A NOZZLE 

98 . Relation between Heat-Drop and Velocity. The 

action of a turbine depends on the conversion of heat energy by 
flow through a nozzle into Idnetic energy, which is utilised in the 
rotation of suitable wheels or drums provided with vanes. It is 
often useful to consider the conversion into kinetic energy separately 
from the performance of work on the revolving shaft. 

It follows from the law of conservation of energy, as explained 
in Chaptei II, section 10, that, in the case of steady flow, there is 
a simple relation between the heat-drop and the kinetic energy 
generated, since one is equivalent to the other if there is no external 
loss of heat. Thus if U is the velocity of steady flow at any point 
of a pipe or nozzle of variable cross-section, we have the relation 

U^=2Jg{H,~E), (1) 

where J is the mechanical equivalent, g the acceleration of gravity, 
and Hq the initial value of H when U — 0. This equation takes 
exact account of friction, and shows that H is the same at all 
points of a pipe where U has a given value. The effect of friction 
is to reduce the heat-drop and the kinetic energy in the same 
proportion. If the heat-drop is loiown, the value of U is found by 
multiplying the square root of H by the constant -\/2Jg. 
The numerical values of this constant in different systems of units 
are independent of variations of g with latitude, etc. (provided that 
this is taken into account in the value of J), and are as follows to 
1 in 10,000: 

H in calories C., U in feet per sec. {2Jgfl^= 800-2 (F.P.C.), 
H in B.Th.U. F., U in feet per sec. „ = 223-8 (F.P.F.), 
H in calories C., U in metres per sec. „ = 91-51 (K.M.C.). 

The maximum velocity attainable for a given drop of pressure 
is that due to the heat-drop in frictionless ‘adiabatic expansion, 
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as given by the formulae in the last chapter. These formulae are 
especially useful in this connection, because the friction loss in 
a nozzle is generally small. 

99. Relation between Flow and Sectional Area. It 

follows from the conservation of mass, that, when the flow is steady, 
the same mass M of fluid must pass every section of the pipe or 
nozzle per second. We have therefore the following simple relation 
for finding the cross-section X required to pass a flow ilf, at a point 
where the mean specific volume and velocity are V and U re- 
spectively 

UX = kMV (2) 

The value of the constant k is unity on the F.P.C. or F.P.F. systems, 
if M is in Ibs./sec., V in cb. ft./lb., and U in ft./sec., provided that 
X is measured in sq. ft. It is more usual, however, to measure X 
in sq. in., in which case the value of k is 144. Similarly on the 
K.M.C. system, if M is in kg./sec., V in cb. m./kg., and U in 
metres/sec., k is unity if X is measured in sq. m. But X is more 
often measured in sq. cm., in which case k — 10,000. 

In most cases the required values of V are best obtained from 
those of H, by the usual relations for dry or wet steam. But when 
the steam is dry and the expansion adiabatic, the value of V may 
also be obtained directly from that of P by the adiabatic equation 

P(r- 6)1«3. 

Since h is only 1 per cent, of V for saturated steam at 300 lbs. 
the small terms depending on h are often beyond the limits of 
experimental accuracy, and may be neglected, as is usually done 
in dealing with gases. The adiabatic heat-drop then reduces to the 
form (13/3) aP^V^ (1 — (P/Pq)^/^®). Substituting for U and V, and 
putting y for the adiabatic index 1-3, we find for the discharge 

kMix=vir= (i/F„)(p/p„)i/n2JwPon(i - (PZ-PoM^Wy- 1)]'/®- 

( 8 ) 

which is equivalent to the expression first deduced by de St Venant 
and Wantzel {Comptes Rendus, 1839), from Poisson’s equation for 
the adiabatic. 

But since this expression for M is somewhat complicated, and 
is restricted to the case of isentropic expansion with PV^ = K, it 
is usually preferable to calculate U and V separately from the 
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expression for U in 

, ® -diop is generally true for steam or gas in any 

state whether the expansion is frictionless or not. provided that 
there is no external heat-loss. 


100. Discharge in terms Of Throat Area. The discharge 

niough a nozzle under given initial conditions is generally limited 
y the area of the ‘‘throat” or smallest section The condition 
a IS to be a minimum for a given value of M, or that M is to 
be a maximum for a given throat area gives d (X/M) = 0, 
w ence dUjdV - UjV. Eliminating dUldV by differentiating the 
equation m = 2Jg {H, - H), we obtain 


U^=-JgV{dHldV) (4) 

In the case of frietionless adiabatic flow, the entropy is constant, 
and we have dH = aVdP, or (dH/dV)^^ aV (dPIdV),, which gives 

U^lV^=-aJg{dPldV)^, 

showing that the velocity in the throat is that of sound*. Substi- 
tuting for XJjV from (2), we obtain the expression for the discharge 

miX,= (- aJg{dPldV)^Yl% ( 5 ) 

which is independent of any assumption with regard to the pro- 
perties of the fluid f. 

* Holtzmann’s proof (1861), quoted by Zeuner, was inadequate. 

e method employed above for deducing the velocity corresponding to the 
maximum mass-flow per unit area, which was first given by the author in a paper 
commimcated to the Institution of Mechanical Engineers {Proc. Inst. Mech. Eng., 
rep. iyi6, p. 63), has been criticised as being unnecessarily difficult and indirect 
as compared with the differentiation of the expression (3) given by de St Tenant 
and Wantzel, whose method has naturally been followed in all the textbooks. The 
maximum deduced from (3) depends on assuming the adiabatic of a perfect gas, 
whereas (5) has the advantage of being thermodynamically exact for all fluids, and 
is really more direct than the usual method, besides possessing a wider validity 
Joule and Thomson (Proc. P. S., 1856, p. 178) also gave an expression equivalent 
to (3) for the velocity of discharge of a perfect gas, and remarked that the maximum 
was related to the velocity of somid, but they failed to interpret the relation 
Osborne Reynolds (Phil. Mag., March 1886, p. 194) first showed that the velocity 
at the mmimum area of the stream was the same as that of sound in the simple case 
of a perfect gas, so that, when this velocity was reached, no further lowering of 
pressure beyond the throat could possibly increase the discharge. His method of 
finding the critical velocity, involving 12 equations applying only to the perfect 
ga.s, is unnecessarily circuitous, and he expressly states that his reasoning does 
not apply to the case of a liquid. Whereas the author’s method shows that the 
identity of the critical throat-velocity with that of sound applies equally to all 
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If we assume an adiabatic equation of the type P(V-b)y= con- 

stant, we find f(>\ 

kMlXt=VaJgyPtl(Ft~'b)’ 

which applies to the case of dry steam if y - 1-80, 
expression for the discharge in terms of P, an < m . 

Since b is very small, the expression for the throat velocity, 

namely, =. aJgyPy^lC^- *)> 

may be simplifted by neglecting terms involvmg ( 6 /E) , which 
gives 17,2 * aJgyP (P +b) 

Substituting this expressionin the equation 
neglecting (6/E)^ and liigher orders, and 

F as required by the aid of the adiabatic equation, we have the 
following equations for II Pt> Pt- 

Ho- (y- 1 ) (Ho- B)l{y + 1) + 

pjp^ = [2/(y+ + blPo~~ 2&/F^) (1^) 

VtlVo=[{y + i)l^f'^^-^H'i- + {y+^)blyPt- (y + i)^/y^o)» -0-'^) 
which apply for any value of y, and may be reduced to co^spond 
with the usual formula PF'>'= constant, by simply omi i t, 
b terms. 


lOi. Numerical Formulae for Steam. The general 
formulae above given may be applied to any gas or vapour by 
employing the appropriate values of the constants, a, b, y, and H, 
and substituting the approximate values of and Vt m the small 
terms* 

In the case of dry steam, putting y = 1-30, they become 


(7fo- HtWh- B) = 0-13042 + 0-126&/Fo, (12) 

PJPq = 0-5457 - O-I 39 &/F 0 , (IS) 

HJFo= 1*5934- O- 28 I&/F 0 (14) 


Since these formulae involve ratios only, they are independent o 
the system of units adopted, provided that the proper values of 
B and b are employed. 


fluids, wliatever their properties. But since, in the case of water, the production o 
the critical velocity requires a head more than 70 miles high, the effect on ques ion 
could seldom be observed, and is of little practical importance m the flow of 
water, though undoubtedly true for liquids, as well as for gases and vapours m any 

state. 
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Substituting the values of and in the expression for the 
discharge we find 

IcMjXt = 0-5852 {aylgP^lV^fl^O- + 0-274&/Fo), ...(15) 

which gives for the discharge in pounds per second per square inch 
of throat, when Pq is in lbs. per sq. in. abs., and Fq in cubic feet 
per lb., 

MjXt = 0-3155 (1 + O- 274 &/F 0 ) (Po/Fo)i/2 (F.P.C. or F.), ...(16) 

or in kilograms per second per square centimetre, when Pq is in 
kg. per sq. cm. and Fq in cubic metres jaer kg., 

MjXi = 0-02090 (1 + O- 274 &/F 0 ) (Po/Fo)i/‘^ (K.M.C.) (17) 

For steam initially dry and saturated, the discharge may be 
expressed in terms of Pq alone by substituting for Fq from the 
empirical equation, P oFqWi5= 490 (F.P.C. or F.), or 1-786 (K.M.C.), 


which gives the formulae 

M/Zf - 0-01730 Po"i/ 32 (F.P.G. or F.), (18) 

M/Z^ = 0-01593Po3i/32 (K.M.C.), (19) 


but these formulae, though simple in appearance, are not so ac- 
curate as those given above, and are not so easily applied when 
tables of F are available, because it is much easier to work 
(Po/Fo)i/2 on a slide-rule than to find Pq^i/ss. The small term 
0-2746/Fo is omitted in these formulae, because it is only 0-274 per 
cent, at Pq = 300 lbs., and is beyond the limit of accuracy of the 
empirical formula PF^®/^® = 490 for saturated steam. 

In the case of dry saturated steam, to which the formula 
PV^ = constant is generally applied, it is usual to take the value of 
the index y as 1-135, from Zeuner’s empirical formula, which gives 
the equations 

PijPo = 0-5770, Fi/Fo = 1-6223, (20) 

M/Zj^ 0-3003 (Po/Fo)i/2= -01646 Po®^/® 2 (F.P.F. or C.), ...(21) 

MjXt = 0-01990 (Po/Fo)i/2 =, .o1516Po^^^^2 (K.M.C.), (22) 

which are 5 per cent, smaller than the values above given for dry 

steam. ■. rr , 

The theoretical objections to these formulae are, (1 ) that Zeuner s 

empirical formula does not agree exactly with the tables for wet 
steam, and (2) that no appreciable condensation can occm- in the 
time taken to reach the tlrroat, which is generally of the order of 


238 PROPERTIES OF STEAM. [ch. 

one two-thousandth part of a second. The practical objections are 
(1) that these formulae do not apply to superheated steam, and 
(2 that, in the case of saturated steam, they give values which are 
almost invariably too small, in spite of friction, and canno e 
reconciled with the results of experiment. This point has been mo 
fully discussed by the author in the Proc. Inst. Mech. Eng., 

1915, pp. 53-77. 

102. Effect of Supersaturation. In the case of dry 
saturated steam, better agreement with experiment is obtained i 
we assume that the steam, on account of rapid expansion, is always 
supersaturated in the throat of a nozzle. The discharge of saturated 
steam is then determined by the same equations as for superheated 
steam with the index y = 1-30. For steam initially wet, the same 
formula gives the theoretical limit of the discharge, since evapora- 
tion of the suspended water drops, or condensation on suspende 
nuclei, would be comparatively slow in the early stages of super- 
saturation. In each case the actual initial volume of the steam q, 
whether wet, or saturated, or superheated, must be inserted m the , 
formula. The required value of Fq can be obtained from the tab es, 

or by inspection of the diagram. 

With steam at an initial pressure Po= 100 lbs. abs., the drop 
of temperature to the throat, if the condensation were able to keep 
pace exactly with the expansion according to the usual equation 
for wet steam, would be only 20-7° C. But, if there is no condensa- 
tion, the drop of temperature found for steam in the supersaturated 
state is 57° C. The density of the supersaturated steam at this 
stage is about three times the density of saturated steam at the 
same temperature. The ratio of the density or the pressure to the 
saturation value at the same temperature may be taken as a 
measure of the supersaturation. The ratio of expansion to the throat, 
according to equation (20), is only 1-6, the degree of supersaturation 
at this stage is comparatively slight, and the condensation rela- 
tively slow. But, if we supposed the state of supersaturation to 
continue until the pressure had fallen to a tenth of its initial value, 
corresponding to a ratio of expansion 5-9, the temperature would 
be 20° C. below zero, and the density would be about a thousand 
times the saturation value at this temperature.^ We have no 
experimental knowledge of the rate of condensation under such 
conditions, but it must evidently be extremely rapid. Since a 
relatively small change (1-6 to 5-9) in the expansion ratio makes so 
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great a change (3 to 1000 times) in the supersatiiration, we should 
infer that the limit of expansion at which condensation begins 
would be very sharply marked. 

Lord Kelvin {Phil. Mag., 1870) showed that the vapour pressure 
p in a fog containing drops of radius r, was given by the equation 

RTlogAplp,)=-2Yvlr, (23) 

where p^ is the normal vapour pressure at the temperature 2\ and 
Y is the surface tension of the liquid of specific volume v. The 
ratio pIp>o is the measure of the supersaturation, iiccording to this 
equation, the radius of a drop in equilibrium with the vapour at 
20° C. when the supersaturation p/p^ = 8, should be 5 x 10~® cm., 
which is something approaching molecular dimensions. 

C. T. R, Wilson {Phil. Trans., 1897) has shown that water vapour 
mixed with air at 20° C., in the absence of dust or other nuclei, 
can be expanded until its pressure is eight times that of saturation 
without any condensation occurring; but that, if this limit be ex- 
ceeded, condensation takes the form of an excessively thick fog 
of very fine particles, as though the vapour itself contained in- 
numerable nuclei capable of acting as centres of eondensation. It 
seems probable that these nuclei are the coaggregated molecules 
(required for explaining the deviations of the vapour from the 
laws of gases) which are larger than the single molecules, and are 
capable of starting the condensation when the supersaturation 
reaches this limit. The condensation, once started, will be extremely 
rapid, owing to the enormous number of nuclei available, about 
1022 per lb. at 20° C. 

For steam initially saturated, expanding according to the law 
pyi-3= the limit of the supersaturated state is reached when 
the pressure has fallen to about one-third of the initial value. The 
exact pressure at which condensation begins cannot be determined 
with certainty, but is immaterial for the present purpose. The 
important point to observe is that there will be no appreciable 
condensation in the throat, so that the mass discharge is determined 
by the equation for dry or supersaturated steam. But that soon 
after passing the throat, the condensation will be extremely rapid, 
so that the remainder of the flow in an expanding nozzle approxi- 
mates more nearly to that given by the adiabatics of wet steam. 
Thus for steam initially dry and saturated at 100 lbs. abs. the 
throat pressure will be 54-6 lbs., and the discharge 1-50 lbs. per sec. 
per sq. in. of throat. Condensation will begin when the pressure 
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has fallen to about 35 lbs., and the temperature from 164.-3° C 
to 70° C The saturation pressure at 70° C. being 4-52 lbs. is abou 
an eiolith of the actual pressure, namely 35 lbs. At this pressure 
we nmy suppose, in order to simplify the calculation that th^ steam 
is instantaneously transformed at constant totM heat FI - 619-2 
into wet steam at saturation temperature (say i - 400 L.j, 
t = 126-25° C. If the steam had expanded reversibly in the wet 
state from 100 to 35 lbs., its total heat would have been Eg = 616-8, 
which is 2-4 less than the value 619-2. The condensation involves 
an increase of entropy 2-4/400, from 1-6082 to 1-6142, because the 
chancre from the unstable state of supersaturation to the equilibrium 
state"^ of wet steam is an irreversible process. The expansion may 
then be supposed to continue, following the adiabatic 0 — 1 614i2 
for wet steam. The exact point at which the change is supposed 
to occur makes very little difference, because it affects only the 
small change of entropy. In point of fact the change would be 
continuous, since it involves an increase of 16 per cent, m the 
volume, from 9-962 (supersaturated) to 11-210 (wet). Some super- 
saturation would still persist at lower pressures, because the con- 
densation cannot maintain exact equilibrium when the expansion 
is so rapid. This would tend to raise the entropy still further, so 
that the wet adiabatic 1-6142, represents the limit of possible 
performance. In consequence of the increase of entropy, the 
volume at any given pressure will be slightly greater than it would 
have been if the steam had followed the wet adiabatic from the 
saturation point. The change of path may be more readily appre- 
ciated by reference to the diagram, in a later section. 


103. Example of Discharge of Supersaturated Steam. 

The following table illustrates the relation between the cross- 
section of a nozzle and the pressure of the expanding fluid at any 
point, as calculated for various cases by the method explained m 
the previous section. 

The values of calculated from the usual type of equation 

PV^ = Z, depend only on the ratio P/Pq , but those for actual steam 
depend to some extent on the absolute value of Pq. It is therefoie 
impossible to give an exact table of ideal values to suit all cases, 
but in practice it is sufficient to calculate the final area to suit the 
final pressure, and connect it to the throat by any smooth contour 
having a sufficiently small angle of divergence to secure stream line 
flow as nearly as is practically possible. 
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Table I. Ratio X/X^ in terms of P]F(^ for ^'al•iolls cases. 


P/Po 

For perfect gas \v 

’th index 1 

For steam \\ith 

= 100 lb. 

per 

cent. 

11 

o 

7 = 1-30 

7 = 1-1304 

From 

tables 

Super- 

saturated 

With 

friction 

90 

1-620 

1-586 

1-523 

1-530 

1-5SS 

1-565 

80 

1-221 

1-201 

1-105 

1-172 

1-202 

1-189 

70 

1-073 

1-061 

1-041 

1-042 

1-002 

1-053 

60 

1-012 

1-007 

1-001 

1-002 

1-007 

1-004 

50 

1-002 

1-005 

1-015 

1-014 

1-005 

1-008 

40 

1-038 

1-051 

1-083 

1-080 

1-051 

1-062 

30 

1-134 

1-162 

1-228 

1-224 

1-320 

1-337 

20 

1-346 

1-403 

1-538 

1-533 

1-642 

1-684 

10 

1-931 

2-075 

2-420 

2-418 

2-576 

2-699 

5 

2-900 

3-214 

3-992 

4-009 

4-255 

4-564 

2 

5-159 

5-959 

8-052 

8-158 

8-660 

9-580 

1 

8-116 

9-680 

13-957 

14-338 

15-175 

17-210 

Xiin 

sq. in. for M = 1 lb. per sec. 

0-700 

0-668 

0-679 


The values given in the column headed y = 1-40 would represent 
the case of a nozzle for expanding compressed air. In the absence 
of friction or pre-heating, the temperature would fall below the 
liquefying point of air, when the pressure was reduced to 1 per cent, 
of its initial value. The values in the column y = 1*30 similarly 
represent the case of steam when sufficiently superheated to prevent 
condensation. The value of the index y = IT 804 represents very 
closely the case of steam initially dry and saturated at a pressure 
of 100 lbs. per square inch abs., on the assumption that the con- 
densation is able to keep pace exactly with the expansion, so that 
the temperature of the steam is always that of saturation corre- 
sponding with the pressure. The values calculated from the Tables 
for steam in this initial state are given in the next column, and show 
a very close agreement from 100 to 10 lb. pressure, because the 
value of the index 1T304 was selected to fit this case. For lower 
pressures the actual expansion of the steam is rather larger than 
that given by the index 1T304. 

The primary effect of supersaturation is to increase the dis- 
charge by about 5 per cent, for a given throat area as compared 
with that usually calculated for saturated steam. The secondary 
effect is to cause an increase of entropy and volume after passing 
the throat when the steam becomes wet. The two effects taken 
together require, for a given throat area and ratio of initial to final 
pressure, an increase of 6 to 8 per cent, in the final area of the 
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divergent cone, or an increase of length of 3 to 4 per cent, for a 
given angle of divergence. 

104 . Method of Calculation, including Friction. The 

following table shows the method of calculation, in F.P.C. units. 

Table II. 


Section calculated for supersaturated 
steam 

Corrected for friction 

P 


U 

V 

X/M 

So-B 

U 

V 

XjM 

90 

4-76 

655 

4-826 

1-061 

4-74 

654 

4-826 

1-063 

80 

9-95 

947 

5-281 

-803 

9-86 

942 

5-284 

-808 

70 

15-67 

1188 

6-851 

-709 

15-42 

1179 

6-868 

-716 

60 

22-04 

1410 

6-588 

-673 

21-55 

1394 

6-604 

-682 

Throat 

25-90 

1528 

7-088 

-668 

25-22 

1608 

7-114 

-679 

50 

29-31 

1625 

7-575 

-671 

28-44 

1601 

7-613 

-686 

40 

37-77 

1845 

8-991 

-702 

36-34 

1810 

9-070 

-722 

30 

48-79 

2097 

12-84 

-882 

46-41 

2045 

12-90 

-908 

20 

64-47 

2411 

18-37 

1-097 

60-32 

2332 

18-53 

1-144 

10 

89-65 

2843 

33-97 

1-721 

81-61 

2712 

34-54 

1-834 

5 

112-97 

3191 

63-01 

2-843 

100-2 

3006 

64-71 

3-101 

2 

141-31 

3570 

143-4 

5-785 

121-4 

3308 

149-6 

6-51 

1 

161-08 

3810 

268-3 

10-141 

136-1 

3490 

283-3 

11-69 


The value of the heat-drop Bq - E for supersaturated steam 
may be calculated directly from the adiabatic equation, IX (32), 
which is practically the same as that for a perfect gas. This method 
is equivalent to first finding T from the adiabatic - 7^, and de- 

ducing 77 from the general expression IX (13 ), or Table IV, App. III. 
But it is less trouble in practice to find t by interpolation from the 
4)-table for supersaturated steam. Thus if Pq = 100 , Eq = 661-82, 
and Oo = 1-6082 (Table II), we find t = 99-60° at P = 50 in Table VI. 
The corresponding value of 77 from Table IV for supersaturated 
steam is found by interpolation to be 632-51, whence 77o - 77 = 29-31, 
the value required. The velocity U is found from the formula 
U = 300-2 (29-31)^/^ = 1625. The volume V is found from 77 and P 
by the formula for dry steam giving V = 7-575, whence 
XJM = 144 V/U = 0-671. 

For pressures below 35 lbs. (assuming instantaneous conversion) 
the tables for saturated steam are employed, with the corresponding 
formula for the heat-drop, substituting Oq = 1-6142 as already 
explained, and the corresponding values of Iq = 126-25°, E^ = 619-2, 
Gq = 25-48 (77o = 619-2 is the value for supersaturated steam at 
85 lbs., and the value of Oq for the wet steam at the same 77 and P 
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is given by {H + G)IT = 1-6142). V is found from II by the formula 
for wet steam, U is given by the heat-drop reckoned from the 
initial state Hq — 661-82, and X/M follows as before. 

The effect of friction must always be to increase the entropy and 
diminish the available heat-drop for any given limits of pressure. 
This involves a diminution of velocity and an increase of volume (as 
compared with the values calculated for frictionless How), both of 
which tend to diminish MjX, i.e. to diminish the discharge for a 
given area or to increase the sectional area required for a given 
discharge. 

The effect of friction in the throat on the discharge for a given 
throat area, can be estimated by employing the nozzle as a simple 
throttle, and observing the loss of pressure and of available heat- 
drop for small pressure differences as the discharge approaches a 
maximum. For a convergent-divergent nozzle with a stream-line 
contour, it is possible to raise the back-pressure considerably 
above the throat pressure without appreciably affectmg the dis- 
charge or the velocity in the neighbourhood of the throat. The 
initial and final velocities being small, the actual heat-drop is small, 
and is readily estimated by observing the initial and final con- 
ditions. The defect of heat-drop from that due to the pressure 
difference in frictionless flow, is an approximate measure of the 
throat friction, provided that due allowance is made for any heat 
losses. The best form of contour for the throat may be determined 
by experiments of this kind. There are few satisfactory observations 
available, but it appears that the order of magnitude of the throat 
friction may be approximately represented, for a short stream-line 
nozzle, by a fractional reduction of the heat-drop given by the 
formula l/P^D, where Pq is the initial pressure in lbs, per sq. in. 
and D is the throat diameter in inches. This amounts to 1 per cent, 
for 1 in. diam. at 100 lbs. abs., and appears to be of the right order 
of magnitude to account for the defect of the observed discharge 
from the theoretical formula for supersatinated steam. 

Friction beyond the throat will not appreciably affect the dis- 
charge, but tends to increase the sectional area required for a 
given final pressure. The amount of such friction in an expanding 
nozzle is at present a somewhat uncertain quantity owing to lack 
of experimental data. Assuming that it varies as the square of the 
velocity, or directly as the heat-drop, the loss of heat-drop due to 
friction would be represented by a percentage proportional to the 
heat-drop itself. This is the simplest assumption that can be made, 

16—2 
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and appears to accord fairly with the scanty and imperfect data 
available. 

The values given in the last column of the preceding table as 
including friction, are calculated on this assumption in the following 
manner. The theoretical limiting values of the heat-drop for t e 
case of supersaturation with ^ = 100 lbs. are first calculated 
according to the method already given. The corresponding values 
of F and U give M/X at each point, from which the ratios A/A; 
are obtained, as given in the column headed “Supersaturated.” 
To make an approximate allowance for friction m a typical case, 
the throat friction is taken as 2-5 per cent, of the heat-drop to the 
throat calculated by equation (12), namely, 

= (•1304<2 -h -00045) (661-82 — 464-0) = 25-90 cals. C. 

According to the formula (H, - H.)/P.D for the throat friction as 
a fraction of the heat-drop, this is equivalent to taking the thioat 
diameter D as 1 cm. or -4 inch. The percentage reduction due to 
friction in this case is one-tenth of the heat-drop. All the other 
values of the heat-drop are accordingly reduced by a peroentage 
equal to one-tenth of the heat-drop in calories at each point, ihis 
0 -ives a reduction of 9 per cent, in the heat-drop at 10 lbs. and, 
16 per cent, at 1 lb. — values which are within the range of possi- 
bility for a nozzle of this size with so large a ratio' of expansion. 
The values of U and V are then calculated from the reduced values 
of the heat-drop, and the ratios X/X^ found as before. 

The effect of friction in the expanding portion of the nozzle 
should evidently be roughly proportional to the length of the nozzle 
other conditions being equal. The friction may therefore be reduced 
by diminishing the length or increasing the angle of divergence. 
Increase of length, on the other hand, with reduction of angle, 
gives a more effective stream-line flow, and also diminishes the 
loss due to supersaturation by allowing more time for the steam to 
condense. Experiments on these points are wanting, but it appears 
that the dimensions selected in practice represent an empirical 
compromise between these opposite effects. It should be observed, 
however, that the usual method of calculating the final sectional 
area for a oiven pressure neglects both friction and supersaturation, 
and may give results 20 per cent, too small. This would perhaps 
explain the common observation that a nozzle generally works 
better when the final pressure is somewhat higher than that for 
which it was designed. The effects of friction and supersaturation 
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are too large to neglect in the design, and further experiments on 
these points are desirable. 


Variation of Discharge with Initial Temperature. 

itional evidence with regard to the law of the discharge may 
e obtained by taking observations at the same pressures, but at 
iffeient initial temperatures. As an illustration we may apply the 
t eoiy of supersaturation to explain some results quoted by 
Prof. Mellanby (Proc. Inst. Meek. Eng., Feb. 1913, p. 295), in which 



Eig. 22. Variation of Discharge with Temperature. 


the discharge through a nozzle i inch diameter and f inch long, with 
a rounded entrance of ^ inch radius, at an inlet pressure of 74-2 lbs. 
and back-pressure 41-5 lbs. abs., was measured by means of a 
surface condenser, at various degrees of initial superheat. The 
observed values of the discharge in lbs. per hour are plotted on a 
large scale against the initial temperature Fahrenheit in the ac- 
companying Fig. 22, the observations being represented by crosses. 
The result found with dry saturated steam at 806-8° F. is shown by 
the cross enclosed in a circle at 186-0 lbs. The value of the discharge 
at this point calculated by the usual formula for wet steam is 188-4, 
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whereas the formula for supersaturated steam gives 199-0 lbs. This 
result would appear at first sight to justify the usual formula, 
except that the coefficient of diseharge is surprisingly close to unity 
for so small a nozzle with so long a throat. Prof. Mellanby found 
however a coefficient of discharge greater than unity with a shorter 
nozzle of the same size, but suggested that the discrepancy might 
be due to the wetness of the steam, or the errors of the steam tables, 
rather than to any defeet in the theory. But his results at higher 
temperatures do not support this explanation. 

Aceording to the usual theory of reversible condensation, the 
maximum discharge as calculated from the tables should remain 
nearly constant (in this case) and equal to 188-2 lbs. per hour until 
the initial temperature is raised to 877° F. (at which point the 
steam would be just saturated on reaching the throat) as shown by 
the nearly horizontal line 2 for steam whieh is wet on reaching the 
throat. When the superheat is increased beyond this point, the 
discharge should fall off as shown by the curve 1 for dry or super- 
saturated steam. The observations however do not follow a broken 
curve of this type, but are very closely represented by line 3, which 
is obtained by simply reducing the curve 1 for supersaturated steam 
by 6 per cent. This reduction may reasonably be attributed to 
friction in so small a nozzle, and the form of the curve may be 
regarded as conclusive evidence in favour of the theory of super- 
saturation, since there is no indication of any well marked break. 

io6. On the Supersaturation Limit. The existence of 
the loss due to supersaturation in the rapid expansion of steam, 
appears to have first been pointed out by Prof. Nicolson and the 
author in a paper “On the Law of Condensation of Steam” {Proc. 
Inst. C. E., 1898, pp. 22-30) as a necessary consequence of the 
finite rate of condensation shown by their experiments. They 
estimated that a drop of 50° F. below saturation, corresponding 
to a missing quantity of 5 or 10 per cent., might be expected under 
ordinary conditions in a high-speed engine. By measuring the 
temperature of the steam during expansion with a compensated 
platinum thermometer (Fig. 7) of very fine wire, they found that 
the observed temperature was always lower than that deduced from 
the indicator. But they pointed out that any thermometer, however 
sensitive, could be expected to indicate a small fraetion only of 
the fall of steam-temperature, because the condensation on its 
surface would tend to keep it at the saturation point. By measuring 
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the adiabatic index for dry steam with a thermometer of the same 
type, they inferred that the loss of work, if there were no con- 
densation, might amount to 20 per cent, for large ratios of ex- 
pansion. But this was regarded as an overestimate, because there 
was knowm to be a limit, although Wilson’s experiments, which 
first afforded a direct determination of the limit in the case of moist 
air at ordinary temperatures, had not been published at the time 
when the paper was written. The difference is readily appreciated 
by reference to the curves shown on the diagram (Fig, 23). The 
curve AB represents the adiabatic for saturated steam, the curve 
AD that for dry steam, expanding from 165 lbs. to 1 lb. without 
condensation. This shows a defect of heat-drop amounting to 
20 per cent, at 1 lb. The curve SS shows the supersaturation limit, 
dra'wn on the hypothesis that condensation begins very rapidly 
when the pressure is eight times the normal saturation pressure 
corresponding to the temperature. If the temperature of the steam 
cannot fall below this limit, the adiabatic for supersaturated steam 
AC will begin to diverge from the dry adiabatic AD at the point 
where it ci’osses the curve SS, and the later part of the supersatura- 
tion curve will approximate more closely to AB than to AD. Since 
AC represents the limit of possible loss on this hypothesis, the 
actual adiabatic will probably lie somewhat below AC, but can 
never be isentropic, since there must always be a continuous 
increase of entropy so long as any supersaturation persists. 

According to the usual theory of supersaturation, based on the 
James Thomson isothermal, the SS limit would be reached at the 
point H, Fig. 17, Chapter VIII, when P is a maximum (Maxwell, 
Theory of Heat, 1880, p. 290). This would give a pressure P,^, 
upwards of 100 times that of saturation P_, in the case of steam at 
50° C., but assumes a homogeneous transformation, and takes no 
account of the action of the coaggregated molecules as discrete 
centres of condensation according to equation (28). Wilson’s 
experiments show that the effective SS limit occurs at a much lower 
ratio, Pss/Ps = 8, at low temperatures, but afford no evidence of the 
constancy of the limiting ratio. According to Maxwell’s view, the 
ratio PJPg would fall very rapidly with increase of pressure, 
reaching the value 8 for steam at about P, = 700 lbs., and di- 
minishing to unity at the critical point. It is theoretically possible 
that the Wilson ratio, corresponding to a reduction of the mean 
molecular distance to half the saturation value, might hold through- 
out the practical range of pressures, but it appears more likely that 
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there is a continuous diminution in the ratio Avith fall of surface 
tensmn Y. H. M. Martin (“Ncav Theory of the Steam Turbine/’ 
reprinted from Engineering, Vol. 106, 1918), taking the effective 
radius of the coaggregation nucleus as remaining constant and 
equal to 5 x IQ-s cm., and alloAving for the variation of F Avith 
temperature, finds Amlues of the pressure-ratio from equation (23) 
vaiying from 11 at 0° to 4-3 at 100° C. The curve thus obtained for 


the SS limit is practically coincident Avith that shoAvn in Fig. 23 
from 50 to 80° C., and giA'es A^ery similar results Avhen ajAplied to 
the calculation of the effects of supersaturation at low pressures, 
Avhere they are most important. There is some indirect experimental 
evidence, detailed in Chajiter XVI, tending to sIioaa^ that the 
practical SS limit in tiu'bines may be as high as the line of constant 
wetness QQ in Fig. 23. If this Avere the case, it AA'ould afford a very 
simple and practical method of calculation, but the actual position 
of the line remains uncertain at high pressures, though there is 
every reason to beheA^'e that it cannot be loAA’er than the line SS 
representing the constant ratio 8, Avhieh may be safely assumed as 


representing the maximum limit of loss due to supersaturation. 
For this purpose Ave may accept the Wilson ratio provisionally, 
though it must be admitted that further experiments are desirable. 


107. Reduction of Efficiency by Supersaturation. 
In the case previously considered, it Avas assumed, in order to 
simplify the calculation, that the rapidly expanding steam, on 
reaching the supersaturation limit, AA^as instantaneously transformed 
into wet saturated steam in the equilibrium state, and remained in 
this state for the remainder of the expansion. This method giA^es 
a lower limit for the loss due to initial supersaturation. It is obvious, 
hoAvever, that some degree of supersaturation must persist through- 
out the Avhole of the expansion, since the transformation cannot be 
instantaneous. It is, therefore, desirable to make an estimate of the 
corresponding upper limit of loss, obtained by assuming the super- 
saturation line SS. 

For this purpose the supersaturation limit may be defined as the 
limit of the state of dry supersaturated steam in rapid expansion 
which is reached Avhen the pressure is eight times the normal 
saturation pressure corresponding to the actual temperature of the 
steam. With this definition it is easy to calculate the properties of 
steam at the supersaturation limit from the equation for dry 
steam employed in this Avork, as sIioaau in the folloAving Table III. 
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In order to find the limiting form of the adiabatic in very rapid 
expansion it is necessary to make some additional assumption. 
The simplest and most probable assumption appears to be that the 
vapour itself remains at the temperature corresponding to the 
supersaturation limit, so that fresh nuclei are continually being 
formed throughout the expansion; but that the liquid particles 
rise very rapidly up to the normal saturation temperature, and are 
subsequently maintained in the neighbourhood of this temperature 
by evaporation as expansion continues. The state of the mixture 
thus defined is easy to calculate, and affords a probable limit to 
the effect of supersaturation. 

If Hgg , Vgg denote the total heat and volume of the dry vapour 
at the supersaturation limit as shown in the table, and if li^, 
are those of the wet mixture at any stage at the same pressure, we 
have the simple relation 

{Hgg - H,)l{Hgg - hg) = {Vgg - V,)l{Vgg - Vg), (24) 

where hg, Vg are the total heat and volume of the liquid at the 
normal saturation temperature corresponding to the pressure. 

If there is no friction or external heat-loss, we have the simple 
condition dH = aV dP defining the adiabatic, but the entropy no 
longer remains constant, and cannot be calculated by simply adding 
the entropy of the liquid to that of the vapour, as in the case of 
wet saturated steam, because the liquid and vapour are at different 
temperatures and not in equilibrium. The simplest method of 
finding the adiabatic under these conditions is a step by step process 
of integration of the fundamental relation. If single and double 
dashes denote the initial and final states in each step, the drop of 
H is readily found with considerable accuracy from the formula 

(H'- H")j{aP'V'~ aP''V") 

= (logP'- logP")/(logP'F'- logP"F"). ...(25) 
By assuming an approximate value of H" from the relation 
dH = aV dp, a suitable value of V" is obtained from the relation 
between Hq and Vq. The formula (25) then gives a very accurate 
value of H'— H", provided only that the pressure range in each 
step is reasonably small, say not exceeding a ratio 1 to 2. 

The values of H obtained in this way for a particular adiabatic, 
starting with dry saturated steam at 165 lbs., are shown in the 
table under the heading “Theor.” for comparison with the corre- 
sponding values of H on the usual adiabatic for saturated steam 
shown in the next column, headed “Sat.” Down to a pressure of 
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56 lbs. the steam is diy, and the values of H are found from the 
formula for dry steam. The steam reaches the supersaturation 
limit at a pressure between 56 and 48 lbs., and the succeeding 
values are calculated in successive steps. The last column gives the 
differences between the two adiabatics, and shows that the loss 
due to supersaturation may become considerable when the expan- 
sion is very rapid ; but it appears probable that the values given in 
the table afford a fair estimate of the limit of possible loss in the 
absence of friction. Similar losses must necessarily oecur in tur- 
bines, but the losses from supersaturation will be reduced when the 
expansion is less rapid, in proportion as more time is allowed for 
the approach to the equilibrium state. 


Table HI. 

Properties of Steam at the Supersaturation Limit (F.P.C.). 


p 

kg 

Hgg 

‘I’ss 

Vgg 

h 


200 

115-59 

616-87 

1-4299 

1-7271 

197-80 

0-0184 

160 

108-87 

618-73 

1-4653 

2-1823 

186-63 

0-0182 

120 

100-58 

620-08 

1-4863 

2-9305 

173-53 

0-0179 

100 

95-55 

620-50 

1-5062 

3-523 

165-72 

0-0177 

80 

89-58 

620-68 

1-6278 

4-407 

156-62 

0-0175 

64 

83-84 

620-46 

1-5496 

5-497 

147-97 

0-0174 

56 

80-49 

620-22 

1-5627 

6-271 

143-00 

0-0173 

48 

76-72 

619-80 

1-5772 

7-295 

137-43 

0-0172 

40 

72-38 

619-20 

1-6943 

8-718 

131-08 

0-0171 

32 

67-23 

618-28 

1-6148 

10-829 

123-63 

0-0170 

24 

60-83 

616-86 

1-6411 

14-302 

114-49 

0-0169 

16 

52-27 

614-54 

1-6771 

21-122 

102-43 

0-0167 

12 

46-49 

612-73 

1-7022 

27-822 

94-41 

0-0166 

8 

38-73 

610-08 

1-7375 

40-98 

83-76 

0-0165 

5'6 

32-25 

607-65 

1-7683 

57-57 

74-95 

0-0164 

4 

26-41 

605-37 

1-7974 

79-31 

67-11 

0-0163 

2-4 

17-99 

601-87 

1-8410 

128-89 

55-94 

0-0162 

1-6 

11-69 

599-16 

1-8756 

189-55 

47-66 

0-0162 

10 

4-74 

595-79 

1-9168 

295-71 

38-64 

0-0161 

0-8 

1-59 

594-67 

1-9357 

366-51 

34-55 

0-0161 


Adiabatic from 1651ba. (dry sat.) 


Emp. 

Tbeor. 

Sat. 

Diff. 

666-10 

666-10 

666-09 

0-01 

653-08 

653-08 

652-90 

0-18 

645-26 

645-26 

644-72 

0-54 

636-14 

636-14 

635-01 

1-13 

627-47 

627-47 

625-56 

1-91 

622-48 

622-48 

620-00 

2-48 

616-99 

616-91 

613-70 

3-21 

610-51 

610-43 

606-45 

3-98 

602-73 

602-64 

597-72 

4-92 

592-93 

592-84 

586-85 

5-99 

579-54 

579-46 

572-09 

7-37 

570-35 

570-27 

562-05 

8-22 

557-78 

557-72 

548-37 

9-35 

547-10 

547-07 

536-83 

10-24 

537-34 

537-33 

526-37 

10-96 

523-07 

523-09 

511-11 

11-98 

512-22 

512-24 

499-55 

12-69 

500-17 

500-17 

486-68 

13-49 

494-56 

494-56 

480-80 

13-76 


It is comparatively easy to calculate any desired adiabatic for 
supersaturated steam by the aid of the above table, using the 
step by step method. But since the theoretical values are somewhat 
uncertain, it is probably sufficient for practical purposes to estimate 
the loss below the supersaturation limit by an empirical formula of 
the type, H — B = kP'^, with m = 1/11, and B = 223, which fits 
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the adiabatic within a tenth of a calorie as shown by the column 
headed “Emp.” in the above table. The dry part of the. adiabatic 
follows the usual formula for dry steam, with m = S/18, and 
B = 464. A very fair approximation to the loss of heat-drop in 
the later stages may be obtained by taking 7-77 per cent, of the 
heat-drop for saturated steam. The loss at the supersaturation 
limit is about 5 per cent, of the heat-drop to that point, but tends 
to a nearly constant 2yercentage (7-5 to 8) at low pressures. 

The following example illustrates the method of calculation, 
which is instructive, because it may be applied to calculate any 
curve of this type, if relations between H and F, and dll and VdP, 
are given. 

Example. Find the adiabatic heat-drop from 8 to 5-6 lbs., 
taking the initial value H'= 557-72, (1) for saturated steam at the 
normal saturation temperature, (2) for supersaturated steam if 
the temperature of the vapour is at the supersaturation limit and 
that of the liquid at the normal saturation point. 

To find the initial volume F' in case (1) we have the usual 
relation 

(E, - H')/(Es - K) = (F, - V'W, - V,), 
which gives F'= 40'85, In case (2) we have the same relation with 
Ess, and for E^ and V,, and the value of V comes out 36'85. 
A first approximation to the heat-drop E'- E", in either case, 
is obtained from the relation dE — aVdP by writing it in the form 
ap'V' (dpjp) — since pV changes slowly — and substituting p' - p" 
for dp, and {p' -f- p")/2 for p. This gives for E' - E" in case (1) 
11-86, and in case (2) 10-70, which are in the ratio of the volumes. 
The resulting values of E" are 545-86, and 547-02. The corresponding 
values of F" are (1) 56-16, and (2) 51-02. 

To obtain more accurate values of E' — E" we may then apply 
the integrated formula (25). In case (1) we find E'- E" - 11-762 
as a second approximation, which is slightly greater than the differ- 
ence 11-54, shown in the table for saturated steam between 8 and 
5-6 lbs., because the initial state is //'= 557-72 in place of 548-37. 
In case (2) we find the following values: 

ap'V = 30-32, logap'F' = 1-481729, log p' = 0-90309 
ap"V"= 29-39, logap"V"= 1-468200, logp"= 0-74819 
Diff. 0-93 0-^~^9 0-15490 

Whence E'- E"= 0-93 x 0-15490/0-013529 = 10-650, as in the table. 

It would appear at first sight as though this were a vei-y inferior 
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method of approximation, because the result seems to depend 
on the small difference 0-93 between ap'F' and aj/'V”, sugo-estino- 
an order of accuracy of 1 per cent. only. But in reality this small 
cifference is concerned only with a small correction. Thus, if we 
had taken the rough values ap'V'^ 30-3, and ap"V"= 29--t, giving 
the difference 0-9, we should have found //'- II"= 1()-G45. It is 
essential however to take the correct values of the corresponding 
ogarithms to five significant figures in the difference, since the 
required correction depends on the difference of 'I’/log, (1 + x) from 
unity when x is small. If ap"V"= ap'V = 30-32, the value of the 
integral is only changed to ttp'V log, {p'lp") = 10-813, in place of 
10-650. 

If we apply the same method of calculation to the expansion 
from 100 lbs. (dry sat.) to 1 lb., in the case of the nozzle previously 
illustrated in Table I, we find the adiabatic heat-drop at the super- 
saturation limit to be only 150-92, as comp-ared with 162-93 at 
the saturation limit, a reduction of 7-37 per cent., which may 
be regarded as the limit of probable loss due to .supersaturation. 
The other limit already calculated on the supposition that the 
steam was transformed into the saturation state as soon as con- 
densation started, gave 161-08 for the heat-drop, showing a much 
smaller reduction, because it was assumed that there was no further 
loss when once condensation had started. The loss of heat-drop 
due to supersaturation after passing the throat, does not affect the 
mass-discharge, but may materially reduce the efficiency in turbines 
in which large expansion-ratios are employed for each nozzle. 

Since no distinction has hitherto been possible between the 
effects of friction and supersaturation, all estimates of friction 
previously made will include any effects of supersaturation. When 
the expansion is so rapid as it is in a nozzle with a large expansion- 
ratio, it is very likely that the state of the steam will remain very 
nea.r the SS limit throughout the latter jaart of the expansion. Thus 
if we take 15 per cent, as the whole loss for a nozzle of this size, 
about half will be due to friction and the other half to supersatura- 
tion. The supersaturation loss would be independent of the size of 
the nozzle, but the friction loss would be less for larger sizes. The 
final velocity remains the same for the same heat-drop, and is 
unaffected by the hypothetical subdivision of the loss as between 
friction and supersaturation. But if we suppose the final state to 
be approximately at the SS limit in spite of friction, there will be 
an appreciable diminution in the final volume as previously cal- 
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culated. With the same heat-drop, namely 135*1, at the SS limit, 
the volume comes out 259*1 in place of 283*8 at the saturation limit, 
and the value of XjM is reduced from 11*69 to 10*69. Further, if 
half the effect previously attributed to friction is really due to 
supersaturation, the numerical value of the coefficient previously 
suggested for friction should also be reduced to one half. But the 
experimental data are difficult to interpret, and do not justify any 
certain conclusion. 

io8. Stodola’s Experiments on Nozzle Friction. Stodola 
{Steam Turbines, p. 52) measured the pressure at various points 
in a conical nozzle, and deduced the probable effects of friction by 
comparing the results with a theoretical calculation of the pressures 
on the assumption that the steam was in the equilibrium state of 
saturation throughout the discharge. It may be of interest to 
recalculate these observations on the assumption that the steam 
was in reality supersaturated. The nozzle employed had a diverging 
cone about 16 cms. long, with an angle of 8° 49', and a throat 
diameter of 1*25 cm. The pressures were measured by connecting 
gauges to four small holes through the sides of the cone, and also 
by a central exploring tube, 5 mm. in external diameter, adjustable 
in position by means of a screw. The curve marked in the annexed 

Fig. 24 shows the effective cross-section of the conical part of the 
nozzle, allowing for the exploring tube, in relation to distance x 
measured along the nozzle in cms. from the throat. The curve is 
continued in the figure beyond the end of the actual nozzle to 
lower pressures, assuming the cone angle to remain the same. The 
curve marked P^, shows the pressures in kg./sq. cm. calculated for 
frictionless expansion at the SS limit. The observed pressures, 
indicated by the dots, are necessarily higher than the calculated 
pressures owing to friction. It was difficult to obtain steady readings 
of pressure above 1 kg./cm.^ owing to the excessively rapid drop 
of pressure and total heat in the first 5 cms. of the cone. The curve 
DIT^ indicates the drop of total heat in the same cone at the SS 
limit. In order to get uniform acceleration of the steam, w^hich would 
probably permit steady readings, it would be necessary that the 
curve of heat-drop DH should be a straight line, such as DH^ 
^dotted), when plotted against x. The curve marked represents 
the required cross-section of the nozzle for uniform heat-drop per 
cm. : the curve P„ shows the corresponding pressures. In this case 
the section would no longer be a simple cone, but would be nearly 
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Kg. 24. Pressures observed by Stodola in a Conical Nozzle. 

Go = 76-1, Fo= 0-2000 cb.m./kg., required for calculating the 
isentiopic heat-drop to any loAver pressure. 

The effective cross-section of the throat, alloAving for the ex- 
ploring tube, is 1-030 cm.l The discharge calculated for the initial 
state ot dry saturated steam at 10-48 kg./cm.2, with F, = 0-1912, 
^5= 181-0° C., by the usual formula, ilf /A”; = 0-0199 (P /F iW 
assuming the steam to be saturated in the throat, comes out 
M = 0-1516 kg./sec. Allowing for the fact that the initial steam 
was superheated 17° C., but still supposing the steam to be saturated 
before reaching the throat, the calculation of the discharge is more 
troublesome, since it is necessary to find by trial the pressure at 



256 PROPERTIES OF STEAM [cii. 

which XjM is a minimum. The result found in this way is 
M = 0-1534 kg./sec., which shows a slight increase due to the super- 
heat, and agrees very closely with the observed discharge, namely 

0- 153 kg./sec., but leaves very little margin to allow for any re- 
duction due to friction. 

If on the other hand we assume that the steam is still dry and 
supersaturated on reaching the throat, and calculate the discharge 
in both cases by the same formula with the coefficient 0-0209 in 
place of 0-0199, we find 

For steam initially saturated at 181° C., M = 0-1592 kg./sec. 

For steam initially superheated at 198° C., M = 0-1559 kg./sec. 
showing a diminution of the discharge with superheat, which agrees 
with the interpretation of Mellanby’s experiments given in sec- 
tion 105. 

In this case it is necessary to suppose that the effect of throat 
friction is to reduce the discharge from 0-1559 to 0-153 kg./sec. 
According to the formula l/Po£> (F.P.C.) suggested in section 104, 
for the fractional reduction due to throat friction, with Pq = 149 
Ibs./in.^ and B - 0-5 in., the reduction should be 1-3 per cent.; 
but the presence of the exploring tube increases the frictional 
surface in the proportion of 7/5, giving a probable reduction of 

1- 8 per cent., which happens to agree exactly with the reduction 
from 0-1559 to 0-153 kg./sec. 

Estimate of Frictional Loss. Stodola estimated the loss by 
drawing a curve similar to Pg in the previous figure, giving the 
pressure distribution along the nozzle for frictionless expansion 
at the saturation limit; and by adding two similar curves for a 
reduction of 10 per cent., and 20 per cent., respectively, in the 
heat-drop at each pressure. For a given value of the discharge, 
such as M = 0-153, it is easy to calculate the values of X and x 
corresponding to any assumed value of P with 0, 10 per cent., and 
20 per cent, loss, respectively, in the following manner. Find D/Pj, 
for the assumed P, deduct 10 per cent, and 20 per cent., and find 
the corresponding values of U and V. Deduce X from the formula 
X = 10,000MVIU (K.M.C.), and find the value of x allowing for 
the exploring tube. 

For instance, at 

P = 0-844 kg. (12 lbs.), H, = 637-02, F, = 2-021 (K.M.C.). 
Isentropic LH^= 103-89, U = 932-6, V = 1-779, X = 2-918, a: = 6-01 cms. 

Loss 10% DH = 93-50, U = 884-8, F = 1-818, A = 3-143, a: = 5-46 „ 

Loss 20% DH = 83-11, U = 834-2, V = 1-857, X = 3-405, a; = 6-98 „ 


X] 


FLOW THROUGH A NOZZLE 


257 


By calculating a few points in this way, the required ciiiwes are 
readily drawn. The observed pressures for M ~ 0-153, plotted as 
dots on the same scale, show the loss at each point of the nozzle 
by their position in relation to the calculated curves. Stodola’s 
curves show a loss of about 10 per cent, at a pressure of 0-S kg., 
increasing to about 20 per cent, at 0-2 kg., and suggesting even 
larger losses at lower pressures. But these losses seemed rather 
large to attribute simply to friction, and he concluded from other 
experiments that the total loss for the nozzle investigated did not 
exceed 15 per cent. 

The above method of estimating the loss is very simple and 
direct, but it gives a somewhat restricted scale at low pressures, 
where the loss is most important, and it does not exhibit the loss 
itself in the form of a curve on a uniform scale. It also proves 
inconvenient for showing the effects of supersaturation in contrast 
with those obtained on the usual assumption that the steam is in 
the equilibrium state of saturation throughout the expansion. For 
these reasons the same observations are reduced by a different 
method in the annexed figure, the actual loss calculated for each 
point observed being plotted against the isentropic heat-drop at 
the same pressure. 

109. Curve representing Loss of Heat-Drop. The abscissa 
in the annexed Fig. 25 is the isentropic heat-drop in calories C. 
at any pressure, representing the limit of possible performance; the 
ordinate is the loss of heat-drop at the same pressure, plotted on a 
five times larger scale. The curve ACD represents the defect of 
heat-drop along the dry adiabatic starting Avith the initial state 
P = 10-48, t = 198° (K.M.C.). A represents the point at which the 
steam reaches the saturation limit, with DH^ = 13 nearly. The 
point B corresponds with the throat of the nozzle. The supersatura- 
tionlimit is reaehed atthe point C, where BH = 56-4, and 59 -4, 

with a loss of 3 cals., or 5 per cent. The curve CSS is the adiabatic 
at the supersaturation limit, which is not isentropic, the entropy 
increasing from 1-5964 before condensation starts, to 1-6043 at C 
after condensation starts, and to 1-6405 at a pressure of 1 lb. near 
the end of the curve CSS. The eurve CS, which is nearly a straight 
line, represents the assumption that the steam remains at the 
saturation limit, without further increase of entropy, after passing 
, the point C. The value of the entropy at aiw point when the steam 
is not in a state of equilibrium is estimated from the formula 

17 
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d) - iH ^ GMT bv supposing it transformed to the equilibrium 
®de‘!t -pressure. Ihe point at ivhich the SS limit is 

reached in the absence of friction may be found from the table 
by taking the pressure (about 39 lbs. in this case) at which <I>„ 

is equal to the initial value 1-596-i. . • ^ 

The small circles in the figure represent the observations of 
Stodola as reduced on the assumption that the steam is in the state 
of saturation. The whole loss in this ease is attributable to friction 



alone. The crosses not enclosed in circles represent the reduction 
of the same observations on the assumption that the steam is at 
the SS limit, represented by the curve CSS. The loss due to friction 
in this case is measured by the height of the crosses above the curve 
CSS, the remainder of the loss, below the curve, being attributable 
to sirpersaturation. 

Takirrg first the circles, representing the usual hypothesis of 
saturation, it mil be seen that they lie roughly on a curve rising- 
very steeply at low pressures, and reachirrg a maximum loss of 
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30 cals., or 20 per cent, of the isentropic heat-drop at the end of 
the nozzle, where P = 0-20 kg./cm.^. 

Method ofCcdculation. The method of calculation for the separate 
observations is much the same as that previously given for the 
curves, but is performed in the reverse order. In the previous case, 
P and DH are assumed and it is required to find X and x. In the 
case of the observations, P and x are given, and DTI is required. 
As an example of the method we may take the first observation, 
P = 0-742, at the point x = 5-67 in the side of the nozzle. 

® = 5-67 gives X = 3-248, whence if M = 0-153, we have 
UjV = 471-0. 

P = 0-742 gives = 108-38, 11^ = 635-59, 11^— st = 544-9, 

V, = 2-280. 

Taking DH = 100 gives U = 915-1, - IT = 59-59, V == 2-030, 

U/V = 450-7. 

Taking DH = 107 gives U = 946-6, //,- H = 66-59, V = 2-002, 
U/V = 472-8. 

By interpolation at UjV = 471-0, we obtain DH = 106-4, 
whence the loss is 2-0. 

The pressure at the same point, x = 5-67, observed with the 
central exploring tube, was 0-797, giving DH^ = 106-2, DH = 96-6, 
loss = 9-6 cals. C., suggesting that there was a real difference of 
pressure between the centre and side of the jet at this point, owing 
to the too rapid increase of section of the cone. The mean loss for 
the whole section would probably be intermediate between the two, 
about 6 cals, at DH^ = 107. The four observations taken at the 
side of the nozzle are marked with crosses ( -f ) enclosed in the 
circles. The remaining three of these are seen to agree as closely as 
could be desired with the plain circles representing the observations 
with the central exploring tube. 

It is evident that the curve of frictional loss deduced from these 
observations, on' the assumption that the steam is saturated, is of 
a highly improbable character. The curve is much too steep, and 
tends to cut the axis, giving zero or negative loss at pressures above 
1 atmosphere; while it gives losses which are too large to attiibute 
purely to friction at low pressures. These peculiarities cannot be 
attributed entirely to errors of observation, in spite of the great 
difficulties of the experiments. They appear to be chiefly due to the 
error of the assumption that the steam is in the equilibrium state 
of saturation; but there may also be some smaU systematic errors 
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in the pressure measurements, which require consideration when 
dealing with steam at such extremely high velocities. ^ 

CoTTection of the PvessuTes. When steam or other fluid is floving 
parallel to a surface with high velocity, the pressure near the 
surface will be raised by the frictional retardation of the stream. The 
pressure in a small hole at right angles to the surface, being the 
same as the pressure at the surface, vail be higher than the pressure 
in the main body of the stream. Moreover, an exploring tube with 
its length parallel to the stream, and provided with a small opening 
at right angles to its surface, will have all its indications raised by 
friction in a similar manner, so that the effect in question cannot 
easily be detected or measured experimentally. There is no certain 
method of calculating the effect in the case of turbulerrt flow, but 
the rise of pressure at the surface will eviderrtly be proportional to 
the velocity-head, which is ZJ^j2gV irr gravitational units, and is 
commonly measured with a Pitot tube. At ordinary velocities, 
such as are familiar in aeronautical tests, the velocity-head is 
insignificant as compared with the absolute pressure to be measured 
and the error is negligible; but in a steam-nozzle, where the velocity- 
head at low pressures may be four or five times the absolute pressure 
of the medium, the correction may evidently become very import- 
ant, even if it is only a small fraction of the velocity-head. 

Since DH is proportional to U^, and X is proportional to VjU, 
the velocity-head, and the required pressure-correction, may be 
taken as proportional to DHIV, or to U/X. Although the absolute 
magnitude of the correction is unknown, the relative values are 
fairly certain, and it is easy to try the effect of assuming different 
absolute values. Taking the correction as 0-018 at 0-20 kg./cm.^, 
near the end of the expansion, it would amount to 0-042 on the first 
observation at 0-742 kg. Repeating the calculation with the cor- 
rected pressures, the loss at the lowest pressure is reduced by more 
than a half, but the loss at P = 0-742 becomes negative, and the 
loss curve tends to cut the axis at a higher point near 110, This 
correction does not help to explain the observations satisfactorily 
on the assumption that the steam is saturated. The assumption of 
the state represented by the curve CS makes little difference. We 
conclude that the state must be something nearly approaching the 
curve CSS, representing the supersaturation limit. 

no. Effect of Supersaturation. If the supersaturation 
limit is assumed to represent the probable state of the steam, the 
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method of calculation is exactly the same as for saturated steam, 
except that the expansion curve follows the dry adiabatic as far 
as the point C, and that the relation employed in deducing V from 
H is that appropriate to the SS limit. If the observed values of the 
pressure are employed without correction, the observations, when 
plotted, give a curve which does not show any tendency to cut the 
axis, as in the previous case, but gives rather high values at low 
pressures, reaching 89-5 cals, or 25 per cent, at 0-20 kg., of which 
about 7 per cent, would be attributable to supersaturation and 
18 per cent, to friction. The pressures were accordingly corrected 
by deducting 2 per cent, of the velocity-head at each point. The 
results thus obtained are shown by the plain crosses, ( x ) for the 
observations with the central exploring tube, and ( + ) for those 
taken through the side of the nozzle. The loss at 0-20 kg. is then 
about 17 per cent, of which 10 per cent, is debited to friction. If 
the cireles representing the reduction of the observations on the 
saturation hypothesis are disregarded, it will be seen that the 
observations fit fairly with the dotted curve FF, in drawing which 
the frictional loss is represented by the empirical term 0-006 
added to the curve ACSS representing the supersaturation loss. 
This is the simplest type of formula by which the observations can 
be represented with any degree of probability, but the observations 
are not sufficiently consistent, and do not extend far enough to 
exclude a variety of other assumptions. It is quite possible that 
the pressure-correction should be increased to 8 per cent, of the 
velocity-head, in which case the loss attributable to friction would 
be further reduced to about 6 per cent, at 0-2 kg., but the curve 
would still be of a probable type. The hypothesis of supersatura- 
tion evidently affords a possible explanation of the observations, 
besides being intrinsieally probable on other grounds. It is also 
required to explain the great improvement effected by a moderate 
degree of superheat, which follows naturally if the supersaturation 
loss is a large fraction of the whole, but cannot be explained satis- 
factorily on theoretical grounds if the steam is saturated. 

III. Effect of Superheat. In order to make an estimate 
of the probable effect of superheat in improving the efficiency of a 
nozzle, we may consider the reduction of supersaturation separately 
from that of friction, to the reduction of which alone the improve- 
ment has generally been attributed. Since the motion is turbulent, 
the effect of superheat on the friction cannot be predicted with 
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any degree of eertainty, but it is possible to ealculate the leduetion 
of the supersaturation loss by assuming the expansion to proeeed 
at the SS limit in the absenee of friction, and the result so 
obtained will apply with close approximation in the presenee of 
friction on the well-known principle of the independence of small 
corrections. 

To facilitate the calculation we require in the first place a simple 
rule for deducing the adiabatie heat-drop in expansion at the 
SS limit. It has already been shown that, for a large range of 
expansion, when the initial state is dry saturated, the loss due to 
supersaturation at the SS limit approximates very closely at low 
pressures to a constant percentage, 7-78 per cent., of the adiabatie 
heat-drop for saturated steam under the same conditions. When 
the initial state is one of superheat, the two expansion curves coin- 
cide so long as the steam is superheated, but the percentage re- 
duction remains very nearly the same for that part of the expansion 
which is below the saturation limit. The rule for finding the adiabatic 
heat-drop for supersaturated steam at the SS limit in the case of 
initial sui3erheat is consequently as follows: 

Buie. Find the adiabatic heat-drop DH^ for saturated steam 
under the same conditions, and deduct 7/90, or 7‘78 per cent., of 
that part of which is below the saturation limit. 

As an example of this rule we may take the case of the nozzle 
last considered, in which the initial state was p = 10-48, t = 198° 
(K.M.C.), giving = 1-5964, H = 676-0, = 181-0° C., superheat 

17° C, 

The adiabatic heat-drop for saturated steam from this initial 
state to a final pressure 2-4 lbs., or 0-16874 kg., is found by the 
usual rule to be DH^ = 155-86 cals. C, With cD = 1-5964, = 663-55 

from Table II, App. Ill, the steam reaches the saturation limit 
after a drop of 12-45 cals., leaving 143-41 as the part of DH^ below 
the saturation limit. To find the loss of heat-drop due to super- 
saturation we take 7/90 of 143-41, giving 11-14 cals. Subtracting 
this from DH^, we obtain Dllgs = 144-62 as the adiabatic heat-drop 
at the SS limit. This result is the same to the last figure as that 
obtained by the somewhat laborious process of integrating aV dP 
with the aid of Table SS. 

The method of calculation, and the reduction of the SS loss 
by superheat, may be illustrated graphically by supposing the curve 
ACSS in the last figure shifted to the right as the superheat is 
increased. In the present case the required correction may be read 
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directly from the curve, which is drawn for 17° superheat, by taking 
the ordinate at 155-86, namely 11-2 cals. 

To find the effect of a moderate degree of sujjerlieat in reducing 
the SS loss for this particular nozzle, it will be sufficient to calculate 
DIl^ and for two cases, (1) initial state dry saturated, and 

(2) with initial superheat such that the steam is just saturated on 
reaching the throat. The initial states for the same pressure, 
P = 10-48 (K.M.C.), are 

(1) t = 181-01° C., O = 1-5770, H = 666-41, V = 0-1910, 
G = 49-74 (K.M.C.). 

(2) t = 220-53° C., O = 1-6244, H = 688-80, V = 0-2121, 
G = 118-03 (K.M.C.). 

In finding (2), to make the steam just saturated on reaching 
the throat, the value of is taken as 0-5457 Pq, = 5-72, giving 
<l)g= 1-6244, ig= 156-13° C. in the throat. The values of 
Vq, and Gq, are found by interpolation with this value of <!> in 
Tables VI, IV, V, and VII. 

An approximate solution may be obtained by taking the same 
final pressure, 2-4 lbs., or 0-16874 kg., in each case, which gives 
the results 

(1) Dlh - 152-7, DHgg = 140-8, U = 1086, V - 6-921, 

UIV = 156-9 (K.M.C.). 

(2) DIU = 159-5, Hf/gg = 149-4, U = 1118, V = 7-124, 

UJV - 157-0 (K.M.C.), 

showing an apparent improvement in DHgg amounting to 8-6 cals. C. 
But since the values of UIV do not fit with those of MjX for the 
final section of the nozzle, it is necessary to repeat the calculation 
at a second pressure in order to allow for the effect of superheat in 
altering the discharge M and the final pressure which the nozzle 
is capable of utilising efficiently. 

Repeating the calculation for P = 2-2 lbs. or 0-1547 kg., we 
obtain 

(1) DH^ = 155-2, BHgg = 143-1, U = 1095, V = 7-494, 
U/V - 146-1 (K.M.C.). 

(2) DH^ - 162-1, DHgg = 151-8, U = 1127, V = 7-712, 
UIV = 146-1 (K.M.C.). 

It wiU be seen that superheat does not appreciably affect the 
values of UIV, which are nearly the same in (1) and (2) at the same 
final pressure. But it reduces the discharge, and alters the pressure 
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at the final section of the nozzle, X = 10-47 cm.-. Taking the throat 
section as 1-03 em.-, wehave(l)M = 0-1594 kg./sec., (2) ilf ^0-1513, 
so that the final values of U /Fin either case must be (1) U/V = 152-2, 
(2) U/r = 144-5 (Iv.iM.C.). By interpolation with these values of 
U/V we obtain the final values, (1) P = 0-1627 kg., DHgg = 141-8, 
(2) P = 0-1545 kg., DHgg = 152-2 (K.M.C.) showing an improvement 
in heat-drop of 10-4 cals, for 39-5° C. superheat, or 1 per cent, for 
each 5-4° C. of superheat, which agrees fairly with observation. 

If we make a similar calculation on the hypothesis that the 
steam is in the state of saturation, with the corresponding values 
of dland F/F, namely, (l)iR = 0-1518, UjV = 145-0, (2) M - 0-1513, 
U/V = 144-5 (K.M.C.), we obtain by interpolation the final values 
of P and DII<^, for saturation, (1) P = 0-1584 kg., DH^= 154-5, 
(2) P = 0-1600 kg., DH^= 161-1 (K.M.C.), showing an improve- 
ment of heat-drop of only 6-6 cals., or 1 per cent, for each 9-3° C. 
of superheat, which is a much slower rate of improvement than 
is commonly obtained in practice. It will be seen that there is no 
improvement in the final pressure with superheat, but rather the 
reverse, if the calculation is made on the saturation hypothesis, and 
that part of the improvement of heat-drop in the case of super- 
saturation is due to the reduction of the final pressure. It is neces- 
sary to take account of this in making the comparison, because the 
change in the appropriate final pressure will inevitably produce 
some effect on the performance even if the vacuum is net varied. 

The calculation of the effect has been made in the absence of 
friction, but the presence of friction will tend if anything to increase 
the advantage gained by the elimination of supersaturation loss. 
There may be some reduction of friction with superheat, but the 
amount of frictional loss and its mode of variation are too uncertain 
to be a profitable subject for calculation. 

1 1 2. Discharge through a Series of Throttles. The case 
of a series of similar throttles traversed by the same flow M, 
is of interest in relation to the theory of “labyrinth” glands and 
packings in which leakage is reduced by repeated throttling through 
small apertures. If there are N throttles, and if the sectional area 
X of each is the same, a simple solution is readily obtained on the 
following assumptions : ( 1 ) that the steam is dry, and that H remains 
constant, (2) that the drop of pressure at each throttle is small, 
and (3) that the pressure at the throat of each throttle is equal 
to the corresponding back-pressure. If the initial steam is dry, 
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assumption (1) requires that the product PV shall remain very 
nearly constant (neglecting h) and equal to the initial value P^J^Q. 
The flow is defined by the simple relations 

144i¥/X = U/F, where V = PJ^^jP, and U = 300 (aVdPfiK 
Substituting for U and V we obtain immediately 

2 (144M/300Z)2 {P,VJa) = 2PdP 

= d (P^) = P ,^ - P/ ^ (P^2 _ p . . . (2G) 
where Pj^ is the back-pressure after passing the last throttle. 

Transposing and reducing, we find for 31 jX in lbs. per sec. per 
sq. in., 

31 /X = 0-473 V{Po^-P-^)I^Va (F. P.C. or F. ). . . . (27) 
The value of the constant for (K.M.C.) units is 0-0313. A formula 
of a similar type, but deduced by a somewhat different method, 
was given by Martin, Engineering, Jan. 1908, p. 35, Steam Turbines, 
pp. 166-171. 

In many cases which occur in practice the number of throttles 
N is insufficient in comparison with the pressure range to permit 
of condition (2) being satisfied to a satisfactory degree of approxi- 
mation. The discharge in this case will generally be limited by 
reaching the maximum value when the pressure-ratio for the last 
throttle exceeds the critical value 0-5457. In this case, the pressure 
Pj^" in the throat of the last throttle may considerably exceed the 
final back-pressure, so that the previous solution no longer applies. 
The discharge through the last throttle is then gi^"en by the usual 
formula 

i¥/Z = 0-3155 {P'lV'f!-^ (F.P.C. or F.), 

= 0-0209 {P'jV’fl-^ (K.M.C.), 

where P', V, are the pressure and volume before the last throttle. 
Substituting P^y = 0-5457P', and P'V' = PqV(,, in accordance with 
(1), 

31IX = 0-578 (P,y/Po) {PolV.yl-^ (F.P.C. or F.). ...(28) 

The value of the constant for (K.M.C.) units is 0-0383. 

The pressure ratios for the other throttles can be calculated in 
succession by the formula of de St Venant and Wantzel. By com- 
pounding these ratios, the required value of Pj^tIPq can be tabulated 
for any number of throttles, as in the following table extending 
to 50 throttles. It is then easy to calculate the theoretical value 
of 31 fX for any case in which the ratio of the back-pressure to the 
initial pressure is less than that tabidated for the corresponding 


266 


PROPERTIES OF STEAM 


[CH. 

number of throttles, so that the critical value of the pressure ratio 
will be reached for the last throttle, and the discharge will be 
independent of the back-pressure for any value lower than P 


Table IV. 


Critical ratio of final to initial pressure for N similar throttles. 


N 

^n/^q 

N 

^x/-Po 

A 

Ps/Pi> 

N 


N 

Pn/Po 

1 

5457 

11 

2280 

21 

1702 

31 

1418 

41 

1242 

2 

4432 

12 

2194 

22 

1666 

32 

1397 

42 

1228 

3 

3854 

13 

2117 

23 

1632 

33 

1377 

43 

1214 

4 

, 3463 

14 

2048 

24 

1600 

34 

1358 

44 

1201 

5 

■ 3174 

15 

1985 

25 

1570 

35 

1339 

45 

1188 

6 

2949 

16 

1928 

26 

1541 

36 

1321 

46 

1175 

7 

2707 

17 

1876 

27 

1514 

37 

1304 

47 

1163 

8 

2616 

18 

1828 

28 

1488 

38 

1288 

48 

1152 

9 

2487 

19 

1783 

29 

1464 

39 

1272 

49 

1140 

10 

2376 

20 

1741 

30 

1440 

40 

1257 

50 

1129 


Note. The decimal point is omitted before the first figure in each ratio. 

If the ratio of the final to the initial pressure is greater than the 
critical value tabulated for the given number of throttles, the table 
can still be employed for finding theoretical values of MJX by 
interpolation. Thus if the ratio of the back-pressure to the initial 
pressure is 1 to 2, we have to find two values of Pji^/Pq in this ratio 
in the table separated by the given number of throttles. Thus the 
ratio 0-1140 for N = 49, is just half the ratio 0-2280 for N = 11, 
or 38 throttles would suffice to give a reduction of pressure in the 
ratio 1/2 when the value of M/X is that obtained by putting 0-1140 
for Pjst/Pq in the theoretical formula (28). If there were only 20 
throttles, the range iV = 5 to 25 gives a ratio 1570/3174 = 1/2-022, 
and the range = 6 to 26 gives 1541/2949 = 1/1-914. By inter- 
polation we find 0-1564 as the appropriate value of P^/Pq 
20 throttles with a pressure-ratio 1/2. It would evidently be quite 
near enough for the purpose to take the nearest value 0-1570, in 
the table, without troubling to do the interpolation. The maximum 
discharge for 20 throttles is reached with an}^ back-pressure ratio 
less than 0-1741, corresponding to A = 20 in the table. But an 
increase of the back-pressure ratio to 0-1702/0-5457 = 0-312, 
corresponding to the next step of 20 in the table, from A = 1 to 
21, reduces the discharge in the ratio 0-1702/0-1741, only, so that 
no great accuracy of interpolation is ever required. It is less trouble 
to use the table than to work out the approximate formula, with 
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the advantage that the results are theoretically more accurate, 
especially if the number of throttles is small. Martin’s formula is 
more accurate in extreme cases than the approximate formula (27), 
but it is also more trouble to work. The approximate formula 
necessarily agrees in the limit with the table when the number of 
throttles is large and the pressure ratio small, but the errors are 
surprisingly small for so simple a formula even when the number of 
throttles is small and the pressure ratio large, as is seen in the 
following example. 


Table V. 

Initial pressure 165 lbs. (dry sat.), back-pressure 20-6 lbs. 


Number of throttles 

4 

9 

16 1 25 1 

36 

49 

Discharge MjX table 

1-540 

1-107 

0-858 0-698 

0-588 

0-507 

„ by approx, formula 

1-805 

1-203 

0-903 0-722 

0-602 1 

0-516 

,, by Martin’s formula 

1-464 

1-084 

0-849 0-694 

0-585 

0-505 


Martin’s formula gives results which are always a little too small, 
but the error is insignificant. The theory appears to be reliable for 
comparative values, but assumption (3) is somewhat uncertain, 
since the throat-pressure may be less than the back-pressure. It is 
most important in practice to make the clearance X as fine as 
possible, and to take care to avoid any possibility of a direct blow- 
through or carry-over of velocity from one throttle to the next. 




CHAPTEE XI 


FLOW THROUGH A TURBINE 

1 13. Impulse and Reaction. It would be outside the scope 
of the present work to describe mechanical details of construction 
and operation of turbines, for which the reader must be referred 
to other works. It will be necessary, how^ever, to explain the 
general principles of the flow through a turbine in a few ideal cases, 
in order to elucidate the application of the thermodynamical 
formulae. 

If a jet of fluid strikes a moving blade with relative velocity 
U/ the quotient U^'Jg may be regarded as expressing in gravi- 
tational measure the “impulse” of the jet on the blade, per unit 
mass of fluid, acting in the direction of U,.'. If the same jet leaves 
the blade with relative velocity U/', the quotient U^f’lg may 
similarly be regarded as the “reaction” of the jet on the blade, 
and acts in the direction opposite to Uj,". The resultant of the 
imjDulse and reaction, taken with due regard to sign, will represent 
correctl}^ in all cases the whole action of the fluid on the blade, 
but the forces of impulse and reaction can seldom be regarded as 
possessing a separate physical existence otherwise than as mathe- 
matical components of the resultant. 

If the blade is moving with a velocity m in a direction making an 
angle with the impulse, and an angle with the reaction, the 
w'ork W done by the jet on the blade per unit mass of fluid is 
obtained by adding the resolved parts of the impulse and reaction 
in the direction of motion, and multiptying the sum by the velocity u. 

W = {U/ cos Uj." cos ^") ujg (1) 

This simple formula includes all cases, but its application 
depends on the possibility of specifying the directions and velocities, 
wdiich cannot be done exactly except in a few ideal cases. The 
following sections illustrate tw'o such limiting cases representing 
types of flow wiiich can be approximately realised in practice, 
and which are most commonly aimed at in the construction of 
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axial flow machines. They are called Impulse and Reaction Types 
respectively, but the essential difference between them depends 
on the mode of expansion of the steam, rather than on the exclusive 
utilisation of either impulse or reaction, 

1 14 - The Impulse Turbine. The simple impulse wheel 
carries a rim of semi-cylindrical blades, slurped somewhat as shown 
in the annexed Fig, 26, in 
which the blade rim is seen 
developed in section. Steam 
issuing from a nozzle at the 
side (not shown in the figure) 
with velocity TJ\ represented 
by OA, inclined at a small 
angle jS to the plane of the 
wheel, has a normal com- 
ponent OC = JJ — U' sin j8, at 
right angles to the wheel, and 
a tangential component 

CA = U' cos 

in the direction of rotation. If the blades are revolving with 
mean velocity u, represented by BA, the tangential component 
of the relative velocity U,' is evidently U' cos /3 — w, and is repre- 
sented by CB. In the ideal case, neglecting friction and compression, 
the blades are shaped so that the cross-section of the channel 
between them, estimated at right angles to the flow, is uniform, 
in which case the steam will flow through without change of 
pressure or velocity. If the blades are symmetrical, the angle 
of exit, FDG, will be equal to the angle of entrance, OBC. The 
tangential component of the reaction due to DF, is the same as 
that of the impulse due to OB, and the expression for the work is 
evidently 

IF = 2 (tJ' cos ^ - u) ujg = 2{z-l) u^jg, (2) 

where the symbol s is employed as a convenient abbreviation for 
the ratio of the tangential component U' cos of the steam- 
velocity to the blade- velocity. The absolute velocity of exit, U", 
represented by EF, has a tangential component, EG = V cos ^ - 2m. 
The axial component U of U” is the same as that of U’. In the 
absence of friction, the drop of kinetic energy {V'^--V"‘^)l2g, is 
equal to IF; but exceeds IF by the work wasted when friction is 
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present, in which case U^'' will be less than U^'. The general 
expression for IF in terms of the relative velocities still holds, so 
that the drop of relative velocity can be estimated if the friction 
is knoAvn, or conversely the frictional loss can be estimated from 
the drop of TJ^'. 


1 15. The Reaction Turbine. The most characteristic 
feature of the reaction turbine, as distinguished from the impulse 
turbine, is that the moving blades, or vanes, are exactly similar 
to the fixed blades, or guides, but are oppositely directed. The 
effect of this is that drop of pressure and increase of velocity occur 
equally in both fixed and moving blades ; whereas there is no drop 
of pressure or increase of velocity in the moving blades of the 
impulse turbine in the ideal case. 

In an axial flow turbine of the Parsons’ type, the axial velocity 
TJ of the steam, represented by the line OC in the annexed Fig. 27, 
is determined at any stage 
by the relation TJ = kMV /X, 
where X is the cross-section 
of the annular space between 
the drum or rotor carrying the 
vanes and the cylinder or 
casing to which the guides are 
fixed. The steam is deflected 
by the guides, and its velocity 
is increased to U', represented 
by the line OA in the figure, 
making an angle a Avith the 
axis or jS with the tangent, so 
that TJ' = TJ sec a, or TJ = TJ' sin If the vanes are moving with 
velocity u, represented by the line BA, the relative velocity TJ" 
with which the steam meets the vanes is represented by the line 
OB, the tangential component of which is 

CB = TJ' cos p — u = TJ tan a — u. 



Kg. 27. 


In a continuous series of similar pairs of vanes and guides, the flow 
will be symmetrical, and the axial component C7 of the velocity will 
remain constant if proAUsion is made for the gradual expansion of 
the steam by increasing X. The relative veloeity TJ' Avith Avhich the 
steam leaves the vanes, Avill be the same as that with Avhich it left 
the guides, and the absolute velocity TJ" on leaAnng the vanes, Avill 
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be the same as that with which it met the pi’evious guides. The 
tangential component of the relative velocity of exit, represented 
by the line DG, is evidently U' cos or U tan a. Adding the 
resolved parts of the impulse and reaction, and multiplying by n, 
we obtain 

W = {2U' cos jS — u) tijg = (23 — 1) u-/g, (3) 

where z represents, as in the previous case, the velocity-ratio 
U' cos /3/m, or U tan aju. In the case of a reaction turbine, and in 
the later stages of an impulse turbine when the nozzles form a 
complete ring, it is often preferable to exju’ess 3 in terms of U and 
a, in place of U' and j8. 

ii6. Mass-Flow, Pressure, and Speed. The power 
developed is the product MW of the work W per unit mass by. 
the mass-flow M per unit time. The mass-flow depends chiefly on 
the areas of the nozzles, and on the initial conditions of pressure, 
etc., and is nearly independent of the speed and the final pressure. 
This is obvious in the case of an impulse turbine when the pressure- 
ratio for the first set of nozzles exceeds the critical value, 0*5457, 
so that the discharge is independent of the back-pressure. The mass- 
flow is then proportional to the throat-area of the nozzles, and to 
{Pq/VqYI^, as shown in the previous chapter, and is tpiite unaffected 
by any variation of speed. It is by no means ob\doiis a j^riori that 
the same result would follow in the case of a reaction turbine when 
the pressure ratio per stage is very small. But it is found to be 
almost equally true in practice for any number of stages when the 
whole pressure range is large, as is usually the case. 

If the mass-flow is varied by throttling the initial steam, the 
initial value of the total heat will remain nearly constant (apart 
from external loss of heat), and the initial velocity of the steam 
will be practically unaltered, so that the value of W in the initial 
stages will remain nearly the same if the speed is constant. If the 
final pressure is reduced in the same ratio as the initial pressure, 
the velocity ratio 3 may remain nearly the same throughout the 
turbine, in which case the values of W will be little altered, and the 
gross-power exerted will be nearly proportional to 31. But as a 
rule the reduction of the final pressure, being limited by the con- 
denser, is much less than that of the initial pressure, so that the 
velocity-ratio in the later stages is modified. The resulting variations 
of the power can be calcrflated even if the speed is altered, provided 
that sufficient data are available for the dimensions and the effi- 
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ciencies of the several stages. Methods of doing this will be diseussed 
later. For the present purpose it is sufficient to observe that the 
mass-flow is nearly independent of the speed, and depends primarily 
on the state of the steam and the distribution of pressure. If these 
remain nearly constant, it follows that the variation of power with 
speed will depend almost entirely on the variation of IF. 

1 1 7. The Speed-Power Parabola. If the work IF as 
ordinate is plotted against the speed u as abscissa, for any constant 
values of U and a or the curve obtained, in either of the ideal 
cases above considered, is obviously a simple parabola with its axis 
vertical, starting from the origin, reaching a maximum at the 
vertex, and cutting the axis again at an equal distance beyond the 
vertex. In practice it is usually more convenient to plot the curves 
with 1 jz as abscissa, since 1 jz is proportional to u, and the expressions 
for IF may be put in the form (see Fig. 29) 

Ideal Impulse Turbine, IF = tan^ a (2/s - 2lz^)/g, ...(4) 

Ideal Reaction Turbine, IF = tan^ a (2/s - l/z^)lg. ...(5) 

The two curves are precisely similar, but the maximum in the case 
of the impulse turbine occurs at 1/s = 1/2, and in the case of the 
reaction tiubine at 1/s = 1. The maximum itself is twice as great 
for the reaction turbine as for the impulse turbine with the same 
value of the tangential component U tan a of the steam-velocity. 
But the blade-velocity u at which the maximum is reached is also 
twice as great. 

For any construction, a safe limit of velocity u is imposed by 
considerations of mechanical stress. Comparing the two types at 
the same blade-velocity, the appropriate value of the tangential 
component of the steam- velocity is twice as great in the case of the 
impulse turbine when s = 2, as in the case of the reaction turbine 
when s = 1. The work done per stage is also twice as great, being 
2u^/g per unit mass of fluid, in place of u^lg. Moreover the wheel 
of an impulse turbine can be constructed to run safely up to a 
rim-speed about y^ 2 times as great as the drum of a reaction 
turbine, which therefore requires in the limit about four times as 
many stages, or rows of moving blades, as the impulse turbine 
for the same drop of pressure. This might appear at first sight to 
be an oveiwvhelming disadvantage of the reaction type, but the 
reduction of steam-velocity tends to improve the efficiency in 
some respects, and the drum construction so greatly facilitates the 
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multiplication of stages that there is really \’ery little to choose 
in practice between the two tyjies. 

In considering liow far the ideal fornuda for IF can a[)[)ly in 
practical cases, it is evident that JF must \-auish in an\' case when 
u = 0. 

In the case of the im})ulse turbine, where the construction 
ensures equality of pressure on the two sides of the blade-rim, it is 
also evident that there can be no impulse on the moving blades 
when the tangential component of the steam-speed is equal to the 
blade-speed. It is found in practice that the maximum of JF is 
nearly midway between these two extremes at z = 2, except in the 
case of small machines where the actual flow differs greatly from 
the ideal conditions assumed. The first half of the curve from u = 0 
to the vertex, is the most important in practice, since it is preferable 
to keep II on the low side of the maximum. This half of the curve 
is found to be parabolic within the limits of experimental error. 
The other half is more difficult to investigate satisfactorily, but 
nothing is gained by pushing u beyond tlie maximum. Reducing 
u below the maximum, say from 1/2 to 1/3 of U' cos jS, reduces 
the mechanical stress in the ratio of 9 to 4, but it only reduces 
JV in the ratio of 9 to S. For this reason the normal blade-speed 
is frequently in the neighbourhood of U'j3 or even less for small 
machines. 

In the case of the reaction turbine, it is often stated that the 
maximum efficiency is reached when 2 m, to 2-5 m, as in the 
case of the impulse turbine. This may be true for marine turbines 
with direct driven propellers if the propeller efficiency is included. 
But it cannot be true for the turbine by itself, if the expansion is 
equally divided between the fixed and moving blades. In fact 
values of u much greater than U'l2 are commonly employed in 
reaction-turbines for driving electric generators, but it is seldom 
worth while to reduce the value of ^ below 1-5, because little ad- 
vantage could be gained thereby, and considerations of mechanical 
stress are even more important in the drum type than in the wheel 
type. If the expansion is unequally divided, between fixed and 
moving blades, with z'u and z"u for the tangential components, 
the expression for IF is 

IF = (s'-f-£"- l) ii-/g, ....(6) 

giving a maximum per stage when the mean of z' and z" is equal 
to unity. 
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' ii8. Efficiency and Leaving-Loss. The kinetic efficiency 
of any stage of a turbine may be defined as the ratio W jK 
of the gTOSs work done to the kinetic energy supplied. For a single 
impulsmwheel, in the ideal case above considered, we have 
K = U'~l'2g, and the expression for the efficiency is 

W/K = U"^)IU'^ = 4 (z~ l)/s2sec2 (7) 

the maximum value of which is cos^ ^ when 2 = 2. This expression, 
or its equivalent, is often quoted as “the efficiency” of an impulse 
wheel, but it takes account only of the leaving-loss U"^l2g, repre- 
senting the kinetic energy rejected. In practice, losses due to 
friction, etc., are generally more important than the leaving-loss, so 
that the above expression should be regarded rather as representing 
a limit of efficiency theoretically attainable in the absence of 
friction and other losses. 

A similar, but not identical, expression applies to a single 
reaction pair, but is without practical significance, because reaction 
pairs are never used singly. In the case of a series of similar impulse 
wheels or reaction pairs, when the angles and areas are adjusted 
so that the initial and final velocities V and U" repeat themselves 
for each wheel, there is no loss in the absence of friction except at 
the end of the series. The relative importance of the leaving-loss 
is reduced in proportion to the number of wheels, whereas the 
percentage loss due to friction for each wheel is nearly independent 
of the number of wheels. For this reason the leaving-loss is best 
treated separately. 

Of the other losses, those which vary as the square of the steam- 
velocity are usually the most important. The percentage loss due 
to such causes will be independent of the absolute speed for any 
given value of s under similar conditions, because W also varies as 
the square of the speed when 2 is constant. But if 2 varies, it appears 
that the kinetic efficiency/' must vary with 2 in the same way as W, 
so far as losses of this type are concerned. It is most important to 
take account of this in considering the effects of variation in the 
conditions on the performance of a machine, since small variations 
of pressure or other conditions may produce large variations of 2 in 
some of the stages. A simple method of applying this relation be- 
tween /' and 2 will be explained in a later section. 

1 19. The Power-Consumption Line. If the mass-flow, or 
total consumption of steam, in lbs. per sec., or other convenient 
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units, is plotted as ordinate against the brake horse-power, or 
shaft horse-power, as abscissa, the cur\’e obtained is nearly a 
straight line provided that the speed is maintained constant, and 
that the regulation is effected by throttling. A curve of this kind 
was first given by Willans {Proc. Inst. C. E., 1S93) for a special 
type of reciprocating engine, but a similar reliition has been found 
to apply to other types of engines, and especially to turbines, within 
the limits of accuracy of most experimental tests. In the case of a 
reciprocating engine, the line is appreciably curved if the regulation 
is effected by varying the cut-off, which tends to improve the 
efficiency at intermediate loads. Similar small variations occur in 
the case of turbines according to the type and method of regulation, 
but the relation is sufficiently close to be of considerable practical use. 

The steam consumption at no load includes leakage, and 
represents the power required to keep the rotor revolving against 
the steam-friction, and the friction of bearings, glands, etc. If 
the power-consumption line is straight, the mass-flow M required 
at any other load is given by the relation 

M = i¥o -f m (B.H.P.), (8) 

where m is a constant coefficient representing the slope of the line. 
If ¥ is in lbs. per hour, the coefficient m is in lbs. per H.P. hour. 

A turbine cannot be “indicated” like a reciprocating engine, 
but if we assume that the steam required to overcome friction, etc. is 
the same at all loads, provided that the speed is constant, the 
quotient Mjm may be regarded as representing the gross power 
exerted by the steam. The coefficient m is often treated as being- 
analogous to the consumption per indicated liorse-power-hour, but 
this method unduly favours the turbine as compared with the 
reciprocating engine. The true measure of the indicated power in 
both cases is the drop of total energy (multiplied by ¥ aod by the 
appropriate numerical factor), which takes proper account of 
steam-friction as explained in the next section. See Fig. 28. 

120. Thermodynamical Equation of Steady Flow. 

The general equation of steady flow through a turbine, obtained 
by the application of the law of conservation of energy, is that 
already given in Chapter II, section 10, namely, 

H'~ E"= -t AW" + A (£7"2- [/'")/2g, (9) 

in which H'— H" is the actual drop of total heat from the initial 
to the final state, the external loss of heat by the fluid, and AW" 
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the equivalent of the external loss of energy of the fliiid in the form 
of work clone by the turbine. The last term, depending on 

represents the excess ofthe kinetic energy rejected over that supplied. 
The Avhole equation may also be interpreted as expressing the fact 
that the drop of total energy H + AlPl2g in calories is equal to the 
sum ofthe external heat-loss and the thermal ecpiivalent of the 

work done AW", per unit mass of fluid. _ 

The effect of internal friction is included in H , which represents 
the actual total heat in the final state. But if the total energy 
rejected with the exhaust steam is measured by observing the rise 
of temperature of the circulating water in the condenser, the 
measurement will include AU"^/2g in addition to H", and a correc- 
tion for U" must be made in deducing H". The initial value W 
mavbe obtained fromP and T if the initial state is one of superheat, 
as is often the case. If not, the wetness may be estimated with a 
throttling calorimeter. In either case a correction should be applied 
for U' if the initial velocity is appreciable, since the quantity given 
in the tables is not the total energy but the total heat H. The 
corrections for V and U" are generally small, and may often be 
neglected. The external loss of heat may also be regarded as a 
smlill correction, especially in the case of large machines. 

Assuming that the small corrections for U and are applied, 
as above indicated, whenever necessary in experimental work, the 
equation of flow may be employed for theoretical purposes in the 
simplified form 

DH = IP- H"= AW"= F {IF- H")^= F x DH^. ...(10) 

In the absence of friction, or external heat loss, or waste of 
kinetic energy, the maximum work obtainable for given limits of 
pressure is the equivalent of the adiabatic heat-drop (if FL )^. 
Thus, if the relative efficiency F is defined as in Chapter IX, we can 
estimate F and Ji" from AIF , or vice versa, F and ATi fiom li , 
or AW" and E" from F, according to the available data, as illus- 
trated in the following examples. 

12 1 . Example of Marine Turbine. The turbines of the 
Mauretania are said to have developed 34,000 shaft horse-power 
each, at 190 revs. /min. with a consumption of 12-3 lbs. per horse- 
power-hour, excluding auxiliaries. 

Neglecting all corrections, DH = AW = 115-0 cals. C. 

Taking the initial pressure as 165 lbs. abs., and the final pressure 
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as 1 lb, abs., and the initial state as dry saturated, the adiabatic 
heat-drop is lSO-9 cals. C., giving relative effieieney ¥ = 0-6S6, 

It is not clearly stated how the shaft horse-|}ower was measured, 
and it is uncertain how much of the bearing friction was included. 
Allowing 3 per cent, for bearing, gland, and dummy friction of 
the turbine, the nett work done by the steam per lb. in thermal 
units would be A7V ~ 118-5 cals. C., giving F — 0-655 for the 
indicated relative efficiency. 

The drop of total energy of the steam being 118-5 cals. C,, the 
actual drop of total heat in the final state is obtained by adding a 
correction AU"^l2g for the kinetic energy rejected. To estimate the 
final velocity U", we have U"^ = W +\z - l)^u\ where 

U = 144MF/X ft./sec. 

From the dimensions of the turbine, X = 11200 in.^ for the last 
expansion, u = 134 at 190 revs., and M = 116 Ibs./sec. Taking 
1-3 lbs. abs. for the exit pressure allowing for condenser-drop, 
and DH = 120, the final value of H" is 547-6, which gives the final 
volume V"= 229-6, whence U = 343 ft./sec. Taking 3 = 2, the 
small correction for u gives U"= 368 ft./sec., vdience the kinetic 
energy rejected is equivalent to 1-5 cals. C., giving the actual 
heat-drop DH = 120-0. The correction in this instance is small on 
account of the low speed, but it may exceed 5 per cent, at high 
speeds. It does not affect the indicated efficiency, but onlj^ the 
final state and volume. The correction makes a difference of 1 or 
2 per cent, at most in the value of V", so that, unless very accurate 
values of V are required, it is usually best to calculate DH directly 
from 3 or AW", without applying any correction for U", especially 
when U" is nearl}'' the same at the end of each expansion, so that 
it does not affect the values of DH, but only comes in as a small 
constant correction in the absolute value of H" . 

Similar considerations apply to the external heat-loss Q^,, which 
is usually small, but alwaj^s verj^ uncertain. The absolute values 
of H" and V" as deduced from H' and AW", require a small 
correction for Similar^ if the total energy H"+ AU"^j2g is 
measured, a correction for should be applied if possible in 
deducing A W". But any effect of heat-loss on the efficiency is 
automatically included in the values of F and AW" as ordinarily 
measured. If, therefore, the object of the investigation is to cal- 
culate the effect of different conditions on the efficiency, starting 
with some value of F experimentally detenpined under normal 
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conditions of running, it is often best to ignore Q on the prin- 
ciple of the independence of small corrections, and to work with 
values of BE deduced from AW", since this cannot introduce any 
material error in the relativevahxes of the efficiency if M is constant. 

In the case of marine turbines, there is often considerable 
uncertainty in the estimation of F and AW" owing to the difficulty 
of measiirino- the steam-feed and the power. Some of the steam is 
used for driving auxiliaries, the exhaust from which may be partly 
employed for heating the feed, the residue being taken through the 
low pressure turbine. Another source of uncertainty is leakage 
past the dummy or balancing pistons. The amount of such leakage 
is seldom known with any approach to accuiacy. The mass-flow 
M, instead of being uniform throughout the turbine,^ is different 
in different parts, especially if the auxiliary exhaust is unequally 
distributed between two turbines in order to balance the pro- 
pellers on either side of the ship. 

Such variations of M in different parts of a turbine can often 
be estimated, without actu al measurement of the leakage or auxiliary 
exhaust, by a method explained in a later chapter, provided that 
full details of the dimensions of the turbine are known, and that 
the pressure distribution is carefully observed under the actual 
conditions of running. Unfortunately the required data are seldom 
available in published tests. 

As a rough illustration of the order of magnitude of the correc- 
tions involved, we may suppose that auxiliary steam amounting 
to 1-5 lbs. per horse-power-hour was taken through part of the 
low pressure turbine of the Mauretania in the trials quoted, and 
that the heat-drop of this part of the steam was half the total drop 
BE. The flow through the L.P. turbine being increased in the ratio 
13-S/12-8, neglecting all other corrections, the value of BE must 
be reduced in the ratio 12-3/13-05, or from 115 to 108-4 cals. C., 
assuming that the effect of the auxiliary exhaust was included in 
the 34,000 H.P. This would reduce F from 0-636 to 0-60. It is 
evident that such corrections may be of material importance, but 
as previously remarked, they cannot be satisfactorily applied unless 
full data of the dimensions and pressure distribution are available. 
It would appear from the fuller details given in Chapter XVI, that 
the auxiliary exhaust was not in fact utilised in this way in the 
L.P. turbine of the Mauretania, though this was common practice 
in battleships of the Dreadnought class, the turbines of which were 
specially designed for the purpose. 
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122. Example of De Laval Turbine. As an example of a 
different kind we may take the single impulse wheel of a De Laval 
turbine with a set of expanding nozzles of the type discussed in 
the last chapter. Assuming tliat the expansion in the nozzles is 
from 150 lbs. (dry sat.) to 2 lbs. abs., the adiabatic heat-drop for 
saturated steam would be 158-2 cals. C. Taking the loss in the 
nozzles at 15 per cent,, of which about half would be due to super- 
saturation, there would remain a heat-drop of 134-5 cals. C., giving 
a velocity U'= 3481 ft./sec. 

In the ideal case, assuming no loss in the wheel, if the nozzles 
make an angle == 20° with the plane of the wheel, the maximum 
wheel-efficiency attainable Avould be cos^ = 0-883, and the 
leaAung-loss 11-7 iier cent, of 134-5 cals., or 15-7 cals. But this Avould 
require a rim velocity u = U' cos /3 = 1635 ft./sec., which would 
be dangerously high. 

Supposing the rim Amlocity reduced to ii — U'/S == 1160 ft./sec., 
the mechanical stress would be reduced to one half, the velocity 
ratio z, or U' cos ^ju, Avould be increased from 2 to 2-820, and the 
limiting value of the kinetic efficiency in the absence of all fric- 
tional losses would be reduced to 

W/K = 4 (s - 1) cos2 / 3/52 = 0-808 (11) 

The leaving loss Avould be increased to 19-2 per cent, of K, or 
25-8 cals. C. This might appear at first sight a serious reduction 
of efficiency, but, in point of fact, the other losses in the wheel 
reduce the leaving loss to less than half this value. The losses in 
the wheel, and the actual leaving velocity, can be estimated if the 
consumption is given. 

Supposing that the observed consumption is 16 lbs. per brake 
horse-poAver hour, equivalent to an effective heat-drop of 88-4 
cals. C,, if Ave add a correction of 2 per cent, for gear and bearing 
friction, we obtain 90-2 cals, for the equmalent of the nett AAmrk 
done on the AAffieel per lb. of steam, giAung 90-2/134-5 = 0-671 for 
the Avheel-efficiency, and 

F = 0-85 X 0-671 - 0-570, (12) 

for the indicated relative efficiency of the Avheel and nozzle com- 
bined. 

In addition to the loss due to gear and bearing friction, there is 
a more serious loss due to steam-friction, AAdiich must be allow^ed for 
in estimating the gross Avork W done on the AAdieel by the steam in 
the formula for the kinetic efficiency W/K. The nozzles occupy a 
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small part only of the circumference of the wheel, the greater part 
of which is running idle in the partial yacuum, and acts like a 
centrifugal fan, wasting power by setting the steam in circulation. 
The power wasted in this way varies as the cube of the revolutions, 
and as the density of the medium. In the case of a single wheel the 
leakao'e is negligible, and the loss due to fan-action can be estimated 
with some degree of precision by observing the total consumption Mq 
required to run the wheel at no load with normal speed and vacuum. 
If Ml is the consumption at normal load corresponding to the ob- 
served B.H.P., the power required at no load is MJ{Mi - Mq) 
of the B.H.P., or MJm, according to the linear law, § 119.^ 

In the present case, if the power required at no load is found 
to be 10 per cent, of the B.H.P. at full load, the gross work done by 
the steam on the wheel may be estimated as equivalent to 
88-4 X 1-10 = 97-2 cals. C. 

which gives for the actual kinetic efficiency of the wheel, considered 
S©T)3Ll.*8jt^^ly5 

W/K = 97-2/134-5 = 0-728 (13) 

But the power wasted in fan-action does not appear, either at the 
shaft, or in the heat-drop, and cannot fairly be included in the 
“indicated” efficiency, as is frequently assumed. 

In order to estimate the relative velocity U^" with which the 
steam leaves the wheel, we have to substitute AW = 97-2 in the 
general formula (1) for W in terms of the relative velocities. Since 
U/ cos |8'= U' cos ^ - w = 3271 - 1160 = 2111 ft./sec., the work 
done by the impulse is equivalent to 

2111 X 1160/32-19 X 1400 = 54-3 cals. C. 

The work done by the reaction is equivalent to 
97-2 — 54-3 = 42-9 cals. C. 

Whence t//' cos j8'' = 42-9/54-3 of 2111 - 1668 ft./sec. The tan- 
gential component of the absolute leaving velocity U" is evidently 
1668 — 1160 = 508 ft./sec. The axial component of TJ" is 
t//' sin |S"= 1668/2111 of U' sin ^ = 941 ft./sec., 
whence U"= 1069 ft./sec. The thermal equivalent of the actual 
leaving-loss is (1069/300)2 = 12-7 cals. C. 

The drop of kinetic energy in passing through the wheel, 
represented by {U'^ - U''^)/2g, is equivalent to 121-8 cals. C., and 
is equal to the sum of the work done, 97-2, and the energy wasted, 
24-6 cals. C., in the wheel. 
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We are now in a position to make a tabular summary of the 
various losses incurred, which work out as follows: 


Summary of losses in De Laval turbine. 


Loss in nozzles ... 

23-7 cals. C. 

= 15 

Loss in blade-rim 

24-6 „ 

= 15-5 

Leaving loss 

12-7 „ 

= 8-0 

Loss due to fan-action ... 

7-0 „ 

= 4-4 

Gear and bearing friction 

1-8 „ 

= 1-2 

Equivalent of B.H.P. ... 

88-4 „ 

== 55-9 

Adiabatic heat-drop 

158-2 „ 

= 100-0 


The actual distribution of the losses will vary in different cases, 
and under different conditions of running, but the above analysis 
seems to afford a fair representation of the conditions assimied in 
the work. The relatively large losses in the nozzles and blade-rim 
result chiefly from taking the full pressure-drop on a single wheel 
of small size. They can be reduced in large machines by dividing 
the pressure-drop between several wheels and nozzles in series, 
but there is not much to be gained by the additional complication 
for low powers. 

The losses in the blade-rim may be attributed partly to the 
breaking up of the steam jet by the inlet edges of the blades, which 
cannot be infinitely sharp, and require periodical renewal on 
account of wear at such high steam velocities. They are also partly 
due to the spreading of the jet occasioned by the driving pressure 
on the blades, which in this case would be of the same order of 
magnitude as the absolute pressure of the surrounding vacuum, 
and would necessarily cause reduction of velocity and distortion 
of the flow. Such details must be kept in view by the inventor and 
designer, but it is seldom desirable to take account of all these 
separate causes of loss in the thermodynamical theory. In the 
case of an impulse turbine, it is possible to take the nozzle losses 
separately, but it is generally sufficient to include them with the 
wheel losses by taking a mean effective value of the velocity-ratio s 
for calculating the kinetic efficiency, or the gross work, corre- 
sponding to the speed-power parabola. Additional losses due to 
leakage, fan-action, etc., are included in the brake-efficiency. 

123. Example of Turbo-Electric Generator. A turbine 
driving an electric generator affords special facilities for test under 
variable load at constant speed. The cm\ es shovn in the annexed 
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Fio' *>8 illustrate the relation between mass-flow M in lbs. per sec. 
takmi as ordinate, and total power in kilowatts KW taken as 
abscissa corrected for the known efficiency of the electric generator, 
so as to give the equivalent of the shaft horse-power of the turbine 
at each load. The scale at the base indicates thousands of kilowatts 
approximately, but the actual observations have been slightly 
reduced to afford a more convenient comparison between two 
different types of machine. The horizontal crosses ( + ) represent 
observations Avith a reaction turbine of the Parsons type, the 
diagonal crosses ( x ) represent similar observations with an 
impulse turbine of the Ciirtis-Rateau type. 

In the case of the reaction turbine the regulation for constant 



speed was effected by throttling, and the points lie nearly on a 
straight line draAvn through the highest and lowest observations. 
The steam-feed was measured at no load with the generator excited, 
and the abscissa of the lowest point represents the power required 
to drive the generator under this condition at normal speed, 
estimated from the known losses in the generator. The steam re- 
quired to run the turbine by itself under no load at normal speed 
can be estimated in this case with some degree of precision by 
producing the straight line to cut the axis, and is seen to be about 
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3 per cent, of the steam recpiired at maximum load. This includes 
bearing friction, and shows that the steam friction must be very 
small at the low pressure. 

In the case of the impulse turbine the load was varied by 
cutting out nozzles, which is analogous to varying tlie cut-off in 
the case of a reciprocating engine. The steam at no load was not 
recorded, and could not have been measured without throttling, 
but was probably much the same as for the reaction turbine. The 
power-consumption line is seen to be distinctly curved with this 
method of regulation, as in the analogous case of the reciprocating 
engine when the cut-off is varied. 

The small deviations of the individual observations from the 
smooth curves appear to depend on accidental variations in the 
conditions of superheat, pressiue, and vacuum, and could no doubt 
be corrected if sufficient data were available. The systematic 
difference between the two machines in respect of consumption 
per kilowatt hour, or mass-flow per kilowatt, appears to be due 
chiefly to the fact that the impulse turbine was tested with a super- 
heat more than 100° F. higher than the reaction turbine. This not 
only improves the consumption by reducing the density, but also 
improves the relative efficiency by eliminating loss due to super- 
saturation, as explained in the next chapter. The impiovement 
does not appear to be due to any great inherent superiority of one 
type of machine, or one method of regulation, o'S'er the other, but 
it has the advantage for the present purpose of separating the 
curves sufficiently to avoid confusion. 

In addition to the effect of superheat, the total efficiency, in 
terms of consumption per kilowatt-hour, or the absolute thermal 
efficiency, in terms of the ratio of the work done to the heat supplied, 
depends very greatly on the ability of the machine to utilise the 
highest available vacuum without excessive leaving-loss. Improving 
the vacuum always improves the performance, but the full theoreti- 
cal advantage cannot be obtained unless sufficient area is provided 
for the increased volume. The record for axial flow machines is at 
present held by a reaction turbine with a double flow for the later 
stages of the low pressure cylinder, but the radial flow turbine 
of Ljungstrbm is credited with a still better performance, due in 
part to its natural ability to utilise a very high vacuum. 

For the same reason, improving the vacuum beyond that ffir 
which the machine is designed, invariably reduces the relative 
efficiency F, whereas reducing the vacuum improves F to some 
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extent. It is obvious that F could not remain constant unless the 
dimensions were altered to suit the vacuum. The actual effect of 
any change in the vacuum can be calculated in any case if tie 
dimensionl; of the machine are known. An example of a possible 
metliod of doing this will be given in Chaptei XA . 

124. Compound Impulse Wheels (often called “Curtis ” 
or “Velocity-compounded,^’ or “Velocity” wheels). When a low 
ratio of blade- to steam-velocity is a primary consideration, wheels 
with two or more rings of blades are employed. The steam rejected 
from the first ring with tangential velocity (s - 2) u, is received by 
a fixed ring of guide-blades suitably shaped to reverse the tan- 
gential component and direct the steam back on to the second ring 
of moving blades, wdiich effect a further reduction of the tangential 
component to ( 3 - 4)t^. The addition of a third ring would leave 
the tangential component at (s— 6)w, and so on. The leaving-loss 
need not exceed the theoretical minimum siiF /3, even if 2 is large. 
But owing to the length of pgth, and to the cumulative effects of 
imperfect flow, the efficiency of a double or triple wheel can never 
be so good as that of a simple wheel with a suitable velocity-iatio. 
It appears from experimental tests that the maximum efficiencies 
of wheels with one, two, and three rows of blades, undei similar 
conditions, are approximately in the ratio of the numbers, 6, 5, 
and 4, and are attained with values of s equal to 2, 4, and 7 nearly*'-'. 
According to these figures, a double wheel would replace four 
simple wheels at the same blade-velocity, but would give little 
more than three times the work of one. A triple wheel would 
replace about 12 simple wheels, but would only give the same work 
as eight. If efficiency were the only consideration, compound 
wheels would not be employed; but they possess great advantages 
when economy of space or cost is essential, especially if fuel is 
cheap, and a low blade-speed is required, as in marine work. They 
are also frequently employed in the first stage of expansion with 
high-pressure or superheated steam, in order to obtain a large 
drop of pressure and temperature in the first nozzle, so as to reduce 
the strain and distortion of the casing. The thermodynamical 
theory is practically the same for a compound wheel as for a simple 
wheel, but the appropriate values of the heat-drop and efficiency 
will be different, as already indicated. 

* Deduced from figures given byK. Baumann {Journ. Inst. Meet. Eng. ,Yo]. 48, 
p. 828, 1912). 
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125. The Multistage Impulse Turbine. In order to avoid 
excessive steam-velocities, it is necessary to divide the available 
pressure range between a series of nozzles and wheels. Each wheel 
runs in a separate chamber throughout which the jiressure is 
nearly uniform. The nozzles are fixed in the partitions between the 
chambers, and are represented by a complete ring of guide-blades 
in the later stages. The pressure at the exit from one nozzle is the 
initial pressure for the next nozzle, and the areas of successive 
nozzles are adjusted to suit the volume by the condition 
XjM = kVjU. The velocity generated in any given nozzle is 
determined primarily by the pressure-drop between adjacent 
chambers, but it is desirable to allow for friction in estimating the 
final values of E and V in each stage, which serve as the initial 
values for the next nozzle. In addition to reducing the steam- 
veloeity to a reasonable figure, the multistage arrangement pos- 
sesses the advantage that work spent in fluid friction in the eailj 
stages of the expansion is not completely wasted, but is paitly 
utilised by reconversion in the later stages. The velocity ^of the 
steam rejected by one wheel may also be partly utilised by cany- 
over” in the next nozzle, or guide-ring, so that the loss in the later 
stages is reduced. 

The number of stages into which a given heat-drop must be 
divided to suit a given blade velocity w, is readily estimated from 
the consideration that U' should not exceed Su for a simple impulse 
wheel. Thus if the pressure range is 165 to 1 lb., and u =-■ 400 ft./see., 
U' may be 1200, corresponding to a heat-drop of 16 cals. The avail- 
able heat-drop is 181 cals, so that 10 or 11 simple wheels v'ould 
suffice, allowing a margin for loss of steam velocity. Sum ar y 
if w = 200, the same number of stages each with a compound 
wheel of two rings would be sufficient; but 40 simple wheels 
would be required. As a rule the given data are, the^ pressure 
range, the revolutions, and the power; and the required con- 
ditions may be satisfied in many different ways with almosT equal 
efficiency. The design adopted is frequently determined by cost 
of fuel or construction, or by mechanical considerations which 
are beyond the scope of the present work. The properties o 
steam are required chiefly in determining the chome of suitable 
areas for the nozzles corresponding to the subdivision of the 
heat-drop, and in the estimation of the efficiencies of diffeien 
arrangements, which afford good iUustrations of the methods of 

using the tables. 
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126. Flow through an “Expansion” in a Reaction 
Turbine. The iuiml)er of separate stages, or pairs of fixed and 
mov ing blades, in a reaction turbine is rarely less than 50 and often 
exceeds 200. These are grouped in “expansions,” each consisting 
of several stages with the same blade-height x and annular area A. 
Each expansion may conveniently be treated as a single unit in 
calculating the flow when the dimensions are given. In some cases 
the blade-angle a is varied throughout the expansion so as to keep 
either the exit velocity U', or the tangential component U tan a, 
constant. But more often the blade-angle is the same throughout, 
and the exit velocity V increases with the volume. It is sufficient 
in either case to take a mean value of tan a, or a mean value of 
the velocity ratio r, so that the solution of the problem depends on 
selecting an appropriate method of finding the mean effective value 

of s in any case for the whole expansion. 

In passing from one expansion to the next, the annular area A 
is increased, so as to allow for the increase of V , and to bring the 
velocity back as nearly as possible to the same value at the beginning 
of each expansion. The increase of kinetic energy during the ex- 
pansion being thus rejected and reconverted into heat, the equation 
of steady flow for the complete expansion reduces to the form 


T1' Tl"=. /IW". 




if the external heat-loss is neglected as previously explained. 
The actual heat-drop from the beginning of one expansion to the 
beginning of the next is the equiv^alent of the nett work W" done 
on the rotor between the same limits, making allowance for all 
internal losses, such as leakage, or steam-friction, or fan-action, 
but not including losses external to the expansion, such as bearing 

friction, or dummy leakage. ^ _ 

The expression previously given for the gross work AW m 
terms of s, may be held to include nozzle and blade losses, which 
vary as the square of the steam-speed and reduce the effective 
value of z. It may be applied to an expansion of N pairs, or stages, 
by writing it in the form 

AW'= {2z,^- l)Nu^lJg, (15) 


where z.j„ is the arithmetic mean of the values of s for the separate 
stages. This expression for AW gives the gross work per unit mass 
done by that portion of the steam which pursues the ideal path 
through the blades. It does not apply to the fraction that misses 
the blades owing to lateral spreading, or that leaks over the blade- 
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tips without acldiug anything to tlie work or the heat-drop, and it 
takes no account of work wasted in fan-action lietwcen tlic steam 
and the rotor. For these reasons the nett work U ” {)er unit muss 
of the total quantitij of steam passing through t!ie expansion is 
necessarily less than the gross work IT' calenlated irorn c. 

The ratio W"/Jr will be called the ‘Hleaetion Enieieneyg’ and 
will be denoted by f". It may be regarded as rejwescuting the 
proportion of the theoretical reaction U ' due to tlie velocity which 
is actually realised as work on the shaft. The expression lor the 
heat-drop per expansion in terms of :: and/'' is 

ir- E"^f" - 1) Nu'iJg (16) 

The reaction efficiency /" will evidently be the same for the 
separate stages of an expansion in so far as the dimensions remain 
constant, but will vary systematically from one expansion to 
another when the dimensions are varied. It is convenient to 
separate the losses included in/" from those included in the kinetic 
efficiency/', because they depend on different conditions, and vary 
in a different manner. The systematic variation of tlie reaction 
efficiency/", as depending on leakage, etc., may most simply be 
represented by a formula of the type /i"~ I" Jx, where x is the 
blade-height and I" a constant depending on the effeetive leakage- 
clearance. The term/i" includes other effects of distortion of How, 
and will have different values for different types of wheel, and lor 
the case of partial as against complete peripheral admission. The 
kinetic efficiency on the other hand, depends chiefly on the velocity- 
ratio z, as previously indicated, and is, in the main, independent 
of the absolute velocity and of the linear dimensions. It is necessary 
to have some fairly simple expressions for the systematic variations 
of these coefficients in order to be able to compare theory with 
experiment and to deduce the probable effects of different con- 
ditions on the performance. 


127. Kinetic Efficiency and Available Energy. In a 

reaction turbine, the kinetic efficiency for a single stage is related 
to the available energy aVdP by the equation 

faVdP = (22 - 1) iP/Jg = U- tan2 « (2/ - ...(17) 

When the pressure-drop dP per stage is small, it is sufficient to 
take the mean value of V in the expression aJ dP without integra- 
tion. The axial velocity U will vary directly as V from one stage 
to another in the same expansion in \'irtue of the relation 
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U = IcMVlX. If the blade-angles are gaiiged so that U tan a and 
are constant, we may assume that /' will also be constant, and 
that (IP will vary inversely as V. If on the other hand, the blade- 
angle a is constmit, as is mually the case, the velocity-ratio s will 
vary directly as V, and /' will \'ary trom one stage to anothei in 
a systematic manner. 

It is necessary in any case to have a simple ride for defining the 
mean effective value of since the exact value of the discharge 
angle a cannot be predicted with any certainty from the form of 
the blades. For this purpose avc shall assume (1) that the nozzle 
and blade-losses vary directly as the square of the tangential 
component of the steam-velocity for any given value of s, that is 
to say, in the same manner as W when s is constant, in which 
case/' will be constant, and (2) that/' varies in the same way as 
TV' when U tan a is constant. These assumptions give the simplest 
relations consistent with the main experimental facts, though they 
do not appear to be capable of formal proof for every type of blade 
and variety of condition. 

Adopting these assumptions as a working hypothesis, we have 
the following simple relations for finding/' and z in any case 

/'=/i' (2s - l)/3^ and /i/aFdP = Nz^hPlJg, ...(18) 

where j^' is the maximum value of/' when 3=1, and is a constant 
to be determined by experiment for each particular type of blade 
or wheel. The first relation gives the variation of/' in terms of s, 
and the second relation defines the mean effective value of 3. When 
3 and/' are variable, the mean value of/' for any expansion may be 
taken as that corresponding to the mean effective value of 3. 

In the case of an impulse turbine, by similar reasoning, a 
similar relation will apply for defining the mean effective value 
of 3 for each wheel including both nozzle and blade-losses, so far 
as these vary as the square of the steam-speed. But owing to the 
difference between the expressions for TV in the case of impulse 
and reaction turbines respectively, the maximum value of / , 
denoted in this ease by /a', occurs at 3 = 2. Thus we have 

/'// 2 '= 4 (3 - l)/s2, and f^\aT^dP = z^u^l2Jg, ...(19) 

where zu represents the effective tangential component of the 
steam-speed. Since the two types of turbine are essentially similai 
as regards variation of kinetic efficiency with velocity-ratio, 
especially in the later stages when the peripheral admission is 
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complete, results deduced for one will apply equally to the otlier 
so far as they depend on these relations. 

In the case of the reaction turbine, a simple and useful expres- 
sion for the pressure-drop per stage, or per expansion, is obtained 
by substituting for V in aVdP from the relation V = UX/JcM 
with U = uz/tan a, thus, 

Pressure-drop per stage'^ dP = Muz tan ccIf^gX, (20) 

Pressure-drop per expansion*, P'- P"= NMir.,,^ tan a/J^gX, (21) 

where represents the mean effective \'alue of as in the corre- 
sponding formula for the heat-drop, wiien tlie blade-angle is 
constant. In the case when ^ is constant and a is x'aried, the same 
formula applies with the arithmetic mean value of tan a. The two 
cases are equivalent, to the order of approximation here attempted, 
and give the same values both for the heat-drop and the pressure- 
drop, provided that the mean value of z or tan a in either case is 
equal to the constant value in the other. These appear to be the 
simplest formulae capable of taking account of all the primary 
factors of the problem in a consistent manner, and are readily 
applied to the solution of any special case when sufficient data 
are available. It might seem at first sight as though the expression 
defining the mean effective value of z w'ere too simple to be true, 
but it evidently fits the fundamental fact that the mass-flow is 
practically independent of the speed. If M is constant, zu cannot 
vary without corresponding variations in aVdP. These and other 
points of correspondence with experiment serve as indirect means 
of verifying the working hypothesis. The observed variation of /' 
with speed also affords qualitative verification. 

128. Variation of the Complete Stage-Efficiency /. 

The variation of/ with velocity-ratio Avill be similar to that of 
the kinetic efficiency /', but the absolute value of / being equal to 
the product/'/", Avill generally increase in the later stages owing to 
the systematic variation of /". The general nature of the variation 
is illustrated in the annexed Fig. 29. 

In plotting the relation between the kinetic efficiency/' and the 
velocity-ratio z, it is best to take the reciprocal 1/s as the abscissa, 
because the curve then becomes a simple parabola, namely 
jf'= 4 / 2 '( 1 /s — (1/s)^), with its axis vertical, and with its vertex 

* These expressions assume that X is measured in sq. in. on the F.P.C. or F.P.F. 
systems, and in aq. cm. on the K.M.C. system. 
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• J .1 « imnnlse turbine. In the case of the 

at l/~ = 0-5, in the case ot tne impulse luiuxu . 

.eaetion turbine the .same curve applies, but the ^1- ot 1 . 
are all doubled, so that the maximum occurs at Ijz - 1. The value 
of the constant/,' for the curve marked/' in ^ 

0-S3 'rhe constant term A" i" <=xpression for/ is taken as 
O-Oo'. The variable term l"Af is taken as 0-0084 for a typical low- 
uressure blade, and as 0-126 for a high-pressure blade, assuming 
fhe respective blade-heights to be in the ratio 15/1. The two lower 
curves represent the resulting variation of/ for the two eases con- 
sidered. The low-pressure wheel has a maximum efflciency of 
SO per cent, (which is probably about the highest attainable) at 



z = 2, or 1/s = 0-5, but the wheel would be run at a lower speed in 
usual practice, owing to the great saving in mechanical stress, with 
little loss of efficiency. This curve happens to agree exactly with 
one given by Baumann {Journ. Elect. Eng., 48, p. 782, 1911), 
except that his curve is plotted against the ratio, ujc, or cos ^/z, 
of the blade-velocity to the full steam-velocity, and therefore shows 
a maximum at uJc = (cos ^)/2 instead of at 1/2. Baumann’s curve 
is stated to represent “a fair average of test results actually being 
obtained in the low-pressure part of modern Rateau tui bines. 
It appears to afford a good general confirmation of the theory here 
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proposed, but no details of the tests are given, so that it is difficult 
to say how far the correspondence is real. The lower curve in 
Fig. 29, representing the high-pressure wheel, has a maximum 
of 70 per cent., but is otherwise exactly similar to the other curves. 

The verification here attempted appears to show that the 
variation of efficiency with speed can be represented within the 
limits of experimental error by a parabolic curve having its 
maximum at the theoretical value of This cannot be exactly 
true if the loss due to a fan-action varies as the cube of the speed, 
unless there is some other compensating effect, tending to raise 
the point at which the maximum occurs. The effect on the reaction 
efficiency of a loss varying as the cube of the speed is indicated in 
the last figure on an exaggerated scale by the broken curve. This 
is obtained from the lowest curve in the figure by deducting a loss 
equal to 10 per cent, at Ijz = O-S, and varying as the cube of the 
speed at other values of 1 jz. The effect in this case is to lower the 
position of the maximum to Ijz = 0-42, but the form of the curve 
is still so nearly parabolic that it would be difficult to distinguish 
it experimentally from a true parabola. The loAvering of the maxi- 
mum is very marked in small machines, such as the 5 or 10 li.P. 
De Laval, which give the maximum B.H.P. at rim-velocities well 
below the theoretical, but it would be difficult to detect in large 
multistage machines, say of 5000 H.P., where it would be impractic- 
able to analyse the losses very accurately for the separate wheels, 
or to vary the speed over a wide range without upsetting the 
pressure distribution. It is also possible that the blades may be 
shaped so as to increase the reaction, which would have the effect 
of raising the apparent position of the maximum, and is sometimes 
said to improve the efficiency. 

In many cases the effect of fan-action is comparatively un- 
important, and may be neglected unless the effect of variation of 
speed is in question. But it is of interest to consider the cases in 
which it may become important. It is generally agreed that the 
effect varies for a given wheel as the cube of the speed and as the 
density of the medium, but there is much conflict of opinion, and 
even of experimental evidence, on minor points. Some of the 
formulae proposed are obviously inadmissible, while others are 
more complicated than is Justified by the nature of the evidence. 

129. Expression for the Loss due to Fan-Action. Fan- 
action, or wheel-friction as it is often called, appears to be more 

19—2 
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important in the case of the impulse wheel at high pressures than 
in the case of the reaction drum, where tip-leakage is a more serious 
source of trouble. The effect depends on so many conditions siicii 
as the fineness of the clearances and the shrouding of the blades 
that it is impossible to give a complete formula applicable to al 
cases. The following expression is intended merely to give a genera 
idea of the order of magnitude of the loss in the case of a whee 
when the clearances are reasonably fine. It is founded on the 
assumption that the loss is proportional to the density of the 
medium, to the area of the effective surface and to the cube of 
the velocitv of each part relative to the casing. 

Wheel-friction (3r^ + SOnr) (u/1000)3/F, Horse-power, . . .(22) 

wdiere r is the mean radius of the blade-rim, and x the nozzle- 
heio-ht in inches, u the mean blade-velocity in ft./sec., and F the 
volume in cb. ft./lb. The term represents the effect of the surface 
of the disc, the term SOnv that of the blade-rim. If the lateral 
surface of the blade-rim were smooth like the disc, the numencal 
coefficient of rx wnuld, in the limit for short blades, be five times 
that of on the assumptions made. The surface of the blade-rim 
beinc discontinuous, this coefficient cannot be less than five times 
the first, but may be as great as 20 times or more, especially for 
compound wheels. The term representing the effect of the disc is 
the larger of the two at high pressures wfien the blades are short, 
but becomes relatively negligible at low pressures on account of the 
diminution of density, and increase of blade-height. 

The relative importance of either is readily expressed in teims 
of the theoretical maximum power, 2Mu^lg ft. lbs. /sec. at 2 = 2, 
for a single impulse wfieel. The ratio comes out 0-0030 tan al-q, for 
the blade-rim friction, and 0-0003r tan alr^x, for the disc-friction 
(by substituting M = t/Z/144F, C7 = 2w/tana, and X = 7]27Trx), 
where rj is the arc of admission expressed as a fraction of the whole 
circumference wdien the admission is partial, and is equal to unity 
wdien the admission is complete. 

According to the expression 0-0030 tan a/ij for the effect of the 
blade-rim friction on the efficiency, the reduction of efficiency would 
be of the order of 1 per cent, only for the low pressure wheels at 
maximum power, and would be much the same for all, so long as 
the admission was complete, and the angle a was not varied. The 
importance of this term wmild increase in the case of the high 
pressure wheels with partial admission, especially if tan a were 
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increased, as is often the case. The effect of the disc-friction would 
be of the same order of magnitude as that of the blade-rim for 
intermediate wheels when r == 10.r, and would increase in a similar 
manner for the high pressure wheels, except that it could be reduced 
by reduction of r. It is generally agreed to be an advantage, so lai 
as wheel-friction is concerned, to reduce the diameter of the high 
pressure wheels. This was often done in the earlier types, but has 
the disadvantage of increasing the number of wheels required, and 
has been abandoned in most of the later types in favour of a nearly 
uniform diameter, which is mechanically preferable. 

It would appear to be unnecessary to take account of wheel- 
friction in the low' pressure stages, as the resulting distortion of 
the efficiency curve w'ould be too small to detect. But it wmdd be 
best for the sake of consistency to represent it throughout the 
turbine by a systematic variation of the type (1 + rjlOx) tan ajrj 
per cent, in f", provided that the speed w'ere uniform and constant, 
and to allow for variation of speed, if the effect of speed w'ere the 
object of enquiry. 

In the case of the reaction turbine, since the admission is ahvays 
complete, the effect could probably be included with sufficient 
accuracy in an expression of the type fi"— I" joe, as previously 
suggested. But the effect of tip-leakage is here the most important, 
and the constant /i" would approximate closely to unity at low 
speeds, owing to the absence of disc-friction. 

There does not seem to be any satisfactory evidence that the 
effect of wheel-friction is proportionately greater in small machines 
than in large, or that it varies as the cube of the angular velocity 
as opposed to the linear velocity. Small machines of the axial flow 
type undoubtedly suffer from the excessive curvature of the blade- 
path, which leads to distortion of flow at high angular velocities, 

but this cannot fairly be debited to wdieel-friction. 

Although it is not possible in a formula of this kind to give 
exact values of the coefficients to suit all cases, it is most desirable 
that the dimensions should be correct and consistent for the separate 
terms in the expression. A formula for wdieel -friction attributed 
to 0. Lasche is often quoted, wdiich may be expressed in our units 
as follows, for a simple wheel with blade-height x. 

Wheel-frietion = 0-49 (R.P.M./IOOO)^ rxlV , H.P. (0. Lasche.) (23) 

This formula seems to give results of the right order of magnitude 
if we take r = 20" and ® = 1", but requires about 370 H.P. 
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for the wheel of a 10 H.P. De Laval turbine at 20 000 revs./min. 
in steam at atmospheric pressure, which is about a hundred times 
too oreat; and does not distinguish disc- and rim-friction. 

Stodola’s original formula made the disc-fnction proportional 
to r^-^u^lV, and the rim-friction proportional to u /F, which 
appears to involve the anomaly that the rim-friction is independent 
of the radius for given values of u and V. Jude {Theory of the Steam. 
Turbine, 1910) proposes the formula {tixfl'-jV for the rim- ric ion, 
based on a reduction of the same experiments, in which the disc- 
friction is assumed proportional to rm^jV, and the rim ric ion 
deduced bv diiference. This method of treating the exp er mien s 
cannot be avoided, but is so uncertain that it appears preferable 
to make the dimensions rational and consistent by assuming le 
expression rxu^lV as given in (22). So far as rim-friction is con- 
cerned, the effective blade-height would be rather less than the 
actual blade-height, because the ends of the blades are screened 
by the rim and the shrouding. For this reason x is preferably taken 
as the nozzle-height, which fits better with the experiments and the 
expression for the power, and avoids the necessity for the fractional 

Mlien r and s are the same for the different wheels of a turbine, 
the disc-friction is simply proportional to 1/F, and cannot be 
altered by varying the arc of admission or the blade-heigh . 
A compound wheel has the advantage of reducing the disc-friction, 
but it increases the rim-friction and the loss due to lateral dissipa- 
tion of the jet, which is more important and varies roughly as 1/®. 
In practice the bJade-height is varied in conjunction with the arc 
and angle of admission, to make the sum of the two losses a mini- 
mum, with the condition rjxjV tan a = constant. 

To obtain an equivalent formula for the rim-friction of a 
compound wheel, the numerical coefficient 30 of rx in (22) must 
be multiplied by the ratio of the sum of the blade-heights of the 
successive rings to the height of the first ring. Thus for a triple 
wheel, if the successive blade-heights are in the ratio 1, 2, 3, the 
appropriate coefficient of rx would be 6 x 30. This appears to give 
a result of the right order of magnitude, but the conditions of flow 
and variations of design are so complex that little reliance can 
be placed on a single formula. 
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THE REACTION TURBINE 

130. Continuous Expansion. In the case of an impulse 
turbine, the expansion may be regarded as occiuiing in a linutcc 
number of discontinuous steps, with almost adiabatic drop ot 
pressure in the nozzles, separated by intervals during which the 
steam changes its state at constant pressure while passing t iroug 1 
the blades. The number of separate steps is often as low as five, and 
seldom exceeds 20 or 30. The final states in each stage will pner- 
ally lie on a smooth curve, which may be regarded as the “ chanm- 
teristic” of the type of machine, and may be employed 01 
estimating the variation of elficiency. But it is often more satis- 
factory to calculate each stage separately, and there is no grea 
difficulty in doing this when the number of stages is small. 

In a reaction turbine, on the other hand, each ring o 3 a es, 
whether fixed or moving, constitutes a separate step m the ex- 
pansion.. There are seldom less than a hundred such steps, an 
sometimes 300 or more. For all practical purposes the expansion 
is continuous, and different methods of treatment are appropriate 
In particular, since the drop of H or P in each step is very small, it 
may usually in practice be treated as infinitesimal. I le ca cu a ion 
for a number of stages of similar dimensions, forming a group known 
as an “expansion,” can generally be worked out by the rules ot 
calculus with a considerable saving of time and trouble. The state 
of the steam from the beginning to the end of each expansion can 
be represented by a continuous curve on the diagram. In some 
cases these separate curves for the several expansion may form 
parts of a single continuous “ characteristic ” for the v hole tui m 
In other cases there may be differences depending on details oi 
construction. But in any case it is usually sufficient to calcu a e 

the final state only in each expansion. . , . , , , 

In the present chapter we will take the simple case m vhich 
characteristic for the whole turbine is supposed to be eontmumis, 
and diseuss relations between the efficiency and the pressuic dis- 
tribution which are in the main independent of dimensional details. 
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At a later stage, the analysis will be pushed further, to inelude the 
effect of speed, and dimensions and details of construction, in 
modifying' the curve for each expansion. 

131. The Stage Efficiency. The expression for the first 
law of thermodynamics as applied to any elementary stage of the 
flow, corresponding to a small drop of pressure dP, maj^ be written 

in the form dll =-■ dQ + aVdP (1) 

iiiccording to the usual mathematical convention of signs, dH and 
dP repres'’ent increment of E and P, and dQ, represents heat added. 
But it is often more convenient in practice to reverse the signs and 
to call dE drop of E, and dP drop of P, in which case dQ represents 
heat-loss; and heat generated by friction, or work wasted, is 
negative. The term aVdP represents the thermal equivalent of 
the work done by the drop of pressure in generating kinetic energy 
in unit mass occupying a volume V as it flows from a higher to a 
lower pressure. If dQ = 0, dE = aVdP, or the drop of E is equi- 
valent to the kinetic energy generated; but if heat is supplied by 
friction or otherwise, the drop of E will be less than aVdP. Since 
friction can only generate heat, the drop of E cannot exceed the 
kinetic energy generated unless heat is lost externally. If no heat 
is supplied or lost externally, dQ represents heat generated by 
interyial friction, or work wasted; and dE represents the useful 
work obtained. Since external heat-loss may often be neglected 
in considering any small stage of the expansion, we shall take dP 
as representing the work utilised, on the understanding that it is 
to be corrected for external heat-loss, whenever necessary in 
experimental tests, by deducting the external heat-loss from the 
heat-drop. 

Neglecting external heat-loss on the above understanding, the 
general expression for the stage efficiency / at any point of the 
expansion curve, is the ratio of the work utilised to the work avail- 
able in a small drop of pressure dP, 

/= dElaVdP (2) 

If the work done is proportional to the percentage drop of 
pressure, as appears to be approximately the case in some turbines, 
PclE/dP is constant, and/ must vary inversely as PV . The expan- 
sion curve in this case is given by the equation 
Eo-E = k log {PolP), 
and is a straight line on the E log P diagram. 
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In the more general case represented by the em})irical ioriuula 
H-B"= JcP^\ 

afPV = PdHIdP - - m {11 - B"), (») 

whence/ = m {11 - B")laPV. This shows that/ cannot be constant 
unless 11 — B" is proportional to PV, which is very nearly the case 
for dry steam provided that B"= B = 4G4 (F.P.C.), in which case 
/= 13m/3. In the case of wet steam / will also be nearly constant 
if B" is chosen so that the ratio of PV to 11 — B" is the same for 
the initial and final states. 

If on the other hand an expansion curve of the type PT — hi ” 
is assumed, the value of ??? is fixed by the initial and final conditions, 
and the value of / at every point of the cuiu’e becomes thereby 
determinate, since there is no other constant to choose, dhe ex- 
pression for /is mdllld {aPV), which is necessarily nearly constant 
for dry steam, but cannot in general be constant for wet steam. 
As a rule the variation of /is so considerable along a curve of this 
type, that no reliance can be placed on this formula for the cal- 
culation of the constant mean value of / for any" given F. The 
formula is obviously inadequate for representing the results of 
experimental tests with regard to the variation of stage efficiency , 
because the assumption of a curve of this type is equivalent to 
begging the question at issue. 

The exact solution of the problem of the limit curve when 
/ is constant, is purely a mathematical question if the relation 
between V and 11 is given. The result is of theoretical interest as 
a standard of comparison for other empirical curves representing 
different modes of variation of the efficiency. The problem may 
also be regarded as a useful mathematical exercise on the tables 
and equations, and on thermodymamical theory". 

132. The Limit Curve of Constant / for Dry Steam. 

The approximate forms of the equations, obtained by" neglecting b, 

namely, , , , 

PV = k'P^^l^\ and ll-B^.k"P^fl^\ (4) 

are sufficiently accurate for nearly" all practical purposes. 

" The exact forms, including 6, are easily obtained by substituting 

for V or dHjdP in the equation dHjdP = afV, from the general 
relation between H and V for dry" steam, namely 
aPV = 3 (H - R)/1S + lOalP/lS, 
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which gives 
namely, 

and 


differential equations of a common linear type, 

PdVIdP = - (1 - SfllS) V + 10&/13, 

PdllldP = Sf{H - J5)/18 + lOahfPIlS, (5) 


the solutions of which are 

p _ p) = //psz/is, and H - B = + ab'T , ...(6) 

where F= 10&/(13 - 3f), h"=fb'= 10&//(]3 - 3/), and7r"= lSak'l8. 

The values of the constants k' and k" are found in each case 
as required by substituting the given initial or final values of 
H, P, and V in the equations. For instance, the drop of H along 
the curve from P' to P" is given by 

H'~ B"= B - ab"P') (1 - {P"IP'ffl^^) + ab"{P'- P"), (7) 
which reduces exactly to the usual expression for the adiabatic 
drop, as it should, when/ = 1, in which case &"= b. 

In the case of supersaturated steam, the same equations apply 
so long as the steam is dry; but when it reaches the supersaturation 
limit, the relation between H and V changes, and the equation 
cannot be integrated. It is easy, however, to find the heat-drop 
at the supersaturation limit by a step by step process of integrating 
the relation dH =faVdP, by using Table III given in Chapter X, 
as in the case of the adiabatic at the supersaturation limit. 

Thus if the steam reaches the SS limit at 24 lbs., we have for 
the next step to 16 lbs., aP'F'= 35-30, DR =faPV x 8/20 = 8-47, 
jf j=o-60. This gives F''= 20-87, and aP"F"= 34-35, whence 
DH == 8-468 as a second approximation; but it is very seldom worth 
while to go beyond the first. With the value 34-35 for aPV at 
16 lbs., the next step to 12 lbs. gives DH = 5-89, and so on. The 
process is very easy, since no interpolation is required, except for 
finding the point at which the SS limit is reached. 


123. Th6 Limit Curve of Constant f for Saturated 
Steam. To find the equation of the curve for saturated steam, we 
have merely to substitute {H — 5 //P (c/p/dT) for aV in the general 
expression for / which gives the differential equation 


T [din dT) =f{H- St), (8) 

the solution of which, when /is constant, is 

Hf==st + KTf^sTI{l-f), (9) 


where KTf/=H^- sto+ sTJ{l -/), is given by the initial state. 
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The corresponding expression for is immediately oljtained 
by the simple substitution, 1/^== TO/ — G, wliieli gi\ es 

0/ - ^/(l -/) + ^ log, Tj27ti, (10) 

with the same value of the constant of integration K. Both ex- 
pressions take exact account of the variation of s])ceilic heat and 
volume of the liquid according to the equation for h employed in 
the present ^vork. 

The results gi^^en by the above theoretical formula for Ilf are 
compared in the following table, (1) with those given by a lormula 
of the type II — B = and (2) with those gi^'en by a lormula 

of the type PV — hP'^, with F — 0*G0, for the range 105 lbs. (dry 
sat.) to 1 lb., divided into ten equal intervals with a common 
pressure-ratio. The constants in the empirical formulae are deter- 
mined from the initial and final states as already explained. 

Table I. 

Comparison of formulae for the limit curve of constantjf (saturated). 


Theor. 

654-49 1 

642-00 

630-05 1 

618-61 

607-65 

(1) 

Diff. 

A 

654-55 
+ 0-06 
0-553 

642-09 
+ 0-09 
0-554 

630-13 1 
+ 0-08 
0-555 

618-66 
+ 0-05 _ 
0-556 

607-65 
+ 0-00 
0-557 

(2) 

Diff. 

A 

656-26 
+ 1-77 
0-480 

645-19 
+ 3-19 
0-492 

634-32 
+ 4-27 
0-505 

623-62 

-f- 0*01 

0*519 

613-02 
+ 5-37 
0-537 


Theor. 

597-13 

587-03 

577-32 

567-98 

559-02 

(1) 

Diff. 

/i 

597-10 
- 0-03 
0-556 

586-98 . 
- 0-05 
0-555 

577-27 
- 0-05 
0-554 

567-95 
- 0-03 
0-553 

559-02 

1 0-00 
0-551 

(2) 

Diff. 

A 

602-43 
+ 5-30 
0-559 

591-78 
+ 4-75 
0-585 

1 581-02 
+ 3-70 
0-615 

570-12 
+ 2-14 
0-648 

1 559-02 
0-00 
0-688 


Initial values, P=165, 667-56, /j — 0-551, /2 — 0-468. 


There is a slight systematic difference between (1) and the 
theoretical formula, but the values of II agree at the middle of the 
range as well as at both ends. The values of /i are very nearly 
constant, and the mean agrees very closely with the theoretical, 
which is 0-5551, for F = 0-60 over this range. We may conclude 
that (1) is sufficiently accurate for all practical purposes. It is also 
much easier to work than the theoretical formula. In the case of 
formula (2) the differences are fifty times larger, and the value of 
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f, shows a wide variation. The method of calculation for formula (1 ) 
'is given in detail in Example 8, below, section 188. 

The Reheat Factor. The ratio of F to /, when the lattei 
constant, is often called the “Reheat Factor.” as it represents the 
increase of F due to the partial reconversion m the later stages ot 
work wasted in friction in the early stages. Many attempts h 
been made to find a general expression for this factor in the case o 
saturated steam. The majority of these are rough approximations 
which do not call for special mention. Morrow (Steam Tmhme 
Desim, 1911), under the heading “Approximate Equation of the 
Expansion Curve,” has given an exact expression for the entropy on 
the assumption that the specifie heat of water is constant and equal 
to 1. His expression agrees very closely with (10) a ove, u 
does not appear to give the corresponding expression tor H„ or 
for Flf. Martin (Steam Turbines, 1918, p. 150) has given a simi ar 
expression for the increase of entropy due to friction durmg the 
expansion, from which the reheat factor is deduced by integration 
His results are in practical agreement with the author s except tha 
he has employed a less simple expression for the entropy of the 
hquid, which makes a small systematic difference. He takes the 
range Tj - 820” F. (drj- sat.) to T = 660” F., and calculates F tor 
the following values off. 


Table II. Comparison of Theoretical values of F/f. 


/= 

1 

0-9 

0-8 

0-7 

0-6 

0-5 

F (Martin) 
F (Author) 
-F, (§ 134) 

1 

1 

1 

0-916 

0-9155 

0-9153 

0-8286 

0-8279 

0-8275 

0-7378 

0-7370 

0-7367 

0-6432 

0-6428 

0-6426 

0-5455 

0-5451 

0-5452 


The values for the same range according to the author’s equation 
are seen to agree as closely as could be desired. They are obtained 


from the expression 

F = ( 11 ) 

in which Hf is the value of H given by the theoretical formula (9) 
for the assumed final state and value of /, and II ^ is the final value 
of H given by the adiabatic. 

The values of shown in the last line are obtained from a much 
simpler formula as explained in the next section. 

134. Empirical Formula for the Reheat Factor in 
the case of Saturated Steam. The calculation of the value 
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of F from the theoretical equation (9) when /is given, is direct and 
fairly simple, but the value of Ilf is obtained as the difference 
between two relatively large quantities requiring careful e\'aluation. 
The work is even more exacting when F is given, and it is required 
to find /. It is easy, however, to find a simple rational fortnida 
which will serve either purpose with a degree of accuracy exceeding 
anything required in practice. 

The ratio of F to/is that of the integral of VdP along the actual 
expansion curve, to the same integral taken along the adiabatic. 
The ratio of corresponding elements of the integral is obviously 
VpIV^, the ratio of the volumes at corresponding pressures. But 
in the case of wet steam w^e have the simple relation 


VfIV,!, = 1 + - St) =. 1 + (1 - E) Dll - 


St), 

,.(12) 


where DH^ is the whole adiabatic drop to the point considered, 
and FDH^ is the actual heat-drop by the definition of F. The 
differential, d (FDH^), of the actual heat-drop is afVj,,dP by the 
definition of/. The differential, dll^, of the adiabatic heat-drop is 
aV^dP. We thus obtain the exact relation 

d (FDH^) =.f{r^ir^)dii^ (13) 

By substituting for , integrating, and dividing by J , n e 
obtain 

iP// = 1 + (1 - F) DH,J2 st) = l+{l- F) X, ..,(14) 


where x is used as a convenient abbreviation for the factor 
DH 12 {H^ — st). This expression for the reheat factor would be 
exact if the ratio of (1 - F) to {11^- st) were constant along the 
curve, as assumed in the integration. This condition is so nearly 
satisfied in all the cases wdiich occur in practice, that the approxi- 
mation given by the above formula is almost incredibly close, 
considering its extreme simplicity. The small fraction x, depending 
only on Dll. and 11., is known from the pressure range and initial 
conditions. D. is the final value of 11 on the adiabatic, obtained 
by subtracting DE^ from the initial value of 11. The final tempera- 
ture t is known from the final pressure. 

The ratio E//is readily expressed iii terms of either 1 oi j, lus 

pjj = 1 + (1 - E) .r = 1 -f (1 - /) xl{l + jx), (la) 

which can be used for calculating either E or /if the other is given. 
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The formula may be verified by comparison with the examples 
already given. For the case taken in example 1, 

F = 0-60, = 180-89, E,^- st = 448-06; 

whence « 

^ ^ 0-2019, {1 — F)x = 0-08076, / - 0-55j1 ; 

which happens to agree exactly with the theoretical yalue, and 
was in fact employed in estimating the value of/to be used m the 
calculation, in order to make F come out o-eo. Similarly if wc 
calculate F from /for the example taken by Martin, we obtain the 
values of F, shovm in the last line of the previous table, which are 
seen to agree extremely well with the theoretical values over the 
whole range. The agreement is almost equally good for any othei 
practical range of pressure, and the values obtained are little 
affected by initial wetness of the steam, as shown in the following 
examples. 

Table III. Empirical Formula for F// (sat.). 


Pressure range 

200 lbs. 1 1 

(dry) to 1 lb. ! 

200 lbs. II 

(dry) to 14-7 lb. 

Do. initial 

1 10 % wet 

f (assumed) 

F (theoretical) 
Fx (empirical) 

0-5 

0-5479 

0-5478 

0-75 

0-7848 

0-7843 

0-5 

0-6274 

0-5271 

0-75 

0-7704 

0-7698 

0-6 

0-5273 

0-5269 

0-75 

0-7702 

0-7696 

F (assumed) 

/ (theoretical) 
fx (calculated) 
fni 

0-5 

0-4520 

0-4521 

0-4677 

0-75 

0-7119 

0-7123 

0-7162 

0-5 

0-4728 

0-4730 

0-4747 

0-76 

0-7286 

0-7291 

0-7303 

0-6 

0-4730 

0-4733 

0-4749 

0-76 

0-7288 

0-7293 

0-7304 


Une 01 rne ucsl ciupniLcni x x 

reheat factor is that employed by Martin in constructing his table 
of Flf. He assumes equations of the type PF'>'= K, for both adia- 
batic and expansion curves, and calculates the appropriate values 
of the indices y' and y" in either case from the pressure-ratio and 
the expansion-ratios, here denoted by p, and by p', p" respectively. 
This method has the advantage of eliminating most of the 
systematic error of the PF type of formula, and gives the symmetii- 
cal result 

^//m = y"iy' - 1) (d - p")ly' ^y" - (d - p') 

Values given by this formula are indicated by the heading in 
the last line of the preceding table for comparison with the values 
of fx calculated by the previous formula for the same values of 
F assumed. Martin’s formula is inconvenient for calculating F 
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from/^ because the final volumes are required. The eomjiarison is 
accordingly made by calculating from F. The \'alues of 
obtained deviate from the theoretical in tlie same direction as tliose 
of /a;, but to a much greater e.xtent; and tlie calculation of /,,, is 
much more laborious than that of /,., since it involves finding y’ 
andy” from log p/log p', and log p/log p", in addition to finding the 
volumes from 11, whereas the \‘olume.s and expansion ratios arc 
not required for 

135 - Reheat Factor for Dry Steam. As might naturally 
be expected, the value of the factor for dry steam is quite different 
to that for wet steam. The difference F - /is about three times as 
great for dry steam as it is for saturated steam for tlie same/ and 
pressure-ratio. This is of special interest in relation to the effect of 
superheating. If b is neglected in the equation for dry steam, we 
obtain as the relation between F and / 

F = - (P,/P„)«/'S)/(1 - 

= (1 - (r,/2’„)')/(l - ...(17) 

where P/, Tf, are the final pressure and temperature on the adia- 
batic for dry steam. The exact equation for the expansion curve 
at constant /is given in a previous section, 132; but the neglect of 
b makes very little difference in the present case, and is justifiable 
as a simplification, because it makes the result depend only on the 
pressure-ratio P/Po, which is denoted by r in the following table. 

It is most convenient to tabulate the difference F — /in place of 
the ratio Fff, because the difference is relatively small, and the 
value of F when /is given, or vice versa, is more readily obtained 
by simple addition or subtraction, than by multiplication or division 
by a factor. The difference is given in the following table for values 
of / from 0-9 to 0-45, as shown at the head of each column. The 
logarithm (base 10) of the pressure-ratio is taken as the argument 
in the first column, because this gives very regular differences, 
and greatly facilitates interpolation. The decimal point is omitted 
in the values of F — / ivliicli are always positive and less than 1. 

When /is given, the procedure for finding F is obvious. When 
F is given, the value of/ at the head of each column must be added 
to the tabulated difference F — / to find values of F between which 
to interpolate. Thus to find/ when F = 0*60, and r = 1/165, or 
logio r = — 2-2175, we have when/ = 0-45, P = 0-5933 for log r= — 2-2, 
and P == 0-6058 for log r = — 2-4, whence P = 0-5944 for r == 1/165. 
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Similarly when /= O-SO, we have F ~ 0-6432 for r = 1/165. By 
interpolation when F = 0-60. we find/ = 0-4557 for the given 
pressure-ratio. 


Table IV. Values of F - / for dry steam. 


r = P//Po 

logio »■ 


0-9 

0-8 

0-75 

Values of /. 

0-7 0-65 0-6 

0-55 

0-5 

0-45 

O-'l 

10081 

0047 

0084 

0099 

0112 

0122 

0128 

0131 

0134 

0133 

0-4 

19146 

0092 

0166 

0196 

0220 

0238 

0253 

0261 

0265 

0263 

0-G 

27297 

0137 

0247 

0290 

0326 

0357 

0378 

0392 

0398 

0395 

0-8 

34627 

0179 

0324 

0384 

0432 

0472 

0502 

0521 

0529 

0527 

- 1-0 

41217 

0220 

0400 

0473 

0535 

0585 

0622 

0647 

0660 

0658 

1-2 

47143 

0260 

0474 

0561 

0636 

0697 

0742 

0774 

0790 

0790 

1-4 

52472 

0300 

0548 

0648 

0736 

0807 

0862 

0899 

0920 

0922 

1-6 

57263 

0338 

0617 

0732 

0832 

0914 

0977 

1022 

1047 

1050 

1-8 

61572 

0372 

0684 

0814 

0926 

1018 

1090 

1142 

1173 

1179 

- 2-0 

65446 

0408 

0750 

0894 

1018 

1122 

1204 

1263 

1298 

1307 

2-2 

68932 

0442 

0813 

0971 

1107 

1223 

1315 

1381 

1421 

1433 

2-4 

72065 

0474 

0874 

1045 

1193 

1321 

1423 

1496 

1542 

1558 

1 

- 2*6 ! 

74881 

0504 

0933 

1117 

1277 

1416 

1528 

1609 

1661 

1681 

2-8 

77413 

0533 

0989 

1186 

1359 

1508 

1629 

1719 

1778 

1803 

- 3-0 

79688 

0560 

1043 

1253 

1438 

1597 

1727 

1826 

1894 

1924 


The expression for F, on which the table is founded, assumes 
that the dry adiabatic is taken as the standard of comparison. When 
the steam is initially superheated, it may remain dry throughout 
the whole range of the actual expansion curve, but, for extreme 
ratios of expansion, the fiiral state on the adicibcitic will in general 
be saturated. To find the value of/ from F for the dry part of the 
actual expansion curve, the value of F or DH^ must be taken from 
the dry adiabatic. If the final value of H, namely is given on 
the actual expansion curve, and the steam is dry, the calculation 
of /for the actual curve can be made without any assumption with 
regard to the adiabatic taken for calculating F. But if Hf is not 
o’iven, and if the given value of F refers to the xoet adiabatic, as is 
usual, the value of on the wet adiabatic must be employed for 
deducing Rf. In either case the required value of/ is given in terms 
of Rf by the formula 

{PflP.^I^^ = {Hf-B)l{Ro-B), 

or l-r^fh^^DRfl{Ro-B) (18) 

For instance, if the value of DRf is given as 140 cals. C., and 
that of Ro as 756, the value of / for continuous expansion over the 
pressure range r = 1/165, is found to be 0-5541, quite independently 
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of any assumption witli regard to tlie \'alue of F. Tlic value of /' 
is worked out in a similar way in section 143, for this example with 
ten separate stages, and found to be 0-5GSG. For given initial and 
final states the value of/ is a minimum when the number of stages 
is infinite. The value of F referred to the wet adiabatic is 0- 643, the 
adiabatic heat-drop being 217-72 cals. C. But the lieat-drop along 
the dry adiabatic to 1 lb. is only 202-20 cals. C., and the value of 
P referred to the dry adiabatic is 0-6924. The difference F — /in 
the latter case is 0-1385, as found from the above table. The neglect 
of b makes a difference of 2 in the last figure. But if the value of 
F is taken from the zvet adiabatic, the difference F — / is reduced 
to 0-089. The difference F — f for steam initially dry and saturated 
with the same value of / over the same pressure-range, is only 
0-0449. Thus, if we suppose/to remain the same, superheating will 
produce a considerable improvement in the relative efficiency. 

136. Effect of Superheating. In estimating the percentage 
improvement of F for the same / it is of course necessary to take 
the sariie adiabatic (either wet or dry) as the standard of comparison 
for F in both cases. When the steam is dry for part of the expansion 
only, this introduces inevitable complications, which reduce the 
utility of the reheat factor as a method of calculation in such cases. 
Further complications may be produced by supersaturation, and 
by the variation of / in different stages of the expansion. Thus 
although values of F, calculated from tables of reheat factors on 
the assumption that / is constant, may afford a fair general idea 
of the nature of the effects to be expected, it is usualty safer, and 
often less troublesome, to calculate the actual heat-drop for the 
given conditions. 

One of the most useful applications of the preceding table in 
practice is for the calculation of approximate values of the adia- 
batic heat-drop DH^ for dry steam, and of the actual heat-drop DHf 
when /is given, by means of the formulae in which h is neglected, 
namely, 

DH^ - (Ho- B) (1 - and DHf = F {Hq- B) (1 - H/i3)...(19) 

For this purpose the second column in the table is added giving- 
values (decimal point omitted) of the factor 1 — by wdiich 
Hq- B must be multiplied to find DH^. The table also gives the 
values of F required for finding DHf when/ is given. 

Thus to find the values when Ho= 756, log r = - 2-2, and 
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/= 0-55, we have 0-T2065 x 292 = 210-46, F = 0-6881, 

DHf - 144-82. 

The calculation is more troublesome when a double inter- 
polation is required for odd values of r and /, but the method 
generally saves time as compared with the use of a table of log- 
arithms' It is most useful for plotting curves, for which purpose 
even values of log r and f-csui be selected. 

When part of the expansion curve is dry and part wet, the 
calculation must be made separately for each part. Thus for the 
dry part of the curve in Example 6, Chapter XIII, with an initial 
superheat of 65° C., we have given the data, Hq— B — 239 84, 
DHf= 66-04, log r = - 1-108T4, and we may suppose that it is 
required to find F and /from the table for continuous expansion. 
By interpolation in column 2 of the table we find 

I _ ,.3/i3^ 0-44439, = 106-58, whence F = 0-6195 (dry). 

From the table, when/ = 0-55, F = 0-6147 at log?’ = — 1-0, and 
F = 0-6274 at log?’ = - 1-2 ; whence F = 0-6222 at log ?’ = - 1*10874. 
Similarly when/ = 0-50, F = 0*5731 for the same value of ?’. Hence 
for F = 0*6195, the required value of /is 0-5473, to give DHf = 66*04 
in continuous expansion. For five separate stages the required 
value is 0*567, as found in § 143 below. 

If the value of /is to be the same for the saturated part of the 
expansion curve, starting at Hq = 637-80, p — 12-845, and expanding 
to 1 lb. we have DH^ = 89-13. Taking the formula given in 
§ 184 for Fjf in the case of saturated steam, we find x = 0-0874, 

=/+ 0-0250 = 0-5723. 

The total heat-drop for the whole expansion at/= 0-5473, is 
thus found to be 66-04 -f 51-00 = 117-04. The adiabatic heat-drop 
(final state saturated) is 194-05. The overall value of F is 0*6030. 
For steam initially saturated at 165 lbs. the value of F would be 
0-5922 by the formula of § 134. 

When the equation for saturated steam is assumed, the im- 
provement of F is seen to be relatively small for a moderate degree 
of superheat (65°), as compared with the previous example (165°), 
in which the impro^*ement was 4-| times as great. 

For extreme degrees of superheat, it is evident that the im- 
provement of F would reach a limit (as referred to the standard 
adiabatic in which the final state is assmned to be that of saturated 
steam) when the final state on the adiabatic ceased to be below 
the saturation limit. Because, when the whole of the adiabatic, 
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as well as the expansion curve itself, is in the dry region, the relation 
between F and / depends only on the pressure ratio r, and is prac- 
tically independent of the temperature. 

For the case previously considered with r = 1/165, and 
/ = 0-5541, the limiting value of F would be 0-6924, as found above, 
for the case in which the adiabatic is dry. The entropy of dry 
saturated steam at a pressure of 1 lb. being 1-9724, the superheat 
required in the initial state at 165 lbs. would be far above the 
limits of Table VI, Appendix III, but is easily calculated from the 
adiabatic equation K, which gives T= 1013° C. corre- 

sponding to a superheat of 555° C. 

It would appear from these examples, in which the usual 
equation for saturated steam is assumed, that the improvement in 
F due to superheat would proceed very slowly at first, then more 
rapidly, and finally more slowly, reaching a limit at a very high 
degree of superheat, if/ remains constant. The results of practical 
tests appear, however, to show that the improvement of F by 
superheating is most rapid at first, and is comparatively slow at 
the practical limit of 200° C. of superheat. This would indicate 
that the improvement in the early stages of superheat is largely 
due to the elimination of losses caused by supersaturation and 
irreversible condensation, which are not taken into account in 
the usual theory. 

137. Effect of Supersaturation. It is possible, by using 
the reheat factor, to form an estimate of the effect of supersatura- 
tion, since it depends chiefly on the properties of the working fluid 
and little on the mechanism of the engine. For the case of con- 
tinuous expansion, we may suppose that the expansion proceeds 
down to the supersaturation limit in the dry state, and that the 
recovery from supersaturation, which begins at this limit, is also 
continuous, though both may depend on the rapidity of expansion. 
Since the point at which condensation begins, as well as the degree 
of recovery, may vary with the rate of expansion, and since there 
are no experiments directly bearing on these points, the best that 
can be done is to calcidate a limit for the possible effect of super- 
saturation on the variation of F with superheat. The simplest 
available method appears to be that already adopted in a previous 
section, 107, in calculating the limiting form of the adiabatic for 
supersaturated steam. In place of the adiabatic relation dH == aVdP, 
we have merely to substitute the corresponding relation dH -=faVdP 
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for the limit curve in continuous expansion ■when / is constant, 
employing- the relation between II and V at the supersaturation 
limit as defined in the section referred to, in plaee of the usual 
relation for saturated steam. The following examples will sufficiently 
illustrate the method of calculation required. 

Exani'ple 1. Assuming/ = 0-55, and starting with dry saturated 
steam at 165 lbs. we find from Table IV by the method given for 
the dry adiabatic: when logr= ~ 1-0, Blif= 51-58, Bf= 615-98, 
P = 16-5 lbs., 614-70; when logr = - 1-2, BHf= 60-22, 

Hf= 607-34, P = 10-41 lbs., H,s = 611-68. By interpolation, the 
supersaturation limit will be reached on the expansion curve when 
log r = - 1-0455, BHf = 58-dO, 17^=613-66, P = 14-86 lbs. The 
value of V for dry steam at this point is 22-61 cb. ft. IVith this 
value of V, the heat-drop at/ - 0-55 for the next step from 14-86 
to 12 lbs. is easily calculated by the formula 

BH = O-SoaP'V'iP'- P")2/(P'+ P") = 4-04, 77"= 609-62. 

The corresponding value of V' is 27-66 at the supersaturation 
limit. The heat-drop for the next step in the table from 12 to 8 lbs. 
is calculated in the same way with this value of V , and found to 
be 7-51. 

Proceeding in this way, we find the whole heat-drop from 
165 to 1 lb. at the supersaturation limit to be only 98-0, for 
/= 0-55, in plaee of 107-6 as calculated by the usual formula for 
saturated steam. In other words the value of P, referred to the 
standard adiabatic giving BH^= 180-9, is reduced from 0-595 to 
0-542, which shows that a reduction of 9 per cent, in the relative 
efficiency is theoretically possible as the result of supersaturation 
for steam initially dry and saturated over this range. A reduction 
of at least 5 or 6 per cent, may reasonably be expected in practice, 
for moderate rates of expansion under working conditions. 

The value/ - 0-55, giving F = 0-60 to 0-69 according to the 
degree of superheat, is lower than is often attained in many modern 
machines. If we make a similar calculation with/ - 0-70, giving 
F = 0-737 to 0-82, we find nearly the same loss of heat-drop over 
the same range of expansion, representing a somewhat smaller 
percentage of the whole heat-drop. The mean percentage loss of 
heat-drop for different values of / over the range usual in practice, 
appears to be nearly 7-8 per cent., which is the same as in the case 
of the adiabatic drop considered in the previous chapter. Since 
there is necessarily some uncertainty about the exact form of the 
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curve representing the supersaturation limit, it will probably 
suffice in praetice to take always the same percentage loss to 
represent the effect of su^Dersaturation. We therefore propose the 
following rule. 

Buie. Find the heat-drop DTIf for the given value of/ assiiming 
the latter part of the expansion to proceed at the ordinary satura- 
tion limit, and deduct 7-8 per cent, of that part of BHf which is 
below the saturation limit in order to represent the effect of super- 
saturation. 

The only difficulty in applying this rule is to find the point at 
which the expansion curve crosses the saturation line. This can 
be done with the aid of the preceding table for dry steam by cal- 
culating two values of BTIf and interpolating for the saturation 
point, for which the nearest even value in Steam Table II, Appendix 
III, may be taken. Starting from this point we require RJ/j, for 
saturated steam in order to find the fraction x for deducing the 
required value of F from /a,, and to find the loss, which is taken as 
7-8 per cent, of E x BlI^. In the example previously cited, § 136, 
the heat-drop for the saturated part of the curve is found to be 
51-0 cals. C. The loss due to supersaturation, taken at 7-8 per cent., 
is very nearly 4 cals. C., reducing the whole heat-drop to 113*06 cals. 
at/= 0*547, and giving the overall value, F = 0*5826, with 65° C. 
initial superheat. By the same rule, with steam initially saturated 
at 165 lbs., deducting 7*8 per cent, of the corresponding value of F, 
namely 0*5922 for saturated steam, we obtain F = 0*546 at the 
SS limit, showing an improvement of 6*7 per cent, in F for 65° C. 
superheat, on the hypothesis of supersaturation, in place of 1*8 per 
cent, only on the usual theory. 

Example 2. If the initial superheat is such that the supersatura- 
tion limit is not passed, and the steam remains dry, we should 
naturally expect a considerable reduction in the loss observed. In 
order to test this point, we may calculate the heat-drop for the 
case in which the steam just reaches the supersaturation limit, 
j-l^^ = 595*8, at a pressure of 1 lb., in which case the initial state 
is given by the condition, Hq— BHf= 595*8. But from Table IV, 
for log r = 2*2175, with/= 0*55, F = 0*689, we find 

(Ho - B) X 0*477. 

Whence Hq = 715*9, and RH^ = 120*1. This gives 272-5 or 
an initial superheat of 87° C., with (Do - 1*6657. With the usual 
equations for saturated steam the adiabatic heat-drop is 199*1, 
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and the actual drop for/= 0-55 is 121-9. The corresponding values 
of F are, 0-612 for saturated, and 0-603 for dry supersaturated 
steam, showing a great reduction in the loss due to supersaturation 
for a moderate degree of superheat. 

By calculating a few more values in this way for various degrees 
of superheat, Avithy = 0-55, the curves shown in the annexed Fig. 30 
are obtained. The curve marked S shows the variation of F with 
superheat when f is constant, in very slow expansion, when the 
steam has time to follow the ordinary saturation state. The curve 
marked SS shows the same variation for the case in which the 
expansion is so rapid that no condensation occurs until the super- 
saturation limit is reached, and the steam remains at the super- 



saturation limit for the rest of the expansion. In the present 
example, the two curves meet at a superheat of 165° C., sufficient 
to keep the steam superheated throughout the whole expansion 
curve, so that supersaturation is no longer possible. But the limit 
of the theoretical improvement of F due to superheat is not reached 
until F — 0-689 at a superheat of 555° C. 

The curve marked B is that given by Baumann (Journ. Inst. 
Elect. Eng., No. 213, vol. 48, p. 828, 1912), as the result of a number 
of tests on impulse turbines. It shows a rate of improvement 
intermediate between S and SS, for moderate degrees of superheat. 
It might naturally be supposed that the rate of expansion in an 


xii] THE REACTION 

actual turbine was not sufficiently rapid to keep the steam at the 
SS limit. The loss due to supersaturation would then be less than 
the limit above calculated, and the improvement due to superheat 
also less, thoTigh greater than could be accounted for on the usual 
theory of saturation. There is also the objection to the reheat 
method that the reheat factor is appreciably less for discontinuous 
expansion in an impulse turbine than for continuous expansion as 
here assumed, and that the stage-efficiency / cannot be constant 
throughout the expansion in any giAmn machine. These objections 
to the use of the reheat factor in calculating the improvement due 
to superheat are not without weight, and appear at first sight to 
explain the discrepaney betAveen the curves B and SS to a certain 
extent, in a qualitative manner; but when examined quantitatively 
they are found to be quite inadequate, especially in the region of 
high superheat, Avhere the effect of supersaturation is practically 
non-existent. 

There is, however, a much more important difference between 
the conditions assumed in calculating the curve SS and those 
applying to the experimental curve B, Avhich is capable of ex- 
plaining the whole discrepancy and tends to shoAV that the steam 
must remain very near the SS limit at the actual rate of expansion 
corresponding to curve B. In calculating the curve SS, it was 
tacitly assumed that the stage-efficiency /remained constant Avhen 
the conditions were changed. This could not happen in practice 
unless the dimensions or the speed of the machine Avere altered to 
suit the change of conditions, AAffiich Avould usually be impracticable. 
The curve B illustrates the actual change of F for a given machine, 
designed for 150° F. superheat, Avhen the superheat is varied Avith- 
out making any modifications in the design or the speed. It is 
evident that if a machine designed for 150° superheat is run at 
300° F. superheat, it will not give the best results obtainable at 
the higher superheat. An exact calculation of the effect for a 
given machine requires a knoAvledge of the dimensions and pressure 
distribution, as explained in a later chapter; but the calculation 
here made Avith the aid of the reheat factor, assuming f constant, 
affords a very fair qualitative estimate of the effect of supersatura- 
tion and the advantage to be gained by superheating, if the 
dimensions are suitably modified. 

The dotted curve marked M in the upper part of the figure 
represents the improvement of F calculated/or ci pcnticulcit twibine 
of given dimensions, Avhen the superheat is varied from 0° to 200° C. 
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without change of speed, or pressure-range, or dimensions. Ihis I 

curve is calculated by a method explained in a later section, in 
which allowance is made for the variation of the stage-efficiency 
with superheat. The average value of f for this case is somewhere 
in the neighbourhood of 0-60 in place of 0-55, but / necessarily 
diminishes with superheat when the dimensions remain constant. 

It will be seen that curve M corresponds very closely with Bau- 
mann’s experimental results in the region of high superheat, but ; 

shows a somewhat smaller improvement for moderate degrees of 
superheat. If the calculation were made for the same machine on 
the assumjjtion that the dimensions were modified to suit the 
superheat in such a way as to keep / constant (though not neces- 
sarily constant throughout the turbine at any given superheat), it 
would show a much greater improvement with superheat, approxi- I 

mating more nearly with that shown by the curve SS. The great | 

difference which exists bet-ween the two cases, M and SS, or B and ! 

SS, illustrates the importance of designing a turbine to suit the | 

degree of superheat at which it is intended to work, if it is desired ' 

to obtain the full theoretical ad^' antage of the superheat. It should «; 

also be remarked that if allowance had not been made for the 
effects of supersaturation in calculating the curve M, the result 
would have shown an appreciable diminution of F with superheat, * 

which is quite contrary to experience. The fact that curve M shows 
a slightly smaller improvement than curve B for moderate degrees 
of superheat may be due to reduction of friction, which would affect j 

curve B, but of which no account has been taken in the calculation | 

of curve M. It appears that wheel friction is greater in wet than i 

in dry steam under similar conditions (Stodola, The Steam Turbme, } 

p. 137), and diminishes with the density. But the diminution of j 

friction does not seem to be sufficient to account for the whole of 
the improvement observed. * 

138. The Condition of Equal Work per Expansion. 

A condition commonty assumed in design is that of equal division 
of work between the stages or expansions. Such a condition is 
mechanically appropriate, and has the advantage of simplifying ; 

the calculation, if a formula of the type II ~ B = kP'^ is employed, j 

because the successive values of H — B can be written down by | 

equal differences, and afford the simplest possible method of | 

calculating p and V. If/ is assumed to be constant, the calculation 
is very simple, but the formula may also readily be applied to 
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represent any desired range of variation of/in a continuous manner. 
In the majority of cases the formula affords a much more expeditious 
and accurate solution than can be obtained from any diagram, 
because, except in special cases, the expansion curve is difficult 
to draw on the diagram, and the required measurements on the 
curve when drawn do not admit of the same degree of accuracy 
as the calculation. 

The method of applying the formula under these conditions to 
the case of a reaction turbine is illustrated by the following examples. 

Exa77iple 3. In the case of a reaction turbine with ten ex- 
pansions, if/is constant, and F = 0-60, find the pressures required 
at the nine intermediate points to give equal division of work 
between the ten expansions, and calculate the corresponding values 
of the volume, taking the range 165 lbs. (dry sat.) to 1 lb. 

The order of the calculation is as follows : 

(1) Find 180-89, and si" = 448-06, from the 

Tables. 

(2) Find/ from F//= 1 -f (1 — F)x. Here x = 0-2019, and 
/- 0-5551. 

(3) Find E'~ //"= 108-53, and E"= 559-02, from F = 0-60. 

(4) Find V'= 2-7801 from the Tables, and deduce V"= 302-08 
from E". 

The above operations cannot be avoided in any method of 
calculation. The application of the empirical formula for inter- 
mediate points is as follows: 

(5) Find E"- B"=p"V"{E'- E")l{p'V'- p"V") = 209-31. 
E'- B"= 317-84. 

(6) Add 10-853 nine times in succession to E"— B", giving 
the values of E — B" at the nine intermediate points required. 
These are shown in the first line of the following table under the 
corresponding point numbers. The initial and final values already 
given are omitted to save space. Similarly for any desired number 
of expansions N, the common difference is [E'— E")IN. 

(7) Take the logs of E - B" as shown in the next line. The 
characteristic of the logarithm, and the decimal point, are omitted 
in each case, since the characteristic is always 2, and is not required 
in the calculation. 

(8) Subtract log {E" - B"), = 2-32080, from each, giving the 
values in the next line. 

(9) Find log {p'/'p") = 2-2175, and reduce all the Jogs in the 
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ratio 1 /to, where to = 0-18141/2-2175 = 0-08180, being the ratio of 
log {H'- already found, to log (p'/p")- This gives 

the logs of the p ratios in the next line. Since the ratio 1 /to is 
constant, the operation of reduction is very easily performed, 
preferably with a Fuller slide-rule, which gives ample accuracy 
for the purpose. 

(10) Add logp" (in this case 0) to each of the values of 
log (p/p")- Take the antilogs giving the required values of p shown 
in the next line. 

(11) Approximate values of V, sufficiently accurate for almost 
any purpose, are most easily found from those of p and H — B 
by the simple formula 

F = TO {H - B")lafp, (20) 

since m/af, = 0-08180 x 1400/144 x 0-5551 = 1-4330, is a constant 
factor in the present instance. The values so obtained are given 
in the next line, headed V (approx.), and are more accurate than 
any which could be found from a diagram, in addition to being 
more easily obtained. By way of verification the correct values of 
F for each H and p have been calculated from the tables by the 
exact formula, and are shown in the next line headed F (correct). 
But the exact method for F is far more troublesome than the 
approximate formula (20), owing to the necessity of interpolation 
for Hs and Fg and f at each point, and should be employed only if 
F is required for small differences, which is very seldom the case, 
unless it is necessary to calculate H from F, as in employing a 
formula of the type PF = kP'^. 


Table V. Results for Example 3. / = 0-555 (constant), P"= 350. 


Point No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

{H - B") 

306-99 

296-13 

285-28 

274-43 

263-58 

252-72 

241-87 

231-02 

220-16 

log {H-B") 

48712 

47149 

45527 

42843 

42090 

40264 

38358 

36364 

34274 

. {H-Bn 

- B") 

16632 

15069 

13447 

11763 

10010 

08184 

06278 

04284 

02194 

log ifl'p") 

2-0332 

1-8422 

1-6440 

1-4380 

1-2237 

1-0004 

0-7674 

0-5238 

0-2682 

p lbs. 

107-94 

69-535 

44-056 

27-416 

16-738 

10-001 

5-8533 

3-3404 

1-8544 

V (approx.) 

4-075 

6-102 

9-278 

14-34 

22-57 

36-22 

59-21 

99-10 

170-1 

V (correct) 

4-094 

6-113 

9-278 

14-32 

22-52 

36-11 

59-06 

99-10 

170-6 


The point of the foregoing method is that all the arithmetical 
operations are very simple and easily performed, and that the 
results possess nearly as high an order of accuracy as could be 
obtained by the most exact theoretical equations, involving a 
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prohibitive amount of labour. A similar solution is obtained with 
almost equal ease for any desired range of variation of/, a problem 
which would be otherwise insoluble except by a very laborious 
method of trial and error. The simplest method when f is variable 
is illustrated in the following example. 

Example 4. With the same initial and final data as in the pre- 
ceding example, find the pressures and volumes at nine inter- 
mediate points, required for equal work in each of ten expansions, 
and calculate the values of the stage efficiency at the intermediate 
points, if the ratio/'//" of the initial and final values of/is 5/6. 

The work is the same as in the previous example wdth the 
exception of the determination of H"- B", and the intermediate 
values of/ and V. H"— B" is found from the condition /'//"= 5/6 
combined with the general expression for / which gives 

/'= TO B")lap'V', /"= TO {H"- B")}ap"V", 

whence 

H"- 6p"V"iH'- H")/(5j/F'- 6p"F") = 408-99, 

H'- 517-52. 

The required values oi H ~ B" are given in the first line of the 
following table. Those of p are obtained, exactly as in the previous 
case, by logarithmic interpolation. The values of pV given in the 
next line are obtained in the same way by reducing the logs of 
{H - B")j{H"- B") in the ratio of log {p'V'lp"V") to 

log {E'- B")I{E''-- B"). 

These are required for finding the intermediate values of/ and F, 
and are suflieiently accurate for this purpose, though not so accurate 
as the values of p. The correct values of V deduced from E are 
given in the last line for comparison. 


Table VI. Results for Example 4. /'= 0-506,/"= 0-607, R"= 150-0. 


Point No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

[H-B") 

506-67 

495-81 

484-96 

474-11 

463-26 

452-40 

441-55 

430-70 

419-84 

n lbs. 

104-24 

65-17 

40-34 

24-67 

14-93 

8-921 

5-270 

3-071 

1-765 

pV 

441-8 

425-1 

408-7 

392-7 

376-9 

361-3 

346-1 

331-1 

316-4 

f 

0-514 

0-523 

0-532 

0-541 

0-551 

0-561 

0-572 

0-583 

0-595 

V (approx.) 

4-238 

6-523 

10-13 

15-92 

25-24 

40-49 

65-67 

107-8 

179-3 

V (correct) 

4-233 

6-507 

10-10 

15-84 

25-10 

40-29 

65-33 

107-4 

178-9 


The maximum error of V by the approximate method of 
calculation is only l/2 of 1 per cent. The change in the assumption 
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for /makes a difference of 12 per cent, in the values of and V at 
stage 5, for the same value of H in both cases. 

As further examples of the equal division of work in continuous 
expansion, we may take two simple cases in which the chai’acter- 
istic curves are readily drawn on the diagram, so that the solution 
may also be obtained graphically. 

Example 5. The simplest case is that represented by the equation 
H - k log jj, in which equal pressure-ratios give equal division 
of work, corresponding to a straight line joining the initial and 
final states on the JT log P diagram. The constant B" is the value 
of H when p = 1, and the constant h = {H'- Ii")llog {p'lp"). The 
efficiency at any point in continuous expansion is/= 0*4343/c/apP. 
The following table shows the values of V, and / at nine inter- 
mediate points of the expansion from 165 lbs. to 1 lb. The values 
of p and V are the same as in Example 2 of the next chapter, but 
those of/ differ slightly from those given in the example cited, in 
the case of saturated steam, because they are the values at each 
point in place of being the mean values over the preceding stage. 
The values of V (approx.), calculated as a geometrical progression, 
agree snfficientl}' closely for practical purposes with those of 
V (correct) calculated from H. 


Table VII. 

E-B"==klogp, H"- B"= 559-02, /'= 0-450, /"= 0-684, 

k - 48-94. 


Point No. 


F 

/ 


(correct) 

(approx.) 


1 

2 

3 

4 

5 

6 

7 

8 

9 

656-71 

645-85 

635-00 

624-14 

613-29 

602-43 

591-58 

580-73 

569-87 

99-02 

59-43 

35-06 

21-40 

12-84 

7-710 

4-626 

2-777 

1-666 

4-447 

7-111 

11-37 

18-17 

29-02 

46-36 

74-02 

118-4 

189-2 

4-443 

7-100 

11-35 

18-13 

28-98 

46-31 

74-01 

118-3 

189-0 

0-470 

0-490 

0-510 

0-532 

0-555 

0-579 

0-603 

0-629 

0-656 


Example 6. The characteristic curve obtained when F is assumed 
constant, is also easily drawn on the diagram by reducing the 
ordinates of the adiabatic in the constant ratio P/1, This is repre- 
sented for the case P = 0-60 by the curve AFC joining the points 
AC on the diagram. Fig. 32. The pressures corresponding to equal 
division of work are found by dramng horizontal lines to meet the 
curve AFC at equal differences of TI. The volumes can then be read 
from the diagram, and the values of / deduced from the slope of 
the curve at each point. But it is just as easy to perform the same 
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operation by calculation in the folloAving manner, with tlie aid of 
the empirical formula H— B'= for the adiabatic IX (29), 

and a similar formula II - /d'p™ for the expansion curve. 

Since F is to be constant, we must have m = 1/9, and U"jk'-= F. 
The logarithm of the ratio of the initial and final values of H — B'' 
is (1/9) log (p'/p”). Taking F = 0-60, for the range 165 to lib., 
we find {IF- B")I{H"- B") = 1-76355, or 

I-l"- B"= 108-53/0-76355 = 142-14. 

The values of H - B" for equal division of work at nine inter- 
mediate points are obtained by successive addition of 10-853 to 
H"- B". The required values of the pressure are then obtained by 
logarithmic interpolation as previously explained. The values of 
V may be deduced from those of H and t if great accuracy is 
required, but for most purposes it suffices to find the intermediate 
values of pV by logarithmic interpolation from the initial and 
final values as previously explained. The values of/ are obtained 
from the formula /= m {H — B")lapV = 1*080 {II — B )lpV. The 
values of/ and V deduced from the approximate values of pF will 
be in error by about 1 per cent, at point 5 in the present case, but 
since the effect of supersaturation may amount to 5 per cent, or 
more, an error of 1 per cent, in V would not be serious in practice 
in comparison with the uncertainty of supersaturation, and^ with 
the large differences in both p and V occasioned by making different 
assumptions for the variation of/. 


Table VIII. F = 0-60 (const.), H"- B" = 142*14, m = 1/9, 
f = 0-590,/"= 0-508. 


Point No. 

1 

2 

3 

4 

5 

6 

7 

8 j 

9 

H~B" 

p 

pV (approx.) 
V (approx.) 

/ 

239-82 

110-8 

444-0 

4-008 

0-583 

228-96 

73-02 

429-1 

5-876 

0-576 

218-11 

47-171 

414-0 

8-776 

0-569 

207-26 
29-80 1 
398-8 
13-38 
0-561 

196-40 

18-36 

383-3 

20-88 

0-554 

185-55 

11-01 

367-6 

33-39 

0-545 

174-70 

6-400 

351-6 

54-93 

0-537 

163-85 
3-593 1 
335-4 
93-34 
0-528 

152*99 

1-939 

318-9 

164*5 

0-518 


Comparing Examples 5 and 6, we observe that the value of the 
pressure at point 5, namely 18-36 on the assumption F constant 
in Example 6, exceeds that found at the same point in Example 5, 
namely 12-84, by 43 per cent. These two cases represent two of the 
assumptions most commonly made for the expansion curve, an 
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illustrate the practical importance of a more complete experimental 
investigation of the question than has yet been attempted. 


139. Graphic Comparison of Characteristic Curves. 

The characteristic curve of a turbine represented by the differential 
equation dH = afVdP, may be defined as the relation between 
II and P (or preferably between H and log P) resulting from the 
variation of the stage efficiency throughout the expansion. It is 
evident from the form of this relation that the H log P diagram 
is the most apirropriate for the exhibition of such curves over an 
extended range of pressure. Examples of such curves drawn on the 
diagram are exhibited in Fig. 32. When the form of the curve re- 
presenting the iDerformance of any particular type of machine is 
known, the required calculations are greatly facilitated, especially 



in the case where the stages are numerous. When the variation of 
/ is continuous, it appears from the foregoing examples that the 
curve may most conveniently be represented by an empirical formula 
of the type II — B = kP"^, which covers a wide range of possible 
varieties, and is very convenient for computation. 

The annexed Fig. 31 is intended to give some idea of the 
diffcTcnces between different cases for saturated steam, and to show 
how closely they can be represented by the empirical formula. The 
range of expansion is from 165 lbs. (dry sat.) to 1 lb., and the case 
in which f is constant is taken as the standard of comparison, 
represented by the horizontal base line. The ordinates of the curves 
represent differences from this standard in cals. C. The scale of 
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pressure along the base line is logarithmic. The initial and final 
states are the same on each curve, and correspond to F = ()-60. 
or a total heat-drop of 108-53 cals. C. The curve coinciding most 
closely with the base-line is the empirical formula (1) of Table I, 
showing deviations of less than 0-05 cal. on the average Ironi the 
theoretical curve. The curve marked 3 represents the formula 
PV = which shows deviations of 5 per cent, from the curve 
of constant /, and gives a range of variation of / in the ratio 
f'lf"= 5/7 nearly. This curve appears to represent with a fair degree 
of approximation the actual performance of some reaction turbines, 
and coincides very closely with the curve marked 2, representing 
the empirical formula H- B = k log P of Example 5, which gives 
a straight line on the H log P diagram. The latter formula is a 
special case of the general type H — B = kP™, which reduces to the 
logarithmic form when m = 0. The curves represented by the 
general formula, when drawn on the H log P diagram, have the 
same kind of curvature as the adiabatic for positive values of m, 
but the opposite curvature when m is negative. It is probable that 
curves with negative values of m may represent the case of smah 
turbines in which the efficiency is very low in the early stages. The 
curve 4 represents the intermediate case of Example 4 in which the 
range of variation of /is represented by the ratio /7/'= 5/6. The 
lowest curve in the figure is the curve of constant relative efficiency 
P, which is of interest because it is often assumed on account of its 
simplicity, being represented by a straight line on the Molliei 
diagram. It lies below the theoretical curve of constant/, as shown 

in the figure, and would make/6^mi?iw/i continuously throughout the 

expansion (giving a range of variation represented approximately 
by the ratio /'//"= 7/6) which is highly improbable. The dotted 
curve representing the formula H—B" = kp^l^i of Example 6, is seen 
to agree very closely with the theoretical curve of constant F. 

The curve marked PV shows the result obtained by calculating 
the heat-drop at intermediate points from the expression 
af^A'P'V' - p"V")lm 

for the integral of along the curve pF = kp»^, in which the 

value of/^ is taken as constant, and is deduced from F by the 
formula for the reheat-factor given by Martin. This is fairly accurate 
in the early stages, but has the disadvantage of leading to a dis- 
crepancy of 1-6 per cent, in the final state. The method applies 
only to the case/ constant, and is more troublesome than that of 
Example 3, in addition to being less accmate. 
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The above examples refer to the case of saturated steam, and 
show that an empirical formula of the type TI-B" = kp^ possesses 
the required degree of flexibility and accuracy for practical pur- 
poses. It is equally appropriate in the case of superheated or 
supersaturated steam, because it flts more naturally with the 
theoretical equations than in the case of saturated steam. On 
the other hand a formula of the type PV = kP^, though so 
commonly employed for the same purpose, possesses no flexibility, 
and can only represent one particular type of expansion curve, 
which may or may not correspond with experiment. 

If the characteristic curve is known for a particular type of 
machine, the diagram is useful for estimating the volume and 
heat-drop at intermediate points of the expansion by observing 
the corresponding pressures. Changes in the state of the steam, 
or accidental defects of efflcieney, may thus be detected. Un- 
fortunately the published data for intermediate pressures are so 
scarce and unreliable that it is difficult to find satisfactory 
examples of actual cases. But if the dimensions are known, and 
accurate observations of pressure are obtainable, better results 
may be deduced by calculation, as illustrated in Chapter XVI, 
because the form of the characteristic curve may vary with 
changes of state of the steam and other conditions, and can 
seldom be predicted in minor details. 


CHAPTER XIII 


THE IMPULSE TURBINE 

140. Subdivision of the Heat-Drop for a Multistage 
Impulse Turbine. The method usually adopted in theoretical 
works in conjunction with the entropy diagram, is to divide the 
adiabatic heat-drop, or the area on the TO diagram, or the PV 
diagram, representing the whole available energy, into a number 
of equal parts, assuming that the efficiency is constant throughout 
the expansion. A method more commonly adopted in practical 
design is to assume equal pressure- or expansion-ratios for the 
different stages, which simplifies the calculation. In either case it 
is important to maintain a suitable ratio between steam- and 
blade-velocity, and the subdivision of the heat-drop must be 
modified if there is any considerable difference between the stages, 
such as would be occasioned by the use of compound wheels, or 
of simple wheels of different diameters. 

The most uncertain element in the calculation is the final state 
of the steam in each stage, or the residual supersaturation, which 
depends on the rapidity of expansion, and on the leakage and 
frictional losses occurring in each stage. There is little diiect 
experimental evidence on the variation of the efficiency from stage 
to stage, though it is generally admitted that the efficiency must 
be lower in the early than in the later stages, for reasons already 
discussed. This difficulty is evaded in most of the following examples, 
by assuming a particular type of expansion curve and finding the 
resulting efficiencies, or by assuming the efficiencies themselves, 
in which case the result would be definite apart from the phenomena 
of supersaturation. 

In dealing with the effects of supersaturation, it is always 
possible to calculate upper and lower limits for the effect. For this 
reason many of the calculations are made for steam in the equi- 
librium state of saturation, giving the upper limit, as well as^ for 
supersaturated steam at the lower limit, and for certain combina- 
tions of these assumptions which appear to be possible or instruc- 
tive. Further light on this important question can be obtained only 
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bv comparison of calculations of this nature with the results of 
experimental tests. There are few satisfactory data available at 
m4ent, but these seem to show that steam in rapid expansion 
keeps very close to the supersaturation limit. 

Since the variation of relative efficiency from stage to stage 
remains as a subject for experiment, and is probably different for 
different types of machine, it is impossible to give definite rules 
applicable to all cases for the subdivision of the pressure-range or 
heat-drop. The following examples are intended merely to illustrate 
the methods of using the tables in calculating the required quan- 
tities, and to show the effect of different assumptions for the varia- 
tion of the efficiency. To facilitate comparison, the same pressure- 
range, namely 165 to 1 lb., starting with dry saturated steam, is 
assured in the first series of examples, and the range is divided 
into ten parts in each case, so as to give an approximately equal 
division of work between the stages. In order to simplify the cal- 
culation it will be assumed in the first instance, (1) that the 
expansion in each nozzle is adiabatic and fiictionless, (2) that after 
passing through the blades, and before expanding through the 
next nozzle, the steam is reduced to the equilibrium state of satura- 
tion corresponding to the actual heat-drop deduced from the 
assumption made with regard to the efficiency in each case. The 
velocities and nozzle areas calculated on these assumptions may 
require correction for friction in the nozzles and will be affected 
materially by supersaturation lag. But the above method of eal- 
culation represents a definite limit corresponding closely with the 
conditions generally assumed. 

The notation adopted for the different stages is as follows. 
The suffix 0 is used to denote the initial condition of the steam at 
PqHq before expansion through the first nozzle, assuming C 7 = 0. 
Suffixes 1 , 2 , 3 , etc. refer to the consecutive stages of the expansion 
at pressures Rj, the wheel chambers. The initial state 

in each chamber on leaving the nozzle is indicated by a single dash, 
the final state before entering the next nozzle, by a double dash. 
Thus Hq- Hi represents the adiabatic heat-drop in the first 
nozzle, H3"- that in the fourth nozzle. The adiabatic heat-drop 
in any nozzle may also be represented by the convenient ab- 
breviation DH^. Similarly, DH^" represents the actual heat-drop 
in the first stage, and DH^" that in the fourth stage. The symbol 
is employed to denote the value of H on the adiabatic through 
the initial state at a point corresponding to the pressure in each 
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chamber. The drop of temperature, pressure, or potential per stage 
may similarly be represented by the abbreviations, Dt, Dp, DG. 

Example 1. Find the temperatures along the adiabatic for 
saturated steam, corresponding to the subdivision of the adiabatic 
heat-drop from 165 lbs. (dry saturated) to 1 lb. into ten equal parts. 
If the relative efficiency F is constant and equal to 0-60 throughout 
the expansion, find the actual efficiency /of each stage, and , deduce 
the velocities and nozzle-areas. 

The whole adiabatic heat-drop in this case is 180-88 as previously 
calculated, and the values of corresponding to the temperatures 
in each stage are obtained by successive subtraction of 18-088 
(a tenth of the total heat-drop) from the initial value, namely, 
/fp = 667-56. These values are given in the second line of the table 
below, under the numbers of the corresponding stages. The re- 
quired temperatures are most easily found from the adiabatic 
equation, TOq = since and Oq are given, and G is a 

function of T only, tabulated for each 1° C. Thus for the first 
stage, substituting the initial values of H and €>, we obtain as the 
equation for t, t = 140-82 H- G/1-5691, which is easily solved by 
interpolation. Thus taking t = 168°, G = 43-33, we find t = 168-43°, 
and taking t = 169°, G = 43-81, we find t = 168-74°. By inter- 
polation, t = 168-62° is the solution. Proceeding in this way we 
obtain the values of t given in line 3, from which the corresponding 
values of p, H,, and F,, are readily found by interpolation in the 
Steam Tables II or III, App. III. The values of the constant in 
the equation for t in successive stages are obtained by successive 
subtraction of 18-088/1-5691 - 11-528 from 140-82. The required 
values of t may be obtained from the tables in many other ways, 
but the above method is probably the simplest and most accurate. 
It is far preferable in point of simplicity and accuracy to the division 
of the area on the entropy diagram into equal parts, which is so 
commonly recommended as a method of solving this problem. 

In order to find the values of the actual adiabatic drop DH^ 
in each nozzle, we require the values of H" at the end of each stage. 
These are readily found from the condition that F is constant and 
equal to 0-60, by subtracting the constant difference 

18-088 X 0-60 = 10-853 

for each stage. The adiabatic drop might then be found fiom 
the usual formula DH^ = - DG, where Dt is the temperature 

drop for the nozzle considered, by deducing O" from H" in each 
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case. But since we already have the relation 18-088 = ^oDt - DG, 
we find 

DH^ = 18-088 + (<[)"- <l>o)DiE = 18-088 + {H" - H^)DtlT. ...(1) 

For the first nozzle and 18-088. For the second 

nozzle, we have 7-24 from column 1, Di = 16-31 from 

1 and 2, and T = 441-72 from 1, which gives 0-267 to be added to 
18-088 for the adiabatic heat-drop. It is advantageous to work 
the solution in this way, because the point of the problem is to 
investigate the manner in which the actual heat-drop DH^ in 
each nozzle deviates from the constant value 18-088 assumed in the 
division of the heat-drop along the adiabatic. The correction term 
is so small that it can easily be worked on a small slide-rule with 
little chance of error in the second decimal place, even if the values 
of Dt are not quite accurate. 

The stage efficiency/, given in the next line, is found by dividing 
the constant difference DH" = 0-60 x 18-088 = 10-853 by the 
value of DH^ for the nozzle considered. It will be seen that the 
value of/ diminishes considerably in the later stages as compared 
with the earlier. Since in all turbines the later stages are the most 
efficient, we infer that the assumption of constant relative effieiency 
F throughout the expansion cannot be correct, and that there is 
no advantage, even in simplicity of calculation, to be derived from 
the equal division of the adiabatic heat-drop which is so often 
recommended. 

The values of the initial velocity U' in feet per second given in 
the next line are obtained by multiplying the square root of 
by the constant 300-2. They show a nearly uniform rate of increase 
from stage to stage. Since the velocity carried over from stage to 
stage also tends to increase in the later stages, the realisation of 
the condition F = constant would require a very marked reduction 
in the wheel efficiency at low pressures, which is quite contrary to 
experience. 

The initial value of E' in each stage is obtained by subtracting 
DE^ from the final value of E" in the preceding stage. The values 
of V' at the exit from each nozzle are deduced from those of E' 
by the formula for saturated steam, with the aid of jF/, Fg, and st 
in the usual way. The appropriate nozzle areas per pound follow 
from the relation X'jM = IMV'/V. The pressures given in the 
last line are not required in the calculation, but are useful for 
purposes of comparison. Thus, in testing a turbine constructed on 
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these lines, it would probably be found that the observed pressures 
did not correspond with the calculation in consequence of the 
erroneous assumption made with regard to the relative efficiency. 

Table I. Results for Example 1. F.P.C. imits. 


No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

H 4 , 

649-47 

631-38 

631-29 

595-21 

577-12 

559-03 

540-94 

522-85 

504-77 

486-68 

t 

168-62 

152-31 

136-54 

121-25 

106-44 

92-10 

78-16 

64-64 

51-50 

38-74 

H" 

656-71 

645-85 

635-00 

624-15 

613-30 

602-44 

591-59 

580-74 

569-88 

559-03 

DH^ 

18-088 

18-355 

18-643 

18-924 

19-211 

19-500 

19-794 

20-097 

20-406 

20-722 

f 

0-600 

0-591 

0-582 

0-574 

0-565 

0-556 

0-548 

0-540 

0-532 

0-524 

U' 

1277 

1286 

1296 

1306 

1316 

1326 

1336 

1346 

1356 

1367 

H' 

649-47 

638-34 

627-21 

616-08 

604-94 

593-80 

582-65 

571-49 

560-33 

549-16 

y 

3-913 

5-703 

8-492 

12-94 

20-22 

32-39 

53-56 

91-40 

161-4 

296-4 

X'/M 

0-441 

0-639 

0-944 

1-427 

2-213 

3-517 

5-774 

9-780 

17-14 

31-22 

P 

111-3 

73-56 

47-53 

29-97 

18-41 

11-00 

6-368 

3-567 

1-927 

1-000 


By way of contrast we may take another example which corre- 
sponds more nearly with the variation of the efficiency in practice, 
and gives a much simpler method of calculation and of subdivision 
of the heat-drop. 

Example 2. With the same initial and final data, and F = 0-60, 
divide the pressure-range into ten equal intervals by ratio. As- 
suming that the work done is the same in each wheel-chamber, find 
the stage efficiency, (1) for supersaturated, (2) for saturated steam. 

Since log 165/1 = 2-21748, the logarithm of the pressure-ratio 
for each nozzle is 0-22175, or the ratio P'jP" is 1-6663 for successive 
chambers. The corresponding pressures are given in line 1 of the 
next table. Neglecting external loss of heat, the actual heat-drop 
in each chamber is by hypothesis 10-853, which gives the values of 
H" in the next line. Assuming that after passing the wheel, the 
steam has recovered its equilibrium state of saturation, the values 
of the final volume V" in each chamber are deduced from those of 
H" by the usual relation for wet steam, and are given in the next 
line. To find the adiabatic drop in case (1) for supersaturated 
steam, we may neglect h as being beyond the limits of possible 
accuracy, and take the formula, a{n 1 )PJ^q{ 1 — {PlPof^'^^), 
given in Chapter IX, equation (35). Since P/Pq is constant and 
equal to 1/1-6663 for each stage, the expression for BH^ reduces 
to the convenient form PqFo/ 20-1S5. For the first nozzle, Pq= 165, 
and F(j = 2-781. For the next nozzle Pq = P^, and Vq= Fi", and 
so on for successive nozzles. 

The resulting values of/ for each stage are obtained by dividing 
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10-853 by the successive values of DH^. These show, in contrast 
with the precediiig example, a rapid increase of efficiency in the 
later stages. The increase may appear excessive, but is probably 
exceeded in practice in many cases, especially in small machines, 
which are apt to be very inefficient in the early stages. On the 
other hand, in the later stages, effieiencies of 0-80 appear to have 
been reached under favourable conditions. 

To find the corresponding nozzle-areas, it is first necessary to 
calculate the values of V for each stage. These are obtained from 
the formula for supersaturation which gives the ratio 
R'7F'= (P7P”)10/i3^ 

so that each V is obtained by simply multiplying the previous 
V" by the constant 1-4813. The values of X'/M follow from the 
formula or 218-3V"/U'. 

(2) If the adiabatic equation for saturated steam is employed 
for finding the heat-drop and the volume V', the calculation is a 
little more troublesome, since G and O are required, but the results, 
as shown in the next five lines of the table, do not differ materially 
in character. In either case the stage efficiency / must vary nearly 
as 1/PF if DH’' is proportional to log {P'lP"). The actual values 
of/ are a little smaller, and those of U', V', and X', a little larger, 
for saturated than for supersaturated steam ; but it is probable that 
the supersaturated condition more nearly represents the facts of 
the case in rapid expansion, and it has the additional advantage 
of simplifying the calculation. 

Example 3. Another assumption that appears to be often made 
in designing turbines is that of equal expansion ratios hy volume 
between successive stages. This may be combined with the as- 
sumption of equal pressure ratios, by using a formula of the type 
PRr = K, or PV = kP'^, for the exjDansion curve. The value of the 
index m or y is selected to fit the same final values of H" and V" 
as in the previous example with F = 0-60. The values of V" are 
then calculated as in line 2, and those of II" deduced from V", 
giving the nearly constant differences for DH" shown in the next 
line. The values of DH^ supersaturated differ very little from those 
in Example 2 (1). Those of/are all a little higher, but the expansion 
curves assumed in Examples 2 and 3 are so nearly coincident for satu- 
rated steam that the results differ remarkably little in character. 

It will be seen that the assumption of a formula of the type 
PF'>'= K for the relation between the values of P and V in sue- 
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Table II. Results for Exaruple 2. 


No. 

1 

2 

3 

4 

5 

6 i 

7 1 8 

9 j 10 

P ' 

99-02 

59-43 

35-66 1 

21-40' 

12-84 

1 7-710 

4-626 2-777 

1-660 1-000 

H" 

656-71 

645-85 

635-00 

624-14 

613-29 

602-43 

591-58 580-73 

569-87 559-02 

V" 

4-447 

7-111 

11-37 

18-17 

29-02 

46-36 

1 74-02] 118-3 

1 189-2 1 302-1 


(1) For supersaturated steam. 


DHi, 1 

22-74 

21-821 

20-94 1 

20-09 1 

19-27 

18-47 1 

17-71 

16-97] 

16-28 

15-62 

/ 

0-477 

0-497 

0-518 

0-540 

0-563 

0-588 

0-614 

0-640 1 

1 0-067 

0-695 

U' ' 

1 1430 

1400 ! 

1372 

1344 

1317 

1290 

1262 

1235 

1210 

1185 

V' 

4-120 

6-588 

10-54 

16-84 

26-91 

42-99 

68-68 

109-6 

175-2 

1 280-2 

X'jM 

1 0-414 

0-678 

1-108 

1-804 

2-940 

4-800 

7-840 

12-78 

1 20-80 

! 34-10 


(2) For saturated steam. 


DH<t, 

23-32 

22-36 

21-52 

20-64 

19-81 

18-99 

18-24 

17-49 

16-78 

16-12 

f 

0-465 

0-485 

0-504 

0-526 

0-548 

0-572 

0-595 

0-620 

0-647 

0-673 

U' 

1450 

1420 

1392 

1363 

1336 

1308 

1282 

1256 

1230 

1205 

V' 

4-335 

6-947 

11-12 

17-81 

28-50 

45-59 

72-94 

116-7 

186-8 

299-1 

X'jM 

1 0-430 

0-704 

1-151 

1-882 

3-071 

5-020 

8-194 

13-39 

21-87 

35-74 

Table for Example 3. 

pvy= 

■■K, or 

PV = kP"^, where m = 1 — 

l/y. 

P 1 

99-022 

59-427 

35-664 

21-402 

12-845 

7-7089 

4-6264 

2-7765 

1-6663 

1-000 

V" 1 

4-4429 

7-1002 

11-347 

18-134 

28-979 

46-312 

74-012 

118-28 

189-02 

302-08 

H" 

656-26 

645-19 

634-32 

623-62 

613-02 

602-43 

591-78 

581-02 

570-12 

559-02 

DH" 

11-30 

11-07 

10-87 

10-70 

10-60 

10-59 

10-65 

10-76 

10-90 

IMO 

DHci. 

22-73 

21-80 

20-91 

20-05 

19-23 

18-44 

17-69 

16-97 

16-27 

15-61 

f 

0-497 

0-508 

0-520 

0-534 

0-551 

0-574 

0-602 

0-634 

0-670 

0-711 


cessive stages, fits very closely with the hypothesis that equal 
pressure and expansion ratios give a nearly constant value of the 
heat-drop BE", or the actual work performed in each stage, in the 
case of saturated steam. Or conversely, that if equal values of the 
heat-drop BE" are assumed, the successive values of the volume 
for saturated steam will show a nearly constant expansion-ratio 
for a constant pressure-ratio, as is easily seen by comparing the 
values of V" given in Examples 2 and 3. The difference is so small 
that careful calculation is required to detect it. 

The most troublesome part of the calculation in Example 2 is 
the deduction of the values of V" from those of E" by the tables 
for saturated steam. Since the exact state of the steam is uncertain, 
it is permissible in the present case to simplify the calculation by 
assuming a constant expansion-ratio for V , which gives a constant 
ratio for successive values of PU, and BE^, and V, and/, and U'. 
It is not, however, permissible to assume, as is sometimes done, 
that the expansion-ratio is the same as the pressure-ratio. This 
would be equivalent to assuming the expansion curve PV = K, 
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with 7 = 1, and would lead to an absurd value of the final volume 
and H". It is essential to calculate the value of the index y to 
fit the final value of the volume deduced from the given value of F. 

In Example 3, it is much more troublesome to deduce accurate 
values of H" from V", than to deduce V" from H" in Example 2; 
because the rapid variation of V makes interpolation more difficult, 
and because it is necessary to work both V" and to at least 
five significant figures, in order to obtain consistent values for 
the small difference Dli", and to show the nature of the systematic 
variation. The result is instructive as showing that the assumption 
of an expansion curve of the type PV'^' = K, cannot possibly be 
consistent with a constant value of the stage efficiency ^ for satur- 
ated steam. 

Graphic Representation on the H log P Diagram. The pressures 
required in Example 1 are readily found on the diagram by dividing 
the heat-drop along the adiabatic AB into ten equal parts at the 
points 1, 2, 3, etc., of which the first six only are shown in the 
annexed Fig. 32. The corresponding points on the actual expansion 
curve for F = 0-60 (constant), are foiind-by reducing the adiabatic 
heat-drop at each point in the constant ratio 0-60. The points 
representing the final states lie on the continuous curve AFC, 
which is the same as for continuous expansion (Chapter XII, 
Example 6), at constant F; but the actual expansion in ten dis- 
continuous steps follows a zigzag course, consisting of adiabatic 
steps such as A 1, representing the expansion in the first nozzle, 
followed by vertical steps, representing loss of heat-drop in passing 
through the wheel, which bring the final state back to the curve 
AFC before the next adiabatic step. In order to avoid confusion, 
these zigzags due to discontinuity of expansion, are not shown on 
the other curves in the figure. 

The straight line AC joining the initial and final states, repre- 
sents the final states in each chamber according to the hypothesis 
of Example 2. The heat-drop is the same, namely 10-853, in each 
stage as in Example 1, but the pressures differ considerably, as 
shown by the horizontal lines joining corresponding points on the 
straight line AC and the curve AFC. The pressure at point 5 on 
AFC is greater than that at point 5 on iVC by 43 per cent. 

The curve representing the case of Example 3 coincides so 
closely with the straight line AC that the differences cannot be 
shown clearly on the scale of the diagram. The pressures at corre- 
sponding points are the same. The curve for Example 3 intersects 
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the straight line AC at point 6, the maximum difference at point 3 
being only O-T cal. It appears that a straight line on the H log P 
diagram represents very faiily on the average the characteristic of 
a turbine when the steam is assumed to be in the state of saturation 
throughout the expansion. But this is not the case when the steam 
is superheated or supersaturated, and changes in the form of the 
characteristic may be expected when the state changes from dry 
to wet. 


141. Subdivision of the Heat-Drop for Given Values 

of/. There is no great difficulty in finding the subdivision of the 
pressure-range or the heat-drop on similar assumptions to corre- 
spond with any arbitrary values of/ for the separate wheels. It is 
necessary, however, in this case, to calculate the final state in each 
stage before proceeding to the next, and some adjustment of the 
velocity, or the number of stages, is usually required to make the 
final state fit the given data. The most appropriate method in each 
case will depend on the given conditions. As a simple illustration, 
we may take the case of finding the subdivision of the pressure- 
range, and the required nozzle-areas, for ten stages, when the 
velocity and efficiency are assumed to be the same for all stages, 
in which case both DH^ and DR" must be the same for all. The 
pressure-drop is deduced from DH^ instead of vice versa. If the 
final state is given by F and p, DR" is known for each stage, and 
DR^= DR" If, but the value of / requires adjustment to fit with 
that of F, by a method explained in a later section. On the other 
hand, if the final value of R" alone is given, in place of F and p, 
an arbitrary value of/ may be selected. 


Example 4. Divide the pressure-range from 165 lbs. abs. (dry 
sat.) to 1 lb. into ten parts to give the same velocity and efficiency 
in each, assuming that F = 0-60, (1) for saturated, (2) for super- 
saturated steam. 

Since F = 0-60, the actual heat-drop DR" in each stage must 
be 10-853, as previously calculated, but the required values of 
/to fit with the given value of F, will be different in cases (1) and (2). 

(1) In the case of saturated steam, the required value of/ is 
0-560, and the value of DH^ for each stage is 19-38, giving U'=-- 1322. 
The temperature drop for the first nozzle is calculated from the 
equation 

19-38 = ^^Dt - DG, (2) 


(as in Example 1, above) which fixes the final state in the first 
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chamber in conjunction with the giA-en value of BH”. The final 
value of O", required for the next nozzle, is easily obtained, since 

O"- €>0 - (19-38- 10-853)/r = 8-527/r (3) 

The temperature for the next chamber may then be found. 
V and X'jM are also found as in Example 1, and p is obtained 
from t. 

(2) In the case of supersaturated steam, a higher value of the 
stage efficiency / is required to fit with the given value of F, on 
account of the loss due to supersaturation. The required value in 
the present case is 0-576, but the value 0-575 was estimated, and 
employed in the calculation, which has the effect of making the 
final pressure come out a little too low. The difference 0-016 in / 
for the same F, is far from representing the limit of possible loss 
due to supersaturation, because we have supposed the steam 
restored to the state of saturation at the end of each stage. This 
might approximately be the case at low speeds in large marine 
turbines, but in many cases the whole expansion from boiler to 
condenser pressure is completed in less than the hundredth part 
of a second, and the temperature of the steam is probably nearer 
the SS limit throughout the expansion, which would involve a 
much greater reduction in the efficiency, or a still higher value of 
/ for the same F. Taking/ = 0-575 gives = 18-88 for the adia- 

batic heat-drop per stage, and U = 1304 for the velocity. The 
pressure-drop is given by the equation 

1 - {P/PQfl^^= 3 X 18-88/13aPoFo= 42-36/PoPo> W 

neglecting b, as is permissible in the case of supersaturated steam. 
The calculation is a little more troublesome than in Example 2, 
because it has to be repeated for each stage. Having found P, the 
value of V" is taken as in (1) for saturated steam with the given 
value of H". The pressure ratio for the next nozzle is then found 
from the product pF". The initial value of F' in each stage is 
deduced from the final value of V" in the previous stage by the 
relation, V'= V”{P'IP") {P"IP'fl^^, which is put in this form 
because the last factor has already been calculated. 

If the results in Examples 1, 2, 3, and 4, are compared with 
those previously given in the corresponding cases for continuous 
expansion in Chapter XII, Examples 3, 5, 6, it will be seen that 
there are slight characteristic differences between the two sets of 
examples, but that the general effects of the assumptions F con- 
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slant, or f constant, or PV = kP”^, are very similar, whether for 
continuous or discontinuous expansion. The manner in which 
/ varies from stage to stage produces a much more important effect 
on the pressure-distribution and on the proper dimensions of the 
nozzles, etc. than discontinuity of exjaansion. 

Table III. Results for Example 4. 

(1) Saturated steam. F = O-GO, DH"= 10-85S, f ~ 0-560, 
DH^=^ 19-38, U = 1322 (all constant throughout the expansion). 


No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

H" 

656-71 

645-85 

635-00 

624-15 

613-30 

602-44 

591-59 

580-74 

569-88 

559-03 

t 

167-45 

150-30 

134-05 

118-54 

103-76 

89-62 

76-11 

63-15 

50-71 

38-74 


1-5884 

1-6085 

1-6294 

1-6512 

1-6739 

1-6975 

1-7217 

1-7472 

1-7735 

1-8010 

V' 

4-013 

5-994 

9-060 

14-04 

22-08 

35-44 

58-12 

97-56 

167-9 

297-1 

X/M 

0-437 

0-653 

0-987 

1-530 

2-406 

3-862 

6-333 

10-63 

18-30 

32-38 

P 

108-2 

69-71 

44-21 

27-50 

16-78 

10-02 

5-850 1 

3-335 

1-853 

1-000 

F ■■ 

(2) Supersaturated. 
= 0-599. 

, H''same,f= 

= 0-575, 

DH^ = 

= 18-88, U = 1804, 

P 

108-5 

70-14 

44-51 

27-72 

16-91 

10-08 

5-874 

3-335 

1-842 

0-988 

Y" 

4-073 

6-063 

9-189 

14-17 

22-28 

35-83 

68-87 

99-20 

171-7 

306-0 

r 

3-837 

5-700 

8-602 

13-23 

20-73 

33-16 

54-30 

90-98 

166-6 

277-2 

X/M 

0-424 

0-669 

0-950 

1-461 

2-289 

3-661 

5-995 

10-05 

17-29 

30-60 


Results for Example 5. Superheated. Po=165, i{u= 350°C., 
Ho = 756, F = 0-643, DH"= 14-00, /= 0-568, 24-645, 

U = 1490 (all constant). 


No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

H" 

742 

728 

714 

700 

686 

672 

658 

644 

630 

616 

P 

112-7 

75-49 

49-39 

31-52 

19-55 

11-74 

6-797 

3-772 

1-993 

0-993 

V' 

5-335 

7-542 

10-89 

16-05 

24-27 

37-73 

60-53 

100-7 

174-9 

319-3 

Z/i¥ 

0-516 

0-729 

1-052 

1-551 

2-346 

3-646 

5-850 

9-730 

16-90 

30-86 

t" 

318-61 

287-51 

256-57 

225-50 

195-32 

165-46 

135-40 

105-51 

75-74 

46-07 


142. The Case of Superheated Steam. The method of 
calculation in the case of superheated steam is very similar to that 
in the case of supersaturated steam when similar data are given. 
The chief difference is that, if the final state in any stage is dry, the 
volume V", if required, can easily be deduced from H" and P, 
which saves a great deal of trouble and reference to the tables. 
But it is seldom, necessary to calculate V" in the case of dry steam, 
because DH^ for the next stage can be deduced directly from H" 
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by the alternative formula in terms of II for dry steam, IX (32), 
or Steam Tables, § 198, which cannot be employed when the steam 
is wet, because the relation between U and V is different for wet 
steam. The value of II" in any stage shows at once if the steam is 
saturated. The values of t are not required in the calculation for 
superheated steam, but are given in the last line of the table because 
they are useful in practice for comparison with observed tem- 
peratures. 

In order to avoid the difficidty of the transition from dry to 
wet steam we will take first a case in which the steam is superheated 
throughout the expansion, but in which the calculation is otherwise 
similar to Example 4 (2). 

Example 5. If the initial steam is superheated to 350° C., 
divide the same pressure-range to give equal velocity and work in 
all stages with an actual heat-drop of 140 cals. C. 

In this case = 756, and the successive values of H" are given 
at the head of the table. The adiabatic heat-drop to 1 lb. is 217-72, 
and the value of F is 0-643 approximately. Since Oo = 1-7345, the 
final state on the adiabatic is saturated. The required value of/ 
is 0-568 to the same order of accuracy as F, giving 
DH^= 14-00/0-568= 24-645, 

and TJ'= 1490 (F.P.C.). The successive values of P, given in the 
next line of the table, are obtained from the equation for the 
adiabatic heat-drop for dry steam in terms of II, which is inverted 
to give the ratio P/Pq, when is given as 24-645, thus 

1 - = (24-645 - ab (Pq- P))I{Ho- B - abPa)....{5) 

The terms depending on b are here taken into account in order to 
make the results exactly consistent with the tables, but since ab 
is only 0-00165, the correction is very small, and gives little trouble. 
The successive values of Hq required in the formula are those of H" 
alreadv given, but the ratio P/Pq is not constant, and has to be 
worked out for each stage in succession'^*. V" is easily found from 
II", but is not required in the calculation. The values of V required 
for the nozzle areas are given by the formula 

V- b = 2-2436 {Ha - B- abB^) (P/Po)=’/^7P, (6) 

in which IIq , Pq , are the initial values for the nozzle considered, 

* The calculation of P/Po from (P/Po)'/^^ or vice versa, is most easily effected 
by employing a table, such as that given in § 135, but -ivitb more numerous steps in 
the required interval. 
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and the separate factors have already been found in calculating P. i 

The nozzle areas are directly proportional to V, since JJ' is constant. 

It will be observed that the final area is nearly the same as in the 
previous example, but the initial areas are about 20 per cent, 
larger. This shows that, if the nozzle areas are right for saturated 
steam, there will be an appreciable change in the distribution of 
pressure and \'elocity when the steam is superheated. But since 
similar modifications occur Avhen the load, or the pressure, is , 

changed, the design is necessarily a compromise, unless the machine I 

is required to run always under the same conditions. 

It is instructive to compare the effect of superheat, according , 

to the assumptions here made for discontinuous expansion, with | 

the effect calculated in the preceding chapter (§ 135) for the same ’ 

case with continuous expansion. For the same value, F = 0-643, 
of the relative efficiency, the values of the stage efficiency in the I 

case of superheated steam are, / = 0-5686 for ten stages, and j 

/ = 0-5541 for continuous expansion. For steam initially saturated, { 

with the same pressure range and F = 0-60, we have f == 0-5551 j 

for continuous expansion, and / = 0-560 for ten stages, if the steam ' 

is saturated in the nozzles, but / = 0-576 if the steam is super- 
saturated. For the same value of/ in each case, the improvement 
in F due to superheat is appreciably less for ten separate stages f 

than for continuous expansion under the same conditions. If the 
steam is supersaturated in the nozzles only, there is an additional 
improvement due to superheat amounting to 3-5 per cent, as | 

compared with the usual assumption of saturation. There is so ^ 

much evidence in favour of supersaturation in the throat of a | 

nozzle, that this 3-5 per cent, may be regarded as a lower limit of i 

the effect of supersaturation. The upper limit of the effect was 
found to be nearly 9 per cent, in the same case for continuous 
expansion "with the steam at the SS limit. A similar increase of 
the effect would be found in discontinuous expansion if the steam [ 

were assumed to be at the SS limit throughout, in place of being ^ 

restored to the state of saturation at the end of each stage, ^ 

The improvement in F, due to the higher value of the reheat 
factor in the case of superheated steam, and due to the elimination 
of supersaturation loss, is additional to the improvement in absolute 
thermal efficiency due to the higher temperature, and is relatively 
more important even at the lower limit of supersaturation loss here 
assumed. Thus the thermal efficiency of the Rankine cycle in ^ 

Example 5 is 0-303, while in Example 4 it is 0-287, or 5 per cent. 
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less. With the same stage efficiency, / == 0-572 in both cases, 
Example 5 shows an improvement over Example 4 of nearly 
9 per cent, in F, and of 15 per cent, in absolute thermal efficiencv, 
which results chiefly from the improvement of F. 

The expansion curve of Example 4, representing the case 
/ constant, when drawn on the 11 log P diagram, as in the ]:)receding 
Fig. 32, lies about midway between the curve AFC, representing 
the case F constant, and the straight line AC, but there is no simple 
geometrical method of constructing the curve of constant / on 
the diagram, short of calculating the values of Dll and plotting 
the curve. The curve PQS in the upper part of the figure has been 
drawn in this way to represent the case of Example 5, for highly 
superheated steam with / constant, but there is no advantage in 
using the diagram in such a case, except as an illustration of the 
general nature of the curve. The curve of constant F between the 
same initial and final states Avould lie a little below the curve of 
constant /, and could be deduced graphically from the adiabatic 
as in Example 1. But the expansion curve of any actual machine 
would lie above the curve PQS, since/ is always less in the early 
than in the later stages of expansion. It would be very difficult 
to draw such a curve with different values of/ in each stage except 
by calculating the values of the heat-drop successively for each 
stage. 

An appropriate use of the diagram in the case of superheated 
steam would be for plotting the actual expansion curve from 
observed values of P and t in each stage. This would give useful 
information with regard to the variation of the stage-efficiency, 
but does not appear to have been attempted hitherto on account 
of the difficulty of measuring the temperatures, the uncertainty 
of the values of 11, and various other reasons. 

The following Examples 6 and 7, in which half the expansion 
curve is below the saturation limit, are illustrated in Fig. 32, by 
the straight line DEJ, representing the characteristic 

B~B"= klogP, 

and by the broken line DEG, representing the expansion curve 
pyy == showing a discontinuity at the point E where the state 
changes from superheated to saturated. The continuous curve 
DEK, which lies slightly below the straight line from D to E, 
represents the characteristic H — B"= of Example 7, with 

F — 0-64, which affords a more probable solution of a case of this 
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kind in practice. It is important to realise that a curve of the type 
PV^ = K, with a single value of y throughout, cannot be employed 
if there is a change in the state of the steam. 

Example 6. With an initial temperature of 250° C., if the 
same pressure-range is divided into ten equal intervals by ratio, 
and the steam is just saturated at the end of stage 5, find the 
variation of/, if DR" is the same in each stage. 

Initial state, / = 250° C., - 703-84, Oq = 1-64313, = 157-40, 

Vq = 8-2737. 

Pressure ratio, 1-6663 per stage, P 5 = 12-845, 637-80 

(dry saturated). 

Heat-drop per stage, DH"= 18-208, adiabatic drop, 194-05, 
F = 0-6806. 

Superheated, DH^ = 0-11115 {Hq — B — abPo) + ab (Pq — P), (7) 

Supersaturated, 

DH^= O-O 4953 P 0 E 0 (neglecting b at low pressures). ...(8) 

The values of V" are obtained from those of H" by the formulae 
for dry and wet steam respectively. Those of V in each stage are 
found by multiplying the V" of the previous stage by the constant 
factor 1-481. The results are compared in the following table with 
those obtained by assuming a formula of the usual type, PV^ = K, 
instead of taking equal values of DH" per stage. 


Table of results for Example 6. Superheated, 250° C. 


No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

H” 

690-63 

677-42 

664-22 

651-01 

637-80 

624-59 

611-38 

598-18 

584-97 

571-76 

V' 

5-101 

S-069 

12-61 

19-61 

30-368 

48-29 

76-79 

122-2 

194-4 

309-5 

Y" 

4-849 

7-556 

11-95 

18-68 

29-05 

44-98 

71-54 

113-8 

181-0 

288-0 


26-74 

25-24 

23-75 

22-27 

20-79 

19-32 

18-44 

17-60 

16-80 

16-05 

/ 

0-494 

0-523 

0-556 

0-593 

0-635 

0-684 

0-716 

0-750 

0-786 

0-823 

U' 

1552 

1508 

1463 

1417 

1369 

1320 

1289 

1260 

1230 

1203 

X'lM 

0-450 

0-722 

1-176 

1-898 

3-056 

4-907 

7-902 

13-00 

21-19 

34-47 


Taking V" from PF^ = K, with y = 1-14612, and deducing H" from V". 


Y" 

5-1111 

7-9798 

12-458 

19-451 

30-368 

47-413 

74-024 

115-57 

180-44 

281-71 

H" 

689-03 

675-03 

661-84 

649-44 

637-80 

614-77 

591-86 

569-05 

546-41 

523-93 

DH" 

14-81 

13-99 

13-19 

12-40 

11-65 

23-02 

22-91 

22-81 

22-64 

22-48 

DH^ 

26-74 

25-06 

23-48 

22-01 

20-62 

19-34 

18-11 

16-96 

15-90 

14-99 

f 

0-553 

0-558 

0-562 

0-564 

0-565 

' 1-19 

1-27 

1-34 

1-42 

1-50 


The second part of the above table is intended to illustrate the 
fact that it is not possible to assume a formula of the type PV^ = K, 
with a constant value of y, when part of the curve is dry and part 
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wet, because this gives a discontinuity in the curve at saturation, 
and leads to impossible values of/ at lower temperatures, besides 
being very inconvenient for calculation. 

The two assumptions here made for the expansion, though 
agreeing closely in the case of saturated steam, are entirely dis- 
cordant when applied to a case in which the steam is initially 
superheated. If we keep the assumption that DM" is the same in 
each stage for equal pressure ratios, a fair approximation to the 
expansion curve can be obtained by using two formulae of the 
type PV = kP'^^, with different values of m, denoted by m' and m'", 
for the superheated and saturated portions. In this case / will 
be constant and equal to 18?w/3 for the superheated portion, but 
will increase from stage to stage in the saturated part of the curve. 

The assumption made for DM" in Example 6, though fairly 
satisfactory in many cases for saturated steam, is too inelastic 
in the general case, and gives highly improbable results with 
initial superheat. For these reasons it is preferable to employ the 
more general type of characteristic, H — B"— kP'^, as illustrated 
in the previous chapter, which gives a very simple expression for/, 
and is capable of representing any continuous variation of / with 
a reasonable degree of approximation. 

In applying this formula the most convenient methods are, 
either (1) assume equal division of work (i.e. equal values of DM"), 
and find the values of the constants m and B" to suit the desired 
range of variation of /, as illustrated in the previous chapter, or 
(2) divide the pressure-range into equal intervals by ratio, and 
adjust the values of the constants to make the eurve pass through 
some point near the middle of the range in addition to the initial 
and final values. In case (1) values of the required quantities at 
intermediate points are obtained by logarithmic interpolation as 
previously explained. In case (2), if Hq, M' , H", are three values 
of H corresponding to the initial and final states and to the geo- 
metric mean pressure P', we have the obvious relations 

(Ho - M") = (Po/P')™= {P'lI^'T (9) 

The heat-drop in this case is divided into parts forming a geo- 
metrical progression with a common ratio, which facilitates cal- 
culation. The previous example affords a eonvenient illustration 
of this method of applying the formula, since M is given at the 
mean point P', but the values of DM" per stage wiU no longer be 
equal. 
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Example 7. With the same initial data as in the previous 
example, find the variation of J by the formula TI — B = kP^^, if 
jP = 0-64, and the steam is just saturated at the end of stage 5. 

The whole heat-dro 23 is here 194'05 x 0-640 = 124-20 cals. C. 
The given heat-drop to stage 5 is 66-04. That from 5 to 10 is 58-16. 
The logarithm of the ratio 66-04/58-16 is m times the logarithm of 
the ratio Pg/Pg, namely 1-10874; whence m — 1/20 veiy nearly, 
and the logarithm of the ratio for successive values of BH" is 
0-0110874. Dividing the whole heat-drop into ten parts with this 
common ratio we very easily obtain the following results. 


Table V. Example 7. P == 0-640, JTg"= 637-80, m = 1/20. 


No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

P 

99-02 

59-43 

35-66 

21-40 

12-84 

7-709 

4-626 

2-776 

1-666 

1-000 

DH" 

13-89 

13-54 

13-21 

12-86 

12-54 

12-23 

11-92 

11-62 

11-33 

11-04 

H" 

689-95 

676-41 

663-20 

650-34 

637-80 

625-57 

613-66 

602-03 

590-70 

579-66 

V" 

5-131 

8-030 

12-54 

19-54 

30-37 

48-38 

77-12 

123-0 

196-6 

314-1 

DH^ 

26-76 

25-17 

23-64 

22-16 

20-72 

19-32 

18-47 

17-69 

16-92 

16-22 

f 

0-519 

0-538 

0-559 

0-680 

0-606 

0-632 

0-645 

0-657 

0-670 

0-681 


With the exception of the subdivision of the heat-drop into 
equal logarithmic intervals in place of equal differences, the method 
of calculation is precisely the same as for Example 2 in the case of 
supersaturated steam. A comparison of the results appears to 
represent the effect of superheating in a fairly satisfactory manner, 
on the assumption that / is increased by reduction of friction. The 
relative efficiency F is raised from 0-60 to 0-64, while the stage 
efficiency f remains nearly unaltered in the later stages, when the 
steam is wet, but is raised by the nearly constant quantity 0-042 
in all the superheated stages. 

In an actual turbine, the efficiency may vary from stage to 
stage in an irregular manner depending on differences of wheel 
construction or diameter. Such variations cannot be represented 
by the formula, which can only represent systematic and con- 
tinuous variation. Admitting this restriction, the formula has a 
considerable range, and is easily adaptable to suit different cases. 


143. Discontinuous Expansion with /Constant. As an 

illustration of the adaptability of the formula, we may take the 
case in which it is required to find the characteristic curve when 
f is assumed constant. 
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In the case of dry steam, the expression for the adiabatie heat- 
drop, if h is neglected, is exactly similar to that given by the 
empirical formula for the actual heat-drop, namely, 

(Ho - H")/(Ho - B") = 1 - (P'VPo)™, (10) 

but in the formula for the adiabatic heat-drop the empirical constant 
B" is replaced by P = 464 cals. C., and the empirical index m by 
3/13. It follows that if B" is taken as 464, and if m is taken to fit 
the final state, the resulting values of / will be exactly constant, 
if b is neglected in the equation of the adiabatic. The neglect of 
h makes so little difference in the adiabatic, that the values off will 
be sufficiently nearly constant for all practical purposes even if 
the exact values of the adiabatic heat-drop are employed. The 
required value of m is obtained in any case by inserting in the 
above formula in place of H" and P", the values and Pp corre- 
sponding to the final state given by the value of F. 

For the case in which/ is constant, and B"= B, the values of 
F and / are given by the expressions 

/==(!- rW^)/(i _ and P = (1 - r^)/{l - {11) 

where N is the whole number of stages, and the pressure-ratio 


per stage. 

Thus in Example 5, N = 10, Hq= 756, 616, r = 1/165. 

If P"= P = 464, we have m log r = log (152/292) = — 0-28354 
from (10), log - 0-028354 = 1-971646, whence 0-93680. 

Similarly 0-88885. Whence 

f= 0-06320/0-11115 = 0-5686 (12) 


The value taken in the calculation was 0-568, but should have been 
a little larger, since b was not neglected. The advantage of using 
the empirical formula in such a case is that all the intermediate 
values of P and V can be worked out by logarithmic interpolation 
from the initial and final states, as fully illustrated in Example 3 
of the preceding chapter, without going through the very trouble- 
some process of calculating each stage in succession by means of 
the exact formulae, and with almost equal accuracy, since only 
b is neglected. 

In the case of supersaturated steam, the method of calculation 
is precisely the same so long as the steam is dry. But when it has 
reached the supersaturation limit, the value P = 464 no longer 
applies, since the relation between H and V is different for wet 

22—2 
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steam. The value of V in the final state must first be calculated 
from that of H by the appropriate formula, according as the final 
state is assumed to be either at the saturation limit or the super- 
saturation limit. The value of the index and the constant J5 
are then obtained from the relations 

B") = PfVjtIPoVo (13) 

If dry supersaturated expansion in the nozzles is assumed, as is 
most appropriate when the initial state of the steam for each 
nozzle is taken to be at the ordinary saturation limit, as in Example 
4, the constant value of /required for each stage is given by the 


expression 

/=.(!- (Ro- B")I{H,- B) (1 - (14) 

Thus in Example 4 the required values of the constants are 

0-6584, B"= 849-8, /= 0-575 (15) 


If the supeTsaturation limit is assuined in the later part of the 
expansion for the final state in each stage (since there is very little 
time for the recovery of complete equilibrium while the steam is 
passing through the blades), adiabatic expansion at the super- 
saturation limit, as calculated in Chapter X, may appropriately be 
assumed in the nozzles as the other extreme. The final value of 
E given by F remains the same, but the corresponding value of V 
is taken at the supersaturation limit. The constants m and B" 
may be calculated as before, but will no longer give so good an' 
approximation to the curve of constant / because the first part of 
the expansion, starting with dry saturated steam, is not at the 
supersaturation limit like the rest. A constant value of / could 
not be expected in practice under such conditions, unless the 
dimensions were specially adjusted to suit. A similar result follows 
if part of the expansion is taken in the superheated and part in 
the saturated region. But such problems are rather of academic 
than practical interest, since a single continuous curve cannot 
accurately represent both states without impracticable com- 
plexity. 

The value of m is calculated from the condition PVIPqVq= r™, 
because this is the condition required to make the initial and final 
values of / equal, § 131, or to make the successive values of the 
adiabatic drop DH^ approximately proportional to those of DH" 
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given by the expansion curve H"— B"= kP^. But the formula 
PVIPoVo- r”* does not represent the expansion curve, as commonly 
assumed, and would give values of DH" quite inconsistent with 
the desired result / = constant, as shown in Example 8. The two 
curves are so widely separated on the diagram as to give very 
different results for the small difference DH", but the values of PF 
change so slowly \vith H at constant P that they remain nearly 
the same for both curves at the same pressure. The formula 
H"— B"— kP'^ represents the curve of constant stage efficiency 
sufficiently closely for all practical purposes, but if more exact 
results are required, they may be obtained by the method of 
Examples 4 and 5. 

In the case of satw'ated steam, if an adiabatic of the type PV^ — K 
is assumed, with y = 1T304, the expression for the adiabatic 
heat-drop is the same in form as for supersaturated steam, but 
with the index coefficient 3/26* in place of 3/13. The value of m 
requiredtomake/constantintheexpansionformulaH — B"= kP'^, 
may be obtained in the same way from the condition PV IPqVq = r™, 
and has the same value as for supersaturated steam for the same 
initial and final states, because we have merely changed the ex- 
pression for DH^ by inserting a different value of the constant, 
e.g. from PF/20-185 for supersaturated to PF/19-605 for saturated 
steam under the conditions of Example 4. The required value of 
/is changed in the same ratio as the constant, namely, from 0-575 
to 0-559. 

If the steam is superheated for the first half of the expansion, and 
supersaturated for the last half, as in Examples 6 and 7, it is not 
possible with the emi^irical formula to represent the curve of 
constant / quite so closely with a single value of m obtained as 
above described. If P = 0-60, the value of m obtained from the 
final state is 0-1034. The empirical formula for the expansion curve 
gives f increasing at first from 0-56 to 0-58, and then diminishing 
to 0-56. By finding m for the two parts of the expansion separately, 
constant values of / may be obtained for each, but these are 
necessarily different unless the intermediate or the final value of 
H is chosen to make them the same. Thus with Hd'= 637-80 (dry 
sat.) in Example 7, we find f = 0-567 (constant) when m = 0-1275 
for the superheated stages. To get the same value of/ constant for 


* This is a satisfactory approximation for small ranges of pressure as explained 
in a previous section (94), and is good for a single stage. 


342 PROPERTIES OF STEAM [ch. 

the supersaturated stages, the final value of H must be 587*8, 
with m = 0*0794. 

144. Effect of Speed and Dimensions. It is of interest 
to enquire how far results obtained by purely theoretical assump- 
tions with regard to the form of the characteristic curve by the 
methods illustrated in this chapter, can be realised in practice, 
and how they may be related to the speed and dimensions of the 
machine, consistent method of doing this is afforded by the 
relation between speed, dimensions, and efficiency, given in § 127, 
Chapter XI. 

The assumption made in the present chapter that the initial 
velocity U' of the steam in each stage on leaving the nozzle is the 
equivalent of the adiabatic heat-drop in the nozzle, without 
any deduction for friction or allowance for velocity carried over, 
may be compared with the assumption made in the previous 
chapter that the energy of the tangential component U' sin a of 
the effective steam- velocity is a certain fraction of the whole 
energy JaFdP available in the stage considered. Comparing the 
two equations, 

U'^l2Jg, and /JflFdP= sin^ a/2Jg, (16) 

we observe that, since ^aVdP must be nearly equal to DH^ for 
any nozzle, the two assumptions are in good agreement, provided 
that / 2 '= sin^ a, which gives the value 0*85, if sin a = 0*922, or 
if ^ = 22° 47'= 90°— a, for the angle which the steam jet makes 
with the plane of the wheel. Taking this value of the constant for 
purposes of comparison, it is easy to deduce corresponding values 
of/',/", s, and u for any of the examples taken in this chapter. 

Taking Example 1 by way of illustration, in which it was 
assumed that F was constant throughout the expansion, or that 
the characteristie could be represented by a straight line on the 
diagram — one of the assumptions most frequently made 
on account of its simplicity — it is instructive to consider three 
possible cases, (1) that the machine is designed so that the velocity- 
ratio U'lu is constant throughout, (2) that u is constant, (8) that 
the reaction efficiency/" is constant. 

(1) If U'/u is constant, s and/' are also constant, and /"=///'. 
With U'lu = 3, we obtain the results given in the following table, 
which show that u must increase with U', and that /" must 
diminish in the same ratio as/ throughout the expansion. 
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Table VI. Variation of u, z, f' and f” in Example 1, § 140. 


No. 

1 

2 

3 

4 

5 

6 

7 

S 

9 

10 

U' 

1277 

1286 

1296 

1306 

1316 

1326 

1336 

1346 

1356 

1367 

f 

0-600 

0-659 

0-582 

0-574 ' 

0-565 

0-556 

0-548 

0-540 

0-532 

0-524 

(1) If V'ju = 3 

, z = 2 

-766, f 

= 0-785, f" = 

://0-785. 



u 

426 

4291 

1 432 

1 

4391 

4421 

4451 

4491 

452 1 

456 

r 

1 0-765 

0-753 

10-741 

: 0-7321 

i 0-721' 

1 0-709 1 

0-699 1 

0-688 1 

0-677 

0-667 

(2) If % — const. = 461, z = U'l500, 

.f"= 1 

-149/(2 



z 

2-554 

1 2-572 

2-592 

2-612 

2-632 

1 2-652 

2-672 

2-692 

2-712 

2-734 

f 

0-813 

0-808 

0-805 

0-804 

0-802 

0-800 

0-798 

0-795 

0-793 

0-791 

r 

0-739 

1 0-731 

0-722 

! 0-713 

0-704 

1 0-695 

0-687 

0-679 

0-671 

0-663 


(3) If /''= const.= 0-800, f'— f/f", z from/', u = 0-Q22U'/z. 


0-750 

0-7.39 

0-727 

0-717 

0-706 

0-695 

0-685 

0-675 

0-665 

0-655 

3-04 

3-12 

3-22 

3-31 

3-39 

3-49 

3-57 

3-65 

3-74 

3-83 

387 

380 

371 

364 

358 

350 

345 

340 

334 

329 


(2) If the mean blade-velocity u is the same in different ex- 
pansions, as is often the case in modern machines,/' will diminish 
slightly in consequence of the increase of U' and s, but/" will still 
diminish excessively. 

(3) The assumption/" constant requires an excessive diminu- 
tion of u in the later stages, and this effect would be further ex- 
aggerated if allowance were made for the probable increase of/". 
It seems highly improbable that any existing machine could give 
a characteristic of the type F — constant. 

The values of XJ' and /, required in the calculation, are taken 
from § 140, Example 1, and repeated at the head of Table VI to 
save reference. When u is given, the value of /" is deduced from 
that of BH", which is 10-853 for each stage in this example. The 
value of s is most easily obtained from/', when this is known, by 
means of a curve, which saves solving the quadratic. 

The expression given in Chapter XI, § 127 (21), for the pressure- 
drop in one expansion of a reaction turbine, does not apply to the 
case of the impulse turbine because we require the final value of 
s after expansion through the nozzle, whereas in (21) is the mean 
value during expansion in the several stages. This relation is 
replaced by its equivalent 144MF'= U'X', for the impulse turbine. 

If we treat Example 2 in the same way, taking a uniform blade- 
speed, u = 461 ft./sec., we obtain the following results. 
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Example 2 . u = 461,2 = U' j5QQ,f"= 1-149/(2— 1 ) 5 / 2 ^= 0-85 —f^", 

0-176. 

3 2-860 2-800 2-744 2-688 2-634 2-580 2-524 2-470 2-420 2-370 

/' 0-772 0-779 0-786 0-793 0-801 0-809 0-814 0-819 0-824 0-829 

f" 0-618 0-638 0-659 0-681 0-703 0-727 0-754 0-782 0-809 0-839 

X 1-5 2-0 2-5 1-0 1-4 2-0 2-8 4-2 6-7 10 

0-610 0-638 0-656 0-681 0-724 0-762 0-787 0-808 0-824 0-832 

The values of s here show a decrease corresponding with the 
decrease of U', and those of/' a small increase. The values of/" 
show an increase as expansion proceeds corresponding closely with 
those of/ in the original table. These are compared "with a formula 
of the type//'=/ 2 "— r'/x, in which the constant /g" is taken as 
0-85 in the later stages when peripheral admission is complete, 
and as 0-726 in the first three stages, when the admission is assumed 
to be partial. The relative values of the blade-heights given in 
the line x, are taken from an existing machine. The resulting values 
of/g" show good general agreement with the values of/" obtained 
fi'om the particular type of characteristic assumed in Example 2, 
except that the rate of variation given by the curve is too nearly 
uniform throughout, and is more rapid than we should expect 
in the later stages, where the efficiency should approach a 
maximum. 

In practice, with a turbine of this type, a superheat of at least 
100° to 150° F. would be employed, and the efficiency of a large 
machine would be a good deal higher (about F = 0-70 with super- 
heat) than the value F = 0-60 taken in the example for saturated 
steam. The variation off from stage to stage would be more nearly 
represented by the curve of Example 7, but unfortunately there 
are no data available in the published tests for the calculation of 
the efficiency for the separate stages. Allowing for the effects of 
supersaturation, the efficiency in the later stages might be appreci- 
ably reduced, especially as no allowance for this effect would have 
been made in the design. But supersaturation would not be nearly 
so important with initial superheat as with steam initially saturated. 
The exam]Dles in the next chapter are intended to show the general 
nature of these effects, so far as they can be predicted. 

The methods described in the two preceding chapters, depending 
on the assmnption of a particular type of characteristic curve, or 
of particular constant values of the stage-efficiency, may be applied 
for rough calculations of the relative dimensions of a machine, or 
of the pressure-distribution corresponding to the assumptions 
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made. Conversely, in experimental tests, when the dimensions 
and speed are known, and the pressure-distribution is observed, 
if the actual form of the characteristic can be determined from 
the tests, or assumed from previous experiments on similar 
machines, it is possible to deduce the efficiency in the separate 
stages, and to estimate the effect of any improvements made in the 
design. 

In using the H log P diagram, the efficiency at any point of 
the curve may be determined by drawing a tangent and measuring 
the slope tan d from the ratio of the vertical and horizontal 
intercepts in millimetres. The value of the stage-efficiency / is 
deduced from the observed slope on the actual scale of the diagram 
by the numerical formula, 

/ = 528 tan d/PV, (17) 

if the product PV is taken at the required point in F.P.C. or 
F.P.F. units. 

It is very often assumed that the efficiency of each separate 
stage, or the relative efficiency of the whole, will remain constant 
under different conditions of load, or vacuum, or superheat; but 
this assumption appears to give results materially at variance with 
experiment, as shown later. The reason is that any variation in 
the conditions of running will entail corresponding variations in 
the velocity-ratio, which affects the efficiency of the separate stages 
in the manner shown by the curves in Fig. 29. The object of the 
formulae explained in § 127 is to meet this difficulty by taking 
account of the variation of the kinetic efficienc}^/', with variation 
of the velocity-ratio s. The efficiency constant /g', and the reaction 
efficiency/”, may be assumed to remain constant for each stage 
under various conditions, and the equations then permit the cal- 
culation of the appropriate values of z, DH, DP, and / for the 
various stages. The method of calculation is illustrated by the 
following example. 

Example 8. Taking the data of Example 5, with equal division 
of work and available energy between the stages, find how the 
distribution of pressure will be altered, at u = 500 ft./sec., if M is 
reduced to 1/2 by cutting out some of the first set of nozzles, the 
other conditions remaining unaltered. 

In finding the effect of change of conditions, it is frequently 
permissible to introduce simplifications, provided that both parts 


346 PROPERTIES OF STEAM [ch. 

of the calculation are made in the same way. The steam being dry, 
we may neglect h, and take DaPV = 8DHjl8 = 8-230 for each 
stage. The available energy, jaVdP for each stage is 25-87 cals. C. 
The index m in the expansion curve PV = kP'^ is constant and 
• equal to 3-23/25-37. The values of aPV form an arithmetical 
progression, from which the values of P at intermediate points are 
readily deduced by logarithmic interpolation, as in Chapter XII, 
Example 3, by the formula, 

m X log (P'lP") = log {P'V'IP'T"). 

The values of P thus obtained at the intermediate points are shown 
in the following table, and do not differ materially from those 
previously given in Example 5, though obtained by a much simpler 
method on slightly different assumptions. 


Table VIII. Pressure Distribution for Normal Conditions. 


Point No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

aPV 

64-35 

61-12 

67-89 

54-66 

51-43 

48-20 

44-97 

41-74 

38-51 

P 

112-3 

75-00 

49-00 

31-20 

19-34 

11-61 

6-727 

3-758 

1-994 

lOOz/V" 

50-03 

.35-17 

24-26 

1 

16-.36 

10-78 

1 

6-906 

4-288 

2-582 

1-484 


For simplicity, the stage-efficiency /is preferably defined as the 
ratio of DH to the whole available energy in each stage, in place 
of the adiabatic heat-drop in the nozzle. This gives 

/ = 14/25-37 = 0-552 (constant). 

11 / 2 '= 0-85, as in (16), in the equations, 

laVdP = z^u^l2jgf^', and DH - 4 (s - 1) uJ"l2Jg, ...(18) 

we must have 2 = 2-788, /"= 0-706, both constant under normal 
conditions. In general, f" would increase in the later stages, but 
the assumption, / = constant, is so commonly made that it may be 
adopted for simplicity in the calculation, since the variation off" 
is immaterial for the present purpose. 

The value of 2 in any stage follows from the definition (§114), 

2 = D tan aju = V sin aju = 1447RF' sin a/uX', ...(19) 

from which it appears that zjV" will vary nearly in the same way 
as M when a, u, and X' remain constant, as in the present example. 
Thus the final value of aPV for stage 10 at 1 lb. being 35-28, the 
final value of F" is 343-0, and the ratio z/V"= 2-788/343 = 0-00813, 
under normal eonditions. When M is reduced to 1/2, the value of 
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s/F" for this stage will be reduced to 0-004.065, and similarly for 
the other stages, for which the normal values of zfF" are (m-en in 
Table VIII. 

To find the intermediate pressures when ill is reduced to 1/2, 
since m will no longer be constant, it is most con\'enient to start 
with an assumed value of the final volume, and calculate the stages 
in succession. With the above value of zjV" for the last stage, if 
V"= 352, we have z = 1-431. To find DH, DaPV, and DP, we 
have from (18) the simple numerical formulae, 

DP = P"l{0-3Q6^aPJ^Jz^- 1/2), 
and DH - 7-83 (z - 1) = 18DaPV/8, (20) 

in which the approximate expression aP„iV^iDP/{P"+ DP/2) is 
taken for JaFdP, which, as previous^ explained in § 107, is 
near enough, provided that DP is not greater than P'72. Thus 
we find, for the last stage, with P"= 1 lb., DH = 3-38, DaPV — 0-78, 
aP"V"^ 36-40, aPJ^^= 36-79, DP = 0-200, P'= 1-200. From 
aP'V'= 37-18, we find F' = 301-3, giving z = 2-236 for the next 
stage. Since we are concerned chiefly with small differences, all 
the operations may be very quickly and easily performed with a 
small slide-rule. The value of z comes out nearly constant for the 
next seven stages, varying only from 2-67 to 2-68. Except for the 
last two stages, the values of P are all about 2 per cent, less than 
half the values in Table VIII. The pressure in the first chamber 
comes out 54-6 lbs., giving a drop of 110 lbs. for the first nozzles. 
By hypothesis X is changed for these nozzles, so that z cannot be 
deduced from F", but must be calculated from (IS) using the log- 
arithmic formula for faVdP, with the given value of DP. This will 
give fairly probable values of z and DH, assuming that the nozzle 
is designed to suit so large a range of pressure-drop. A nozzle with 
a long and nearly uniform throat, as shown by the curve in 
Fig. 24, would be suitable for a considerable range, but more 
details would be required for an exact calculation. 

Owing to the diminution of pressure at M = Mo/2, there is an 
appreciable reduction of available energy and heat-drop in the 
last nine stages, but the efficiency of these stages is slightly im- 
proved owing to the reduction of z. The heat-drop in the first 
stage is doubled, but the efficiency is reduced to / = 0-405. The 
total heat-drop, under the conditions assumed, is reduced from 140 
at M = Mo, to 134 at M == Mo/2. 

It is often desirable in the case of turbo-electric generators to 
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maintain a high efficiency at low loads, with a maximum some- 
where between 1/2 and 8/4 load, as shown by the lower curve in 
Fig. 28. One of the simplest ways of doing this, in the present 
example, would be to rejrlace the first wheel by a compound wheel. 
This would involve a slight reduction of efficiency in the first stage 
at full load, assuming that the steam-velocity remained the same, 
but the efficiency would improve with increase of steam-velocity, 
reaching a maximum in the neighbourhood of s = 4, and main- 
taining a high value at low loads, when the heat-drop in the first 
stage is a large proportion of the whole, according to the method 
of regulation by cutting out nozzles. 

The reason why a reciprocating engine, when regulated by 
varying the cut-off, gives a curve of a similar type, with a maximum 
efficiency at intermediate loads, is that, beyond a certain point, 
the increase of cylinder condensation and leakage more than 
counterbalances the improvement due to increase of expansion- 
ratio. 

Regulation hy Throttling. When the regulation is effected by 
throttling the initial pressure in place of cutting out nozzles, the 
same method of calculation applies. If the same final state is 
assumed, the numerical results will be the same for the last nine 
stages, and the pressure-drop for the first stage may be calculated 
in the same way as for the other stages. With a final volume, 
352, as above, the initial pressure comes out SO-4 lbs., but 
the initial value of H is only 788-8 in place of 756. If the initial 
value of H is supposed to remain constant and equal to 756 when 
M is reduced to MJ2 by throttling, we require a final volume 
F''= 374, and the initial pressure is found to be 82-9 lbs., or very 
nearly half that at full load. 

It appears, according to this method of calculation, that the 
flow M is very nearly proportional to the initial pressure when the 
regulation is effected by throttling at constant H. This is closely 
confirmed by experiment, and may generally be assumed in making 
the calciflation in the opposite order, starting with the initial state, 
for any given fraction of the normal mass-flow. 

The heat-drop becomes negative for values of s less than unity 
in the later stages at low loads. Work is wasted in friction, giving 
an increase in place of a diminution of H, apart from external 
heat-loss. The following table shows the effect in question, which 
begins to apjDcar in the neighbourhood of quarter load in the 
present example. 
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Table IX. Regulation by Throttling. M = MJ l. 


No. 

1 

2 

3 

4 

5 

6 

7 

** 

9 

10 

z 

2-763 

2*761 

2*760 

2*759 

2*758 

2*757 

2*665 

2*184 

1*445 

0-840 

DH 

13*80 

13*79 

13*78 

13*78 

13*77 

13*76 

13*04 

9*27 

3*48 

-1*25 

P' 

41*43 

28*22 

18*88 

12*33 

7*872 

4*883 

2*936 

1*769 

1*239 

1*056 


P' is the initial value of P in each stage. The initial value of// 
is taken as 756, and the final value of V" is 414 cb. ft. at 1 lb. The 
total heat-drop is 107*2. The same equations (20) are employed 
throughout for DP and DH, but the values of s/F" are 1/4 of those 
given in Table VIII. If the regulation is effected by cutting out 
nozzles in place of throttling, the calculation is the same, except 
for the first stage, but the final volume is 380, and the total heat- 
drop may be as high as 124 nearly, if full efficiency is assumed for 
the first nozzles in spite of the excessive pressme-drop. 

The cut-out method will always give better efficiency than 
simple throttling at low loads, because it utilises the full pressure- 
drop. For this reason among others, the first stages of a reaction 
turbine are often replaced by impulse-wheels. The effects obtained 
in the early stages depend greatly on details of design, but the 
two types are essentially similar in the later stages, so that similar 
methods apply. Many of the results obtained for reaction turbines 
in the two following chapters apply with slight modifications to 
impulse turbines. 


CHAPTER XIV 


REACTION TURBINE ANALYSIS 

145. Calculation of the Flow Through an Expansion. 

The equations given in Chapter XI, § 127, for the flow through an 
expansion consisting of N similar pairs of fixed and moving blade- 
rings with the same annular area X, can be applied to the solution 
of any thermodynamical problem relating to the flow through a 
reaction turbine when sufficient data are available. 

The equations in question may be summarised as follows: 

Available energy, jaVdP = {Nu^iJg) zJlf^= Zzjjf^, ....(1) 

Heat-drop, DH = H'~ //"= {2z„- l)f"Z, (2) 

Pressure-drop, DP = P'- P"= NuMz^ tan a/gf-^X, (3) 

where denotes the mean effective value of the velocity ratio 
z — U tan aju, and Z is used as a convenient abbreviation for the 
energy constant Nu^/Jg of the expansion considered. The method 
of applying these equations depends on the object of the investiga- 
tion and on the available data. It will be convenient to distinguish 
three general cases among many possible varieties. 

(1) Efficiency Tests. When the dimensions are known, and the 
heat-drop, pressure-drop, mass-flow, and speed are observed, the 
equations can be employed for finding the efficiency constants 

and the velocity ratio z^. 

(2) Vctriation oj Conditions. When the efficiency constants are 
known from tests under standard conditions, the equations may 
be employed for investigating the effect of variation of conditions 
of running, or state of the steam, such as (a) Speed, {]}) Initial or 
Final Pressure, (c) Superheat, W^etness, or Supersaturation. 

(3) Choice of Dimensions. When the constants are known from 
tests of similar machines, the equations can be employed for 
choosiirg suitable dimensions for any desired purpose, having 
regard to the limitations of speed and pressure-range, and to the 
probable state of the steam. 

It is proposed in the present chapter to give examples of different 
methods of solution in various cases, and to discuss the limits 
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within which the equations may legitiniately be applied, eitlier to 
a single expansion, or to a complete turbine. 

Dhnensional Constants. For thermodynamical purposes, the 
material dimensions of an expansion can be summarised by two 
constants, which, with the speed R in revs. /min., suffice to define 
the properties of the exjDansion, independently of the absolute 
dimensions in many respects. 

The Energy Constant, Z = Nu^/Jg, in thermal units (cals. C., 
or B.Th.U.), enters into the expressions for the available energy 
and the heat-drop. Z varies as the square of the speed, but since 
all the values of Z for the expansions on any one rotor are changed 
in the same proportion when the speed is varied, it is most con- 
venient to include the speed in Z by calculating the values for 
normal speed, and reducing them by a constant factor, proportional 
to R^, when the speed is changed. 

The Expansion Constant, Z'= Nu tan ajX ==- NR tan a/720:r, 
determines the pressure-drop DP in conjunction with M and z^, 
and incidentally the appropriate expansion-ratio. If M and 
are the same for the different expansions on one rotor under normal 
conditions of running, the values of DP will be simjily proportional 
to those of Z', a condition which is readily tested at any time. 

The Discharge Constant, Z"= aZ'^/gZ = 144^ tan^ a/-Y^, is not 
an independent constant, since it can be deduced from Z and Z', 
but is useful in calculating the discharge M. Z" has the advantage 
of being independent of the speed, and is useful for finding the 
pressure-distribution, as explained in the next chapter, when M 
is the same, but different, for the different expansions in a 
turbine. 

The effects of tip-leakage, as explained in the next chapter, are 
of considerable importance in modifying the flow and the efficiency 
in a high-pressure turbine, because they affect the different ex- 
pansions in different degrees. Fortunately the expansion constant 
Z', and the discharge constant Z", are readily corrected for tip- 
leakage by simply substituting x -f- 2l for x, where I is the tip- 
clearance. This correction does not affect the relative values for 
a single expansion, and will therefore be omitted in the present 
chapter, since it may be supposed to be included in the given values 
of the constants /" and x. 

As an example we may take the first expansion of a large 
slow-speed marine turbine (SS. Mauretania) with the following- 
dimensions : 
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Rotor diameter, 96 in., cylinder, 101-5 in., area, X = 853 sq. in. 

Number of stages, A'’= 16, discharge angle, a = 70°, tan 2-7475. 

At 194 revs./min., u = 83-6 ft./sec., Nu^fJg = Z = 2-480 cals. C. 

We -will first find the values of /^', /", and for the following 
conditions, which correspond closely with the normal conditions 
of running : 

Initial pressure, 150 lbs. (gauge), final, 115 lbs., bar. 30 in. 

Mass-flow, ilf == 116 Ibs./sec., heat-drop, DH = 6-28 cals. C. 
which give the following values of P, V, and H : 

Initialstate(dry sat.),P'= 164-7,P/'= 667-54, V'= 2-785 (F.P.C.) 

Final state (supersat.), P"= 129-7, H"= 661-26, 3-424 „ 

Substituting the given data in equation (3), we find 
W/i'= DPgXjNuM tan a = 2-255. 

Putting this value in equation (1) with laVdP = 11-09, we find 
z^= 11-09/2-255 X 2-480 = 1-983, 
wiience //=. 0-880, /'= 0-664. 

Finally from equation (2), we obtain /"= 0-854,/= 0-566. 

When all the required data are given, the calculation of the 
constants is very simple, but there are some points which require 
discussion. 

146. The Available Energy. The value of jaVdP in 
equation (1) may be taken roughly as aP'V (P'- P") 2/(P'-j- P"), 
when V" is unknown, but this is insufficiently accurate for large 
langes of pressure. It gives 11-22 cals, in the present case, which 
is a fair approximation, because the pressure range is small, but 
it is better to use the formula, 

faVdP = [aP'V'~ aP"V") log {P'jP")[log {P'V'IP"V") 

= D {aPV)lm, (4) 

as explained in Chapter N, § 107, which gives very accurate results 
for the available energy, even if the value of V" is only approxi- 
mate, or if the actual expansion curve does not agree very closely 
with the^ formula PV = kP^. Any small error in the difference 
P'V'- P"V" is compensated by the corresponding error in the 
difference betw^een the logarithms of the same numbers, and does 
not give rise to a proportionate error in the value found for the 
integral. The ratio of the difference of the logarithms of PV to that 
of the logs of P' and P" gives the value of the index m in the formula 
PV = A;P«, which is often required. If the heat-drop DB is varied 
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in the present case over the extreme range from zero to the adia- 
batic value 10-96, the available energy varies only from 11-265 to 
the same adiabatic value, a variation of less than 3 per cent., so 
that it is not necessary to know Dll very accurately in order to 
get a good value of from equation (1). 

The formula for the integral of aVdP takes no account of 
possible variations in the form of the expansion curve between 
the initial and final states, but this makes very little difference to 
the value of the integral (especially for small ranges of pressure), 
as is most easily appreciated by taking a numerical example. For 
given initial and final values of P and F, the form of the expansion 
curve can be represented very closely in all practical cases by an 
equation of the type H - B"= kP’‘K The integral of aVdP along 
a curve of this type in the case of dry steam is accurately given by 

SaVdP = (3/13) {B"- 464) log, (P'/P") 3Z)P/13m 

+ 0-00127 DP, ...(5) 

which is easily calculated. With the initial and final states above 
given, the expansion curves differ quite appreciably for the two 
cases, 

(1) 2 = 1-983 (constant), a„^= 70°, 
and (2) a = 70° (constant), 1-9S3. 

The corres|)onding values of the constants in the formula 

H - B"= JcP>» 

are: 

(1) B"= B = 464, m = 0-13120, 

■ (2) 627-26, 711 = 0-7095, 

which are widely different; but the values of the integral of aVdP 
along either curve are very nearly the same, namely, (1) 11-089, 
(2) 11-087. The fact that the available energy varies so little under 
different conditions when the initial and final states are given, 
makes equation (1) a very convenient and consistent method of 
calculating the mean effective value of s in any case. 

147. The Velocity-Ratio z. The usual method of 
calculating the value of the velocity-ratio in each expansion for 
normal blades is to take the effective aperture of the guide-blades 
as one-third of the annular area X, which gives 
U'ju = 4i32MV fuX = U sec aju, 

which is not quite the same as s. This is equivalent to taking the 

23 
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discharge angle « as 70“ 82', but the fraction of the degree above 
70° is unimportant for the present purpose. 

The value of a required in the formula for s, namely, 

s = 144MF tan ajuX, ....(6) 

is the angle which the direction of the discharge makes rvith that 
of tlie axis, in the clearance space between the blades. This canno 
be measured with great iirecision, but may be assumed to remain 
constant for any particular blade-ring when any of the other 
conditions are changed, and to remain uniform throughout the 
expansion it the blade-angle is uniform. The blade-angle may be 
varied in different wavs, but it ivill suffice for the present purpose 
to consider only two cases, (1) that in which the blade-angle is 
varied in such a way as to keep z the same for each step in the 
expansion, (2) that in which the discharge angle is the same for 

CRcii step* 

(1) If z is to be uniform, it is evident from (6) that the product 

V tan a must be the same for each blade-ring at exit; and it follows 
from (1) and (3) that the common value of the product must be 

V ' tan where VJ is the mean value of V at equal intervals 
oiP oiven by VJDP = fFdP, and tan is the value of tan a 
employed in equation (3). The method of solution previously given 
will be exact in this case, which is of theoretical interest on account 
of its simplicity, but is seldom adopted in practice. 

(2) If the blade-angle is uniform throughout the expansion, it 
is evident from (6) that s must vary directly as V, and from (1) 
that the pressure-drop in each step will also be nearly proportional 
to V. It follows that the drop of PjV will be nearly the same in 
each step, and that the mean values of V and z for the expansion 
must be taken at equal intervals of P/F. The required mean value 
of F along the curve PF= kP^, is given by the formula, 

(2 - m) (P'- P")liP'JV’- P"IV") = (2 - m) DPID{PJV). 


The mean value of tan cc, if required in case (1), may similarly 
be found by taldng the mean value of 1/F at equal intervals of PF, 

{1IV)^= DPilVdP = 144M (tan a)JzjuX, (8) 

which is seen to be simply the reciprocal of JFdP/PP, as 

stated above. 

Owng to the difference between VJ' and VJ there will be 
slight differences between case (1) and case (2), which will be 
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discussed in detail in a later section, but tlie correction required for 
case (2) in the previous example would be only 1 in 600 on DE or M, 
and is seldom of much importance in any practical case. 

148. Correction for Discontinuity of Expansion. It 

might naturally be expected that the employment of methods of 
continuous integration would give rise to material discrepancies 
in the calculation, since the expansion is really discontinuous, taking 
place in 2N separate steps. It follows however from the form of 
the equations that this will not introduce any material errors in 
the proposed method of calculating or i)H, but it may be 
necessary in exceptional cases to apply a correction for discon- 
tinuity to the value found for M in case (2). It happens however 
that the correction is of the opposite sign to that discussed in the 
previous section, and is nearly of the same order of magnitude, so 
that both may be neglected in the majority of practical cases, so 
fai as Af is concerned, unless the object is to test the limit of ac- 
curacy of the method of calculation. 

The value of VJ' given by the continuous integral in (7) is very 
nearly the mean of the values of V at the fniddle points of the separate 
steps, but differs slightly from the mean of the values of V at the 
ends of the steps, which is the mean required for deducing M from 
zj' by equation (6). If Fq is the initial value of V, and if 
^2 5 ••• the final values of F in each step, it is evident that 

the value of VJ' given by (7) satisfies the formula 

2NVJ'= Fo/2 +V^+ V^+ ... -f F,^._i+F2,v/2, 

since the mean value of F for each step is very nearly the mean of 
the initial and final values when the steps are small. Thus the 
correction to be added to F„/' in order to obtain the mean of the 
values from F^ to F^^., excluding Fq but including Fg^, is evidently 
(^ 2 x- Eo)/ 4N, which may conveniently be witten DV{4>N, where 
DV is the difference of the initial and final volumes for the whole 
expansion. This correction has the effeet of reducing M in case (2) 
by the fraction DVj^NVJ', which amounts to 1 in 300 in the 
previous numerical example. The correction discussed in the 
preeeding section has the effect of increasing M in case (2) by half 
the percentage difference between and VJ'. Both corrections 
increase with the expansion-ratio, but they become equal and 
opposite when F,„'- VJ' is equal to DVj^N, which would happen 
in the previous example if the expansion-ratio were nearly doubled. 
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It follows that both corrections may usually be neglected for 
practical purposes through a fairly wide range. 

149. The Efficiency-Constant /i'. The preeeding com- 
parison between the two cases, (1) z constant, and (2) a constant, 
rests on the assumption that the coefficient is independent of 
the discharge angle oc, which cannot be exactly true. It is piobable, 
however, that there is a. maximum value of jT^ somewheie in the 
neighbourhood of a = 70°, so that f may be taken as constant when 
z is constant for a moderate range of variation of a. It is evident 
that for very fine angles of discharge (a near 90°), the losses due to 
the axial clearance, to the thickness of the blades, and to the 
curvature of the blade-path, must inci’ease considerably. On the 
other hand, when the blades are opened out {a diminished), the 
value of /i' tends to diminish, because the tangential or effective 
component of the velocity is reduced in comparison with the 
whole velocity on which the frictional losses chiefly depend. We 
may safely assume that the angles adopted in practice represent 
an empirical compromise between these conflicting interests, and 
give a fair approximation to the condition of maximum efficiency. 
The published data do not afford sufficient evidence for the proper 
investigation of this point, but it seems fair to assume the approxi- 
mate constancy of /i' in the case of normal blades. In the case^of 
wing-blades, when the reduction of a is pushed to extremes, there 
will doubtless be an appreciable reduction of efficiency, which 
appears to require further investigation. 

In finding the value of ff from experimental observations, it 
will be seen that an error of 1 per cent, either in the observed value 
of M, or in the assumed value of a, will introduce an error of 
2 per cent, in the resulting value of//. It may for this reason be 
preferable, if the values either of M, or of a, are uncertain, as is 
sometimes the case, to employ the equation with an assumed value 
of// for deducing either M or a, or the product M tan a, if both 
are uncertain. It is often possible to obtain reliable results with 
regard to the variation of other conditions, without an exact know- 
ledge of the absolute values of fff M, and a, provided that the 
conditions are such that these quantities can be regarded as con- 
stant. Even when the observations are incomplete in certain 
respects, it does not necessarily follow that they are useless for the 
purposes of analysis. Unless otherwise stated the value 0-883 will 
usually be taken fovff in a slow-speed marine turbine. 
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150. To Find the Final State given// and/". VVlien 
the efficiency constants are given, in addition to the dimensions, 
speed, and initial state, the final state, required for the beginning 
of the next expansion, can be found with the aid of any one of the 
remaining unknown quantities, namely, UiVdP, or z,,^, or DH, 
or DP, or M, or/ or/'. The quantity most readily observed is P", 
giving DP; but in many cases ill only is given, and is subject to 
uncertainties of dummy-leakage, though it may remain constant 
for several successive expansions. In the case of superheated steam, 
li" or DH may be observed in addition to P" by observing the 
temperature, but DH or laVdP generally occur as data in the 
inverse problem of finding the dimensions to suit equal division 
of the heat-drop or available energy. The simplest case is that in 
which is given, which readily permits direct solution of the 
equations in the case of dry steam. If JaFdP, DH,f, or/' is given, 
is easily found, but, in the case of saturated steam, it is necessary 
to proceed by trial and interpolation, with the aid of the tables. 

Taking the dimensions and speed given in the previous example, 
with the values /'= 0*880, and f"— 0*842, the three equations 
reduce immediately to the following numerical forms ; 

JaFdP = 2 * 818 s „,2 dh = 2*088 {2z„,- 1) ...(2), 

DP = 0*1520Ms^ ...(3). 

If is given, DH, / /', are easily found. P", and hence DP 
and M, are obtained by inverting the formula for ^aVdP, thus, 
log (P'/P") = 2*818s^2iog (P'F'/P"F")/(aP'F'- aP"V"). 

In the ease of dry steam, the drop of aPV is given in (F.P.C.) units 
by the exact formula, 

DaPV= aP'V- aP"V"= 3PH/13 -I- 0*00127l>P, (9) 

in which the last term may usually be neglected. 

In the present example, suppose that it is required to find DP 
for the case in which 2 ^= 2, with the initial state P'= 164*7, 
aP'V'= 47*17. From (2), DH = 6*624, whence DaPV = 1*445, if 
0*00127Z>P is neglected. 

log [P'JP") = 11*272 X 0*013512/1*445 = 0*10540, 

P"= 129*21, M = 116*7. 

If the small term is not neglected, DaPV = 1*490, P''= 129*19, 
M = 116*8. The small change in DaPV, changes log (P'F'/P"I ") 
to 0*013940, in nearly the same proportion as DaPV, so that the 
result is very little altered. 
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If Z)P = 35-51 is given in jilaec of 2 ;,,= 2, we have first to find 
an approximate value of from the formula 

laVclF - aP'r2DPI{P’+ P"), 

which gives JaFdP = 11-40, 2 :,„= 2-011, in the present case. From 
which ‘ we find, M = 6-31, DaPV = 1-500, JaFdP = 11-272, 

2-000, DH = 6-264, M - 116-8. The approximation is so 
rapid that it is seldom necessary to go further. 

On the other hand, if M = 116-8 were given in place of DP, 
it would be necessary to solve a quadratic in in order to find an 
approximate value. It is easier in this case to guess a pair of tiial 
values of DP and to fit equation (3), and to use the trial value 
of s to find DH and DaPV from (2), and the corresponding value 
of DP to find JaFdP and from (1). If the first trial values were 
DP = 35, 1-971, we should find from (2) DaPV= 1-462, giving 

faVdP = 11-092, z^ = 1-984, from (1), showing that higher values 
of s and DP are required. The trial value of z must be raised by 
rather more than twice the difference between 1-984 and 1-971, 
suggesting z ~ 2-00 for the next approximation. If the second trial 
should not give exact agreement between the values of aFdP 
from (1) and (2), the correct result is easily found by interpolation. 
But by using the more exact rule given in a later section (§ 158), 
the first trial gives so close an indication of the final result that it 
is rarely necessary to make a second trial except as a verification. 

15 1. Effect of the State of the Steam. The state of 
the steam is taken into account in the equations in deducing V" 
from H", or DaPV from DH. The steam is usually dry (superheated 
or supersaturated) in the early stages, which greatly simplifies the 
work. If the state of saturated steam is assumed in place of dry 
suj)ersaturated, it makes little difference to the results in the first 
expansion, starting with dry saturated steam, because the curves 
have a common tangent at the starting point, and the volumes 
diverge slowly at first. But in the later expansions the difference 
may be considerable, as already indicated, and appears to afford 
a rational explanation of effects which have hitherto been regarded 
as anomalous. The calculation for saturated steam is made in the 
same way as for dry steam, except that V" must be found from H" 
in order to find DaPV, and similarly for the supersaturation limit 
as previously illustrated in Chapter X. 

As a numerical example of the effect of the state of the steam, 
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we may take the same expansion, with the speed and dimensions 
already given, but assuming that the initial state of the steam, 
instead of being dry saturated, corresponds to a value 11'= 618-73 
at 160 lbs. abs., which makes the wetness 10 per cent, if the steam 
is saturated, and gives the value of R' corresponding to the super- 
saturation limit, if the steam is dry. Such cases probably occur 
in actual practice, as a rule at lower pressures and higher speeds, 
but the general effect of the assumption with regard to the state 
of the steam is the same, being independent of the particular speed 
and dimensions assumed. The initial values are:- 

For saturated steam, V— 2-576, aP'V'= 42-39 (10 per cent. wet). 

For supersaturated steam, F'= 2-182, aP'V'^ 35-91 (dry). 

The numerical values of the coefficients in the three equations are 
the same as those given in the last section. If we take the final 
pressure 120 lbs. in both cases for convenience of calculation, the 
first rough approximations to the values of the final volume V" in 
either case from equation (1) are: 

Saturated, JaFdP = 12*11, z = 2-073, DR = 6-57, V"= 3-857, 
aP"V":= 41-43. 

SS limit, JaFdP = 10-26, s = 1-908, DR = 5-88, 2-883, 

aP"V"= 35-58. 

From which the following final results are obtained by (4), 

Saturated, laVdP - 12-056, s - 2-068, DR = 6-547, M = 127-2, 
/= 0-543. 

SS limit, laVdP = 10-282, s = 1-910, DR = 5-887, M = 137-8, 
/= 0-573. 

The first approximation is so little trouble, and agrees so 
closely with the second, that it is seldom worth while to go further 
than the first when the exact state of the steam is uncertain. It will 
be observed that the flow M for the same pressure-drop is 8-4 per 
cent, larger at the SS limit than at the saturation limit, but the 
steam-speed is also lower by 7*6 per cent., so that the efficiency / 
comes out appreciably higher when reckoned in terms of the actual 
energy available at the SS limit, which is nearly 15 per cent, 
smaller than at saturation. But the apparent efficiency at the 
SS limit, reckoned in terms of the energy theoretically available 
at the usual saturation limit, is only 0-488, showing an apparent 
drop of 10 per cent, in efficiency due to supersaturation. The loss 
would be larger if allowance were not made for the reduction of 
steam-speed. 
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In order to detect the difference between satumted steam and 
dry supersaturated in the first expansion when the initial volumes 
are the same, it is necessary to take the second approxiniation to 
jaVdP, since the first approximation, being simply 2aP'V' in the 
present instance, takes no account of the difference between the 
final volumes. The first approximation to z is also the same for both, 
but gives a value of the heat-drop, DTI == 7-04<, which is of ample 
accuracy to determine the appropriate value of the small difference 
DaPV in either case. It will be seen from the table below that the 
values of DaPF are appreciably different. That for dry steam is very 
easily found from DIT by formula (9) given in the last section with 
a small slide-rule, but in the case of saturated steam it is necessary 
to find V" from IT" ivith the aid of the tables, and to use a Fuller 
slide-rule, or five-figure logarithms, for finding the product aP V . 

In order to illustrate the effect of superheat, values are added 
for the same pressure-range, dimensions, and speed, with initial 
temperatures of 200°, 250°, and 300° C. These show an appreciable 
reduction of f with superheat due to the increase of steam-speed, 
and support the view given in Chapter XII, § 137, that the effect 
of superheat for a given machine at a constant speed cannot fairly 
be deduced by the method of the reheat-factor assuming that / 
remains constant. In order to keep f constant, it would be necessary 
to increase the blade-speed in proportion to the steam-speed, which 
might often be impracticable. 


Table I. Effect of Superheat at given speed and dimensions. 



V' 

2aP V /7 


DaPV 

aVdP 


M 

DH 

/ 

184-16 

2-862 

13 -46 

2-185 

1-14 

13-383 

2-179 

120-8 

7-011 

0-524 

184-16 

2-862 

(Dry supersat.) 

1-68 

13-303 

2-173 

121-1 

6-986 

0-525 

200 

2-991 

14-06 

2-233 

1-73 

13-908 

2-222 

118-4 

7-19 

0-517 

250 

3-380 

15-89 

2-374 

1-86 

15-732 

2-363 

111-4 

7-78 

0-495 

300 

3-750 

17-63 

2-501 

1-98 

17-466 

2-490 

105-7 

8-31 

0-476 


The above results are for the same pressure-range, 160-120 lbs. 
abs., as the last. In a eomplete turbine, the pressure distribution 
will vary with superheat, and is determined by calculating the 
pressure-drop for each expansion in succession with the same value 
of M for each, if M is the same throughout. 

152. Variation of Speed. It follows from equation (1) at 
the beginning of the chapter, that the steam-speed depends chiefly 
on the available energy, and is nearly independent of the blade- 
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speed, provided that the dimensions remain the same. This result 
is by no means obvious, ajjart from the assumptions made, and 
it is easy to imagine cases in which it would be \"ery far from true ; 
but it appears to accord well with practical experience in the case 
of reaction turbines, though it is difficult to make a direct test 
over a wide range on account of other limitations. 

In the case of a complete turbine, variation of speed will usually 
produce secondary variations of pressure in some of the expansions. 
We will therefore take first the simpler ease of a single expansion 
in which the initial and final pressures are assumed to remain 
constant when the blade-speed is varied. Taking the same dimen- 
sions and pressure-range as in the last example, with the initial 
state dry sat. at 160 lbs., the values found, at u = 83-6, were 
s = 2-173, M = 121-1, BH = 6-986, f= 0-525. If the speed is 
changed, the available energy, in the case of dry steam, varies only 
from 13-54 at w = 0, when BE = 0, and M = 120, to a minimum 
13-21 at z = 1, w = 181-1, at which point the heat-drop and mass- 
flow have their maximum values BH = 9-80, and M = 121-5, wdth 
f = 0-742. Further increase of speed to z = 1/2 gives again BH = 0, 
with u = 366, M = 120. But this is far beyond the practical range. 
These equations neglect the effect of fan-action, which varies as 
the cube of the speed. According to the estimate made in Chapter XI , 
§ 129, the loss due to this cause would amount to about 2 per cent, 
of the available energy at z = 1, or about 0-25 per cent, at the 
normal speed when z = 2. It is therefore seldom of sufficient 
importance to be taken into account in the case of a reaction 
turbine. Other factors, such as the form of the blades, have more 
influence on the variation of BH and M with speed. 

It is evident that the efficiency and the mass-flow would be 
increased by any modification of the blade-form, especially of the 
inlet angle, which permitted an increased proportion of the energy 
rejected in one stage to be carried over to the next. This would 
be represented in equation (1) by an increase in the value of the 
constant /i', giving a proportionate increase in z^, and in the product 
Mz in equation (3). 

It is evident that the value of f^' is capable of including the 
effect of moderate variations of the blade-form on the mass-flow, 
but it is a debatable point whether the expression /^'(z - l)“/z^, 
varying as the ratio of the squares of the tangential components 
of the relative velocities of entrance and discharge, will suffice to 
represent the variation of the loss with speed. It seems probable 
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that, apart from leakage, the most important part of the loss occurs 
at entrance, or in carry-over from one blade-ring to the next. 
Martin estimates the loss at 50 per cent, of the kinetic energy 
U"'^l2g at entrance. This gives nearly the same result as the formula 
here proposed when the value of s is in the neighbourhood of 2, 
but oives a rather slower rate of variation of the loss with speed. 
It would appear, however, that the percentage loss in carry-over 
should not be constant, but should increase with the obliquity of 
entrance. It is possible, for this reason, that the formula here 
proposed mav prove preferable in practice to the assumption of a 
constant percentage of loss, because it makes some allowance for 
the increase of loss with obliquity. But the mam point in its favour 
is that it leads to the simplest possible expression for the variation 
of efficiency with speed, consistent with the experimental result 
that the mass-flow is approximately independent of the revolutions. 
This result cannot be generally true unless the percentage loss in 
carry-over increases with the obliquity in the mannei specified. 
The simplest way of testing this point is by taking an extreme case 
in which all losses are supposed to be absent except the loss under 
discussion. 

Taking the same data as in the last example, but with 1, 
and /”= 1, to eliminate other losses, and with the same value of 
^aVdP, namely, 18-21 at 2 = 1, we find uz = 193, M = 134-2 in 
place of 121-1, showing the effect of the increase of/. But the 
initial pressure has been taken as 164-7 and the pressure-drop has 
been increased to 41-5 lbs., for comparison with the next example. 
Under the same conditions with u = 0, and DH = 0, we find 
faVdP = 13-68, and the tangential component of the steam-speed, 
uz = 196-4, giving M == 132 for the same pressure-drop DP. The 
diminution of M with increase of steam-speed may appeal at fiist 
sight anomalous, but is exactly accounted for by the increase of 
mean volume from V— 3-097 at 2=1, to V— 3-208 at u = 0, 
owing to the fact that the final value of H is 13-21 less when 2=1 
than when w = 0. 

The approximate constancy of the steam-speed and mass-flow 
illustrated in the above example, depends on the percentage loss 
increasing with obliquity in the ratio of the square of ( 2 — l)/ 2 , 
which gives the nearest approach to constancy which can be 
obtained on any simple hypothesis for a given pressure-range, 
since both M and uz cannot be exactly constant owing to the varia- 
tion of the mean volume. If the percentage loss in carry-over is 
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independent of the obliquity, the steam-speed ceases to be inde- 
pendent of the blade-speed, and the variation of the mass-llow in 
some cases may be very considerable. The variation is greatest 
when there is no loss in carry-over, or if frictionless adiabatic flow 
is assumed, as in the discussion of the analogous case of discharge 
through a nozzle. 

When the flow is assumed to be frictionless, the pressure-drop 
for the first ring of guide-blades, starting from rest, is obtained in 
terms of M by the usual formula for a nozzle. The flow through 
each successive blade-ring after the first is given by the equation, 

aVdP {1 - (1440/13g) {MjX'fVIP} = (2s - l)w2/2Jg - AW\ 

(10) 

which expresses the fact that the available energy has to supply 
the equivalent of the work done by the change of relative velocity 
from U' at discharge to U" at entrance, and the additional kinetic 
energy due to the increase of U' with V at each successive blade-ring. 
The form of the equation shows that the mass-flow will reach a 
limit when 

(M/Z7 == (13^/1440) P/F (F.P.C.) (11) 

which is the usual expression for the maximum discharge through 
a nozzle in terms of P and V in the throat, where X'= X cos a, 
in terms of the annular area Z, neglecting the thickness of the 
blades. This maximum will be reached at the first blade-ring when 
M = 0, if the pressure-ratio exceeds the critical value P'7P'= 0-5457; 
in which case the corresponding value of M for Z = 853 sq. in,, 
or Z'= 291-7, will be 704 lbs. /sec. with P'= 164-7, With the 
pressure-drop DP = 41-5 lbs. (less than the critical value), as in 
the last example, the value of JM, when u — 0, will be 635 lbs. /sec., 
diminishing rapidly to 269 lbs. at 41-8ft./sec., and to 176 lbs. 
at u = 83-6, and reaching a minimum M = 134-2, the same as the 
maximum in the previous example, when s = 1, at m = 193 ft./sec. 

The wide range of variation of M in this case, from 635 lbs. /sec. 
at It = 0, to 134 lbs. /sec. at 2 = 1, resulting from the assumption 
of absence of loss in carry-over, illustrates the importance of this 
loss as affecting the variation of M with speed; but the condition 
of frictionless flow differs so widely from that actually obtaining 
in a reaction turbine that the result might be regarded as without 
practical significance. The range of possible variation of M with 
speed is greatly reduced when a constant percentage of loss in carry- 
over is assumed, but the same type of variation still persists to a 
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marked extent even when the loss is as high as 50 per cent. In 
order to represent a loss of 50 per cent., we have merely to add the 
term V'-jUg to the right-hand side of equation (10) for frictionless 
flow. Repeating the calculation for the same pressure-range with 
this addition, we find that M varies with speed from 171 Ibs./sec. 
when u = 0, to 129 Ibs./sec. when s = 1, and u = 186 ft./sec. If M 
is to be approximately independent of the speed, we are driven to 
the conclusion that the percentage loss in carry-over cannot be 
constant, but must increase vuth the obliquity of entrance, as 
appears probable on theoretical grounds. It is quite possible that 
the effect may vary in slightly different ways in different cases 
ovung to secondary causes which cannot be represented in the 
fundamental equations of flow, but it appears probable that the 
simple assumption involved in equation (1), which greatly facilitates 
calculation, ’will be sufficiently accurate for aU practical purposes, 
in the majority of eases, as representing the effect of variation of 
speed on the efficiency. It must be understood that the application 
of the formula is not confined to the case of variation of blade- 
speed at constant pressure. The variation of blade-speed is usually 
accompanied by variation of steam-speed in some of the expansions. 
All such variations are taken into account in a simple and consistent 
manner by the proposed method of calculation, which includes all 
primary causes which may affect the velocity-ratio, whether varia- 
tions of speed, or pressure, or dimensions, or state of the steam. 

153- Variation of Pressure. In the case of a complete 
turbine, variation of initial or final pressure may affect different 
expansions in very different ways owing to the condition of con- 
tinuity of mass-flow; but it will be advantageous to consider first 
the case of a single expansion under arbitrary conditions, in order 
to prove the applicability of the method in extreme cases, which 
are very suitable as a means of testing the formula, though they 
may seldom occur in actual practice. 

To take first a simple case, we may suppose the available energy 
to remain constant while the initial pressure P' is varied. If the 
blade-speed u is also constant, equations (1) and (2) show that 

DH, and/, will be constant, and equation (3) shows that M 
will vary directl}^ as the pressure-drop DP. If we suppose in addi- 
tion that the initial pressure is regulated by throttling, the initial 
value of H will remain constant, and the pressure-ratio P'jP" will 
also be nearly constant, in which case the pressure-drop DP will 
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be nearly proportional to the initial pressure P', so that M will 
vary as P'. If H' varies (e.g. with superheat) while P' and P" 
are constant, will increase vith TP, and M will diminish. If 
H' increases, while P'/P" remains constant, will increase, and 
M will increase less rapidly than DP or P'. The A'ariation of M is 
readily deduced from the equations for any given case that may 
arise, but it is necessary to beware of assuming generally that M 
will be proportional to P' if P'/P" is constant. This result is very 
nearly true for regulation by throttling at constant speed, and is 
of interest as explaining the straightness of the power-consumption 
line illustrated in Fig. 28, § 123, for that particular ease. 

If we substitute 2 ;,,^= V„^ (144i)f tan ajiiX) from (6) in equation 
(3), we obtain 

PP/F„= {DPr^liVdP = (IMN/g//) (Mtana/X)2, ...(12) 
which shows that the proportionality of M to DP when \aVdP is 
constant rests on taking the mean value of V by the formula 
^VdPJDP at equal intervals of P. It remains to consider 
how far this assumption may require modification in extreme cases. 

If we make the same substitution for z,„^^ from (6) in equation 
(1), the equation for takes the form 

SVdPIVJ=- {lMNIgf^'){Mt&na/Xf, (13) 

which shows that M varies directly as the mean density and as the 
square root of the available energy, which is equivalent to assuming 
that the losses vary as the square of the velocity, the only practic- 
able assumption in a case of this kind. It is evident from the 
manner of their derivation that equations (12) and (13) should 
be identical, so that they afford a convenient test of the conditions 
under which (1) and (3) are consistent in extreme cases. 

It has already been shown that, if the blade-angles are adjusted 
by the condition V tana = tan a„„ equations (1) and (3) are 
exactly consistent for all pressure-ranges or values of N, in the case 
of dry steam, because the expansion curve in this case is of the type 
PV= and requires the mean volume VJ= JFdP/PP. This 

case is of special interest for theoretical purposes, because it is 
easy to imagine the angles adjusted by this condition to secure the 
maximum efficiency. But in the case of a given machine, the adjust- 
ment could be exact only for a particular pressure-range, so that 
the case in which the blade-angle is constant is of greater practical 
interest in considering the effect of the variation of pressure in 
extreme cases. 
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When the blade-angle is constant, the same value of V^' 
affords a sufficient approximation for most practical purposes for 
the normal range of one expansion, or for any smaller range, as 
previously illustrated, but it may be desirable to push the approxi- 
mation further in special cases. Neglecting for the moment the 
correction for discontinuity depending on the value of N, the 
appropriate value of when a is constant, is that denoted by 
and given by equation (7), corresponding to equal intervals 
of PjV. The value of VJ in equation (13) has to be taken at the 
same intervals, but represents the mean of the squares of the 
values of V which is not quite the same as the square of the mean 
value It happens however that the mean of the squares of 

the values of F taken at equal intervals of PjV along the curve 
PF=7i;P'«, is accurately represented by the product V^'VJ' 
between the same limits. 

It follows that equations (12) and (18), or (1) and (3), remain 
consistent also in the case in which a is constant, provided that the 
appropriate mean values of F and z are employed. The appropriate 
value of F„j in equation (12) is F^" from equation (7), and the 
appropriate value of in equation (13) is and of 

in equation (1) is zjzj'. The same value of namely zj' corre- 
sponding to VJ', is required in both equations (2) and (8), but in 
order to find z^'' from equation (1), it is necessary to insert the 
factor Vm" IV giving 

^J'^=filaVdPV,,"IVJZ = a/i'(2 - m) {I)PflZI){PIV). ...(1 a) 
Eliminating zJ'jliP between (1 a) and (3), we obtain the equation 
for M", 

144iV {M" tan a/W)2= ^/i'D(P/F)/(2 - m) (14) 

The value of M" obtained from this equation is the same as 
that given by equation (3), or (12), or (13), but requires correction, 
as shown by (13), for the effect of discontinuity of expansion on 
the values of VJ and F„/', by dividing M ", as given by (3) or (14), 
by the square root of the product of the correction factors, 
1 -1- Z)F/4iVF„/ and 1 + PF/tA^F,,/', which may usually be taken 
as equal to either factor separately, when the correction is small. 

In applying these equations, the value of is first found from 
(1), (2), and (8) in the usual way, which will give sufficiently accurate 
values of F" and m for finding F„/, VJ', and deducing the small 
corrections. But, except in extreme cases, the corrections may 
usually be neglected. 
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Another instructive method of obtaining equation (1-1.) for 
M" , when a is constantj is to write the equation for a single step 
in the form 

aV^dP = {zlVf V'-~u^l2Jg = {zjVf VJ (1 + dVjVj 

where is the mean value of V required in aVdP, and V" the 
final value for the step considered. The ratio zjV is constant, and 
proportional to M, as shown by equation (6). The correction factor 
1 + dVjV^^ is taken as a sufficient approximation to 
Transferring to the left side of the equation, and integrating 
dP/V^ on the assumption PV = kP"^ for the 2N steps of the ex- 
pansion, the equation takes a form identical with (14) except that 
the correction factor for M" becomes 1 + logg rjiN, where r is the 
expansion-ratio. This factor is practically the same as that previously 
given, but is a little less accurate in extreme cases. The correction 
factor must be omitted from the value of M" required in equation 
(3), Conversely, the observed value of M must be multqjlied by 
the correction factor before insertion in (3) for finding zj' and BE, 
when BP and M are known. 

As a numerical example of the application of these corrections 
in an extreme case, we will take the expansion previously con- 
sidered, with X = 853 sq. in., Z = 2-480 cals. C., but we will 
suppose the pressure-range extended from P'= 164-7 (dry sat.) to 
P"= 63 lbs. abs., making the logarithm of the pressure-ratio four 
times the normal. We will also suppose the number of stages reduced 
to a quarter, N = 4 in place of 16, the speed u being doubled to 
keep the same. The corrections in this case mil be about 
twenty times as large as for the normal range, and will afford a 
better test of the accuracy of the method of calculation. Since the 
value of / is unimportant for the present purpose, we may put 
f^= f"= 1. The numerical formula for M from (13) becomes 

M2= BQmlaVdPjVJ. 

From equations (1) and (2), with a preliminary estimate s = 4, 
we find as a second approximation, 

s - 4-174, BE = 18-22, BaPV = 4-33, 

jaVdP = 43-21, VJ = 4-131, V" = 6-612. 

Whence, by substitution of this value for 2 in (3), with a = 70°, 
we obtain M = 364-2, which is the correct answer for the case in 
which the blade-angles are adjusted by the condition 

V tan a — V^' tan 70°. 
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The same result is obtained from (12) or (13) by putting 

as found above. No correction for pressure-rang’e or discontinuity 
is required with this method of adjusting the blade-angles. The 
mean of the actual values of tan cc for the separate blade-rings will 
not be tan 70°, but is readily obtained, if required, from the mean 
of 1/V, since (tan a)„,= F,/ tan 70° (1/F)^, where 

(1/F,U= 1IVJ+ D (l/F)/4iV^ 

giving (tan a)„j= tan 70° (1 - 0-0536). If the actual mean value 
of tana were given as tan 70°, the value of M would require 
reduction by the same factor, gmng M = 364-2 - 19-5 = 344-7. 
When s is constant, the values thus obtained will be exact in the 
case of dry steam, because the expansion curve coincides so very 
closely with the type PV = /cP™, giving F,/= jVdPjDP for the 
required value of F,^. They will also be practically exact for saturated 
steam in the present case, because the actual expansion curve, 
with DH = 18-2, falls only 7 cals. C. below the saturation line, 
so that there would be little change of volume even if the steam 
did not remain dry and supersaturated, as would probably be 
the case in practice. 

For the case in which a is constant, we must substitute VJVJ' 
for in equation (13), and for in equation (1), because 

the variation of z is considerable when the pressure-range is large. 
Using the value of V" already found at P"= 63, with 
m - DaPVjlaVdP = 0-1002, 

we obtain F„/'= 3-896 from (7), giving zj'= 4-053 from (1 a). 
This requires a smaller value of DH from (2), and gives finally, 

DH = 17-62, laVdP = 43-29, VJ - 4-138, 

V" = 6-635, F,„" - 3-900, D{PIV)= m-Q5. 

With??i = 0-0970 (corrected), we obtain M”= 374-8 either from (13) 
or (14), uncorrected for discontinuity of expansion. The correction 
factor 1 -+■ Z)F/4NF„j= 1-0556, which gives finally 
M = 374-8/1-0556 = 355-0. 

The correction factor 1 -f log^ r/4iV comes to 1-0543, and gives 
M = 355-4. 

It will be seen that the correction for discontinuity becomes 

* B (1/F) = 1/F"’'-1/F'= -0-2078 (negative), excluding the initial value 1/F', 
but including the 6nal value l^F", in the mean (1/F)m. 
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quite appreciable in extreme cases wlieu the [iressurc-riuiec is 
large and the number of stages small, but the rc(iuired correctiuii 
is easy to apply, and the whole calculation is very similar to hiuling' 
the discharge through a nozzle when tlie pressure-rat>o is less than 
the critical. It will also be observed that the arrangement with 
s constant is appreciably more ellicient than with a constant for 
large pressure-ranges, giving in the present case a larger heat-droj), 
18-22 in place of 17-62. But for the usual range of one expansion, 
neither the correction for discontinuity nor the difference of 
efficiency may be expected to exceed a fraction of 1 per cent. 
Both may safely be omitted unless either is the subject of special 
investigation. 

154. Step by Step Method. When a is constant and M 
is given, it is comparatively easy to find the correct result for any 
pressure range or value of N by calculating each step in succession, 
especially when the number of steps is small. This method is useful 
and instructive as a verification of the corrections required in the 
case of the continuous integral, but would be unnecessarily tedious 
for practical application, because the separate steps have to be 
calculated to the same order of accuracy as the final result in order 
to avoid cumulative errors. 

Taking the previous case as an example, with eight steps, and 
M = 855, we have for each step the relations, 

jaVdP = 0-30064r"2 ...(1), DH = 0-310 (23 - 1) ...(2), 
and s = 0-9S45F"... (6). 

The simplest way of performing the verification is to start with 
the final state and work backwards, since V" and z" and DII are 
given for each step in this case. But it is more instructive as an 
exercise in interpolation to start with the initial state, because h 
has to be estimated for each step in advance. 

The procedure is as follows. Estimate V , giving z from (6), 
DH from (2), DaPV or DPV from (9), whence D log PF. 
Log {P'lP") is then found from (1) by writing it in the form 

P log P = 0-30064F"2 2 ) log PVIDaPV, 

giving log P and P”. F" is then calculated from P” and fi - P as 
a verification. If the result differs from the first estimate of F , 
the calculation should be repeated with a second estimate, from 
which the correct result can always be found by interpolation, if 

24 


0 . s. 


370 PROPERTIES OF STEAM [ch. 

no mistakes have been made. The following table shows the arrange- 
ment of the w^ork, but no interpolation was required, ^ except in 
the last step, where it was necessary owing to the rapid increase 
of V", and the difficulty of estimation. The first line of the table 
gives the initial state. The first column gives, first the estimated 
value of F", and second that found from P" and H — B at the end 
of the calculation for the step. The differences DH, DaPV, and 
D log P, are found with the slide-rule as already indicated, but the 
difference under log aPV is obtained from the difference of the 
logs of the initial and final values of aPV, which difference must 
be" taken to four significant figures to give sufficient accuracy 
in the calculation of D log P. The differences of P are not required 
in the calculation, but are given to show the rapid increase. 


Table II. 

Step-by-step Method, with eight steps, a == 70°, M ~ 355, 
X = 858 (F.P.C.). 


No. 

V" 

z 

E-B 

aPV 

log aPV 

log P 

P 

P/F 

laVdP 

0 

2-785 


203-54 

47-17 

(iimm 

21669 

164-70 

59-14 


1 

2-920 

2-875 

1-472 

0-351 

003244 

02368 

8-74 

5-72 

2-562 


2-919 


202-068 

46-819 

670422 

19301 

155-96 

53.-42 


2 

3-080 

3-032 

1-570 

0-374 

003483 

02656 

9-24 

5-75 

2-852 


3-078 


200-498 

46-445 

666939 

16645 

146-72 

47-67 


3 

3-270 

3-220 

1-687 

0-402 

003775 

03019 

9-86 

5-83 

3-215 


3-271 


198-811 

46-043 

663164 

13626 

136-86 

41-84 


4 

3-514 

3-460 

1-836 

0-437 

004142 

03519 

10-66 

5-92 

3-713 


3-514 


196-975 

45-606 

659022 

10107 

126-20 

35-92 


5 

3-832 

3-773 

2-029 

0-483 

004624 

04226 

11-70 

6-04 

4-414 


3-832 


194-946 

45-123 

654398 

05881 

114-50 

29-88 


6 

4-282 

4-216 

2-304 

0-548 

005307 

05337 

13-24 

6-22 

5-511 


4-281 


192-642 

44-575 

649091 

00544 

101-26 

23-66 


7 

4-997 

4-920 

2-741 

0-652 

006399 

07366 

15-80 

6-55 

7-505 


4-997 


189-901 

43-923 

642692 

93178 

85-463 

17-11 


8' 

6-600 

6-497 

3-719 

0-887 

008860 

13078 

22-221 




6-618 


186-182 

43-036 

633832 

80100 

63-242 

7-62 

13-257 

8'' 

6-700 

6-596 

3-870 

0-901 

009001 

13482 

22-807 




6-674 


186-031 

43-022 

633691 

79696 

62-656 



8° 

6-641 

6-538 

186-12 

43-030 

633771 

79934 

63-00 

9-49 

43-029 


It will be seen that the results agree very closely with that found 
by the integral method. The final pressure being the same, the final 
volume differs by only 1 in 1000. The differences of P/F are nearly 
constant at first, but increase somewhat rapidly towards the end. 
The value of V" required for the next step in each case is most 
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readily estimated from aPF/(P/F), since PF changes slovly. Tims 
to estimate the value required for the fourth step, the drop of 
P/F was estimated as 5-93, giving P/F = 35-91, and the value of 
PF was estimated as 45-61/a, giving F- = 9-722 x 45-61/35-91, or 
F = 3-514, which came out right. The value of JaFdP from the 
table comes out 43-03, which is only 0-25 less than that calculated 
by the integral method, in spite of the wide range of variation of 
m shown by Table II, from 0-1370 for the first step, to 0-0674 for 
the last step. The percentage error in VJ is the same as that in 
^aVdP, but that in VJ' is somewhat greater owing to the error 
of the assumption that the intervals of P/F are equal. As a result, 
the actual mean value of zj' from the table, namely 4-004, is 
somewhat less than the value 4-053 calculated from F„/', and the 
actual heat-drop DH = 17-42 is also less than the calculated value, 
DH = 17-62, but this makes an error of only 1 in 1000 in the final 
volume, the effect of which on D {PIV) or M is inappreciable. 
Since the integral method is capable of giving a satisfactory result 
in such an extreme case, it is a reasonable inference that it will be 
sufficiently reliable for all ordinary purposes, although it may appear 
at first sight unjustifiable to apply such a method when the 
differences are so far from being infinitesimal. 

Equation (14) for M does not contain u explicitly, and the value 
of M will be independent of variation of speed except in so far as 
it affects DH and F". But if N is varied while Nu^ is kept constant, 
DH and V" will remain the same for a given pressure-range, and 
M will vary inversely as the square root of N, apart from the small 
correction depending on DVjlN. In this case the limiting value 
of My^N when N is large, depends only on the pressure-range, and 
the value of M for any value of N may be deduced from the 
limiting value of My'N by dividing it by y'^N and by the correction 
factor (1 -t DVIINVJ). The limiting value of My^N is readily 
obtained from (14), and will give good results in all practical cases; 
but when N is very small in comparison with the pressure-range, 
iV = 1, P'IP"= 3, the correction DV/lN ceases to be accurate 
because the difference between the mean volume and the final 
volume in each step can no longer be taken as equal to dF/2. If 
accurate results are required when N = 1, it is preferable to cal- 
culate the two steps separately, and is nearly as easy as woiking 
out the values of F" and m by the integral method. The integral 
method holds accurately in the limiting case when N is large, and 
affords a convenient standard of reference for other cases. 
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155. Maximum Value of the Discharge M. When the 
final pressure is reduced, keeping the initial pressure constant, for 
an expansion of N stages, the value of the discharge M reaches a 
maximum, as in the case of a nozzle, but at a much lower final 
pressure, owing to the loss of available energy in work and friction. 
The curves shown in the annexed figure illustrate the variation 
of M with increase of pressure-drop DP for the cases considered in 



the previous section, taking the initial pressure as 150 lbs. above 
atmospheric, or 164-7 abs. Up to a pressure-drop of 60 or 70 lbs 
or a pressure-ratio P7P"= 3/2, exceeding the limit usual in 
practice for a single expansion, the differences between different 
cases when the dimensions are given, rarely amount to so much as 
1 per cent., and are seldom worth considering for ordinary purposes. 
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Beyond this point the curves begin to diverge, and are of special 
interest from the theoretical standpoint. 

The curves in the figure are drawn for the dimensions A' = 100 
sq. in,, a = 70°, and Z = 10 cals. C. Since JSl is proportional to 
AT/tan a, corresponding values for other dimensions are readily 
deduced. The quantity actually plotted in curves (1) and (3) is 
not M, but the limiting value of M-\/N when N is large. The actual 
value of M for any particular value of N is obtained by dividing 
the ordinate of the curve by s/N, and by the correction factor 
1 + DV 1 4iNVJ when required. The upper curve, marked 1, in the 
figure represents the limiting value of M^^^N when a is constant 
as given by equation (14). There is a maximum at a low pressure, 
about 8 lbs. abs., but the values at such low pressures are somewhat 
uncertain owing to the variation of m. The order of uncertainty 
is roughly indicated by the thickness of the line. 

The intermediate curve (2) in the figure represents the effect 
of dividing the ordinates of the upper curve by the correction factor 
1 + Z)F/40F^' corresponding to N = 10, which has the effect of 
raising the position of the maximum to a pressure of nearly 
30 lbs. abs. The correction for any other value of N is readily 
obtained by a proportional reduction. The position of the maximum 
is further raised for lower values of N. The pressure at which the 
maximum occurs when a is constant is determined by equation (11) 
for the velocity of sound at the exit, and it is of interest to observe 
that this condition agrees in each case with the position of the 
maximum indicated by the application of the correction factor. 
Thus when N = 10, M-\/N = 90-6 corrected, M = 28-65, and 
condition (11) is satisfied at P"= 29-4 lbs. 

After reaching the maximum, the discharge w^ould remain 
constant for any lower final pressure, as indicated by the broken 
line in the figure. The interpretation of the falling part of the curve 
beyond the maximum is the same as in the analogous case of a 
nozzle. The ordinate of the curve represents in reality M-\/N tan ajX, 
and can be employed for calculating appropriate values of M, X, 
N, or tan a, to suit given conditions for any pressure-drop, with 
the same initial state and value of Z. 

The value of Z = Nu^jJg, makes comparatively little difference 
to the result for M. The value Z = 10 cals. C., may be taken as 
representing the case of a turbine of high speed and efficiency, just 
as the value Z = 2-48 cals. C., taken in the previous example, 
represents the case of a slow-speed marine turbine in which the 
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efficiency of the turbine itself is sacrificed to accommodate that of 
the screw-propeller. As an illustration of the effect of Z on M, we 
may employ the curve for Z = 10 to find M for the data of the 
previous example with F"= 63, X = 853 in place of 100, and 
A = 4. The ordinate of the limit curve at DP = 101-7 is 88-9, which 
must be multiplied by 8-53/2, giving 379 as the uncorrected value 
of ilf. The correction for iV = 10 is 2-2 per cent., giving 5-5 per 
cent, for X = 4. The corrected value of M is 359 with Z = 10, 
whereas the value previously found with Z = 2-48 was ilf = 355, 
The difference is due to the lower mean density resulting from the 
smaller heat-drop at the lower value of Z. 

The curve marked 3 in the figure represents the variation of 
M-\/N with BP for the case in which the blade-angles are adjusted 
. by the condition F tan a = FJ tan 70°. The divergence of this 
curve from the limit curve 1 for a constant is negligible at BP = 65, 
and amounts to less than 1 per cent, at BP = 90. The difference 
between curves 1 and 3 corresponds with the difference between 
F J' and F^', which increases rapidly at low pressures. The value 
of ilf for any given N is obtained by dividing the ordinate of curve 
8 by -v/iV, but the correction factor 1 + BFl4iNF^' is not required 
if the angles are adjusted by the given condition. The maximum 
in this case occurs at the same point, P'=^ 39-1 or BP = 125-6, 
for all values of N, and is determined from equation (12) or (13) 
by finding the position of the maximum value of BPjFJ, or 
BP^jJFdP, which gives the simple condition F"= 2F^' for the 
relation between the final volume and the mean volume when ilf 
is a maximum. Condition (11) for the velocity of sound does not 
apply in this case, because by hypothesis the discharge angle a 
is reduced, increasing the aperture at exit, whenever the final 
pressure is reduced. The cross-section of the throat is not constant, 
but is a function of the final pressure. Except in the case iV = 1, 
the velocity of sound cannot be reached until after the maximum 
determined by (12) or (13) is passed. 

For very small values of iV the result may be appreciably 
affected by different assumptions with regard to the distribution 
of the losses between blade-friction, carry-over, etc. The value 
/i'= 1, taken in the present calculation, is equivalent to supposing 
that the energy required to make up for blade-friction, and for 
the acceleration of the axial component 17, is supplied by energy 
carried over from the previous stage, since by equation (1) the 
whole of the available energy aF dP is expended in the tangential 
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component sw when //= 1 . In practice any such losses are included 
in the value of_^ determined experimentally, and it is inexpedient 
to attempt any further analysis. Since the steam must always be 
moving with at least the appropriate axial velocity at the beginning 
of each expansion, the assumption represented by equation (1) 
is justifiable provided that the pressure P' is measured at the 
beginning of each expansion, as would usually be the case, especially 
if the number of stages is reasonably suited to the pressure-range. 
The eases in which N is small and DP large are of little practical 
importance, but it may be worth while to take the maximum dis- 
I charge with N = 1 as an illustration of the limit of error of the 

j correction factor 1 -1- DVjmV^ in the most extreme case possible 

in practice. 

The curve marked 4 in the figure represents the application of 
) the correction factor 1 -i- DVjW^ for the case N = 1 to the limit 

I curve 1, and shows a maximum M = 73 at Z)P = 95. The step- 

by-step method (with two steps) for the same case gives the curve 
: marked 5 with a maximum M = 71-4 at DP = 87, with 5-14, 

satisfying condition (11) for the velocity of sound, which is not 
j exactly satisfied by curve 4. Otherwise the agreement of the two 

I curves is surprisingly close. 

k Although such extreme cases as are here considered cannot 

occur in the ordinary running of a turbine, they afford useful 
illustrations of methods of calculation, and show that the simple 
I equations (1), (2), and (3) are fairly trustworthy for ordinary 

purposes. The equations for the separate expansions can be utilised 
^ in actual tests by observing the pressures at intermediate points, 

which no doubt is frequently done though the results are too 
illuminating to publish. It would be comparatively easy to test 
the effects of variation of clearance, of modifications in the form 
of the blades, and of many other details of construction, which 
cannot be investigated satisfactorily without a reasonably simple 
theory including all the primary factors on which the effects depend. 

From the point of view of the present work, the most interesting 
effects would be those depending on the change of state of the steam, 
j which still remain obscure, but could be greatly elucidated by a 

I well designed series of experiments. There is already a strong 

presumption that the steam mil not follow the state of saturation 
' as generally assumed, but will remain practically dry and super- 

* saturated until a certain limit is reached. The actual j^osition of 

this limit is still uncertain, but it woidd in all probability be clearly 
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indicated by the pressure observations in conjunction with the 
known dimensions. Beyond this limit the theory is less certain, 
but the effects of initial superheat appear to show that a marked 
degree of supersaturation persists in rapid expansion. This would 
probably produce secondary effects on the flow, as explained in 
Chapter XVI, which do not appear to have been anticipated, and 
require further experimental tests for their proper elucidation. 

The case which most commonly occurs at low loads in the later 
stages and expansions, is a great reduction of the pressure-drop and 
of the velocity-ratio. A comparison of the observed and calculated 
values of the pressure-drop in such cases would afford a severe test 
of the applicability of the present theory, but there do not appear 
to be any published data directly bearing on this point. 


CHAPTER XV 




application of the analysis to a 
' complete turbine 

n \ ‘ ^ High-Pressure Turbine. Equations 

Oj, U), and (3) can be applied without modification to a complete 
turbine, provided that is nearly the same for each expansion, ' 

as IS usually the case under normal conditions of runniim For this 
; purpose it is necessary to know the speed and dimensions so that 

, ^ the values of the energy-constant Z = Nu^-/Jg, and of the expansion 

i' constant Z'= Nu tan ajX, can be found for each expansion. By 

I a ding the equations for all the expansions, as indieated by the i 

I symbol of summation S, we obtain for the whole turbine, | 

t Available energy, = (V///) SZ, ( 1 ) 

Heat-drop, XDH (2so - 1) SZ/", (2) 

i Pressure-drop, SPP = = {Mzjgf^) SZ', ( 3 ) 

where Sq is the mean value of 

I These equations may be employed in various ways, aceordino' t 

to the data available and the object of the investigation, either ' 

(1) for finding the efficiency and leakage constants from experi- 
mental tests in which the heat-drop, pressure-drop, and mass- 

flow, are observed, or (2) for estimating the probable variations of 
power, consumption, and efficiency, under different conditions 
of running, when the efficiency constants are known, or (3) for 
choosing suitable dimensions in designing a machine for any j 

particular purpose. " [ 

I I In experimental tests, it is always desirable to observe the [ 

I pressures at points intermediate between the several expansions I 

as a check on the state of the steam, and it may be necessary to ! 

calculate each expansion separately if the variation of becomes ^ 

excessive. When sufficient data are available, it is possible to find S 

:■ the systematic variation of /from one expansion to another, but i 

when this is not the case, some allowance can be made for the 
probable variation of /by assuming a formula of the type 1 - l"jx 
for/" as previously suggested, and finding the average value of I" 

I 
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from equation (2) when the whole heat-drop is known. It is also 
possible to represent the effect of leakage on the mass-flow by- 
inserting a similar factor 1 — I'jx in equation (3) from which V 
may be found if/^' is loiown and M is observed. It seems probable 
on theoretical grounds that V should be less than I" in the ratio 
of 2 to 3 nearly. Both can be found if this ratio is assumed. 

It is of interest to compare these equations with rules commonly 
employed in design, such as those given in Engineering, Dec. 13, 
1907. Such rules depend in the main on assuming a normal type 
of blade, and a suitable value of the ratio of steam-speed to blade- 
speed for the purpose required. 

Number of stages. A rule commonly given for finding the 
equivalent number of stages for a complete marine turbine in 
terms of the diameter D of the H.P. rotor, is 

N, = 5-5 X 10^/D^R\ (4) 

where D is the diameter in feet, and R the revs./min. The equivalent 
number of stages, allowing for variation of u in different sections 
of the turbine, is defined by the condition, 

NeUj_^ = UNu^, where %= ttDR/GO ft./sec (5) 

Thus, if the diameter of the L.P. rotor is '\/2 times that of the H.P. 
the actual number of stages on the L.P. rotor will be about half 
that on the H.P. if the power is to be equally divided between the 
two. 

Equation (1) of the previous page may be written in the form 

N, = (SAw2)/w,2 = Jgf'jaVdP/iTTZ^DRlGOf, (6) 

which, with f'= 0-883, reduces exactly to the rule above given, 
if the available energy appropriate to the usual pressure-range is 
taken as 340 B.T.U. -with J = 778, provided that Zq = 2-25 is 
assumed as a suitable mean value of the speed-ratio, corresponding 
nearly with an initial value 2 for each expansion. It is justifiable 
to treat the available energy and Sq as constants in a particular 
case of this kind, but the general equation (1) has the advantage 
of showing how the numerical value of the constant must be 
modified to suit any other pressure-range, or velocity-ratio, or 
condition of the steam. 

Steam-Speed. With defined as (ZNu^)juf, and z^ the same 
(but not necessarily 2-25) in all the expansions, the fraction 
of the whole energy is available in the first expansion containing 
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Nj stages. Equation (1), applied to the first expansion, gives for 
the mean exit velocity U/ of the steam from the blades, 

z^tq/sin a = {Jgf^laVdPllS! ^ sin^ a)i /2 ^ 29 IS/N// 2 , ...( 7 ) 

which is independent of u or z separately. The nimierical value 
2918 for the constant assumes the whole available energy to be 
340 B.T.U., but the constant evidently varies as the square root 
of laVdP. This mmierical formula is commonly quoted with the 
value of the constant 2700 or 3000 according as the expansion 
ratio is less than or greater than 64 (Sothern, Marine Steam Turbine, 
p. 60), but it seems better to take the constant proportional to 
{^aVdPfK 

The chief difficulty in finding examples for the application of 
these equations lies in the scarcity of suitable published data. The 
majority of tests give only the speed and consumption, in relation 
to the initial state and final pressure, without any details of di- 
mensions. On the other hand, many details of dimensions exist, 
but these are usually more or less incomplete, and corresponding 
tests of performance are lacldng. In the case of marine turbines, 
there are great difficulties in the way of obtaining reliable observa- 
tions of consumption and power, and there is often little or no 
indication of the manner in which the results were estimated, or 
of the order of accuracy to be expected. For this reason many of 
the following examples must be taken rather as illustrations of 
methods of calculation, which could be applied if complete details 
were available, than as definite results of experimental tests. 

As an illustration of some of these difficulties, we will take one 
of the trials of H.M.S. Dreadnought, which was the subject of many 
tests as being the first large battleship to be fitted with turbines. 
There were two complete turbines, port and starboard, each divided 
into two parts, H.P. and L.P., driving four shafts in all. The total 
steam was estimated from the feed-pump, but part was employed 
for driving auxiliaries, the exhaust from which in some trials was 
taken through part of the L.P. turbines. 

In one of the full-speed trials, the steam to the main turbines, 
excluding auxiliaries, is given as 356,000 lbs. per hour, equivalent 
to M = 49-45 lbs. /sec. for each H.P. turbine, rotor 68" diam., 
giving X = 189 sq. in. for the first expansion, with x = 7/8". 
Neglecting leakage, and taking V'= 2-78 at the exit of the first 
blade-row with effective aperture 0-3A, as given by Sothern 
{Marine Steam Turbine, p. 60) for normal blades, we should find 
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U'= 360 ft./sec. for the initial steam-speed, with u = 96-8 blade- 
speed at 322 revs./min., giving 3*72 for the ratio U'/u, and 3-5 for 
the initial value of s, or 4-0 for the mean value in the first expansion. 
High values of the speed-ratio are often ascribed to battleships on 
the ground of similar calculations, but would generally lead to 
impossible values of the available energy and incredibly low effi- 
ciencies. For this reason it is usually better to deduce 2 and M from 
the available energy, by equations (1), (2), and (3), which give quite 
a different result in the present case. 

HM.S. Dreadnought, 1906. Full-speed Trials. Starboard turbine. 

Boiler pressure, 241 lbs. (gauge), condenser vacuum, 27 inches. 

H.P. receiver pressure, 157-5 lbs. (gauge), L.P. receiver, 7-7 lbs. 
(gauge). 

H.P. turbine, 4795 shaft horse-power at 322 revs./min. 

L.P. turbine, 7480 shaft horse-power at 337 revs./min. 

H.P. rotor, 68" diam., with 6 expansions, each of 12 stages. 

L.P. rotor, 92" diam., with 6 expansions, each of 6 stages. 

The rule above given for the equivalent number of stages leads 
to = 144 at 345 revs./min. and H = 68", giving 72 stages for 
the H.P. rotor and 36 for the L.P., since the mean diameter of 
the blading is very nearly in the ratio 1 to ■\/2 for the two rotors. 
The blade-heights are selected to the nearest 1/8" to form a geo- 
metrical progression with a common ratio ■\/2, the annular area X 
of the first expansion of the L.P. being nearly the same as that 
of the last expansion of the H.P., because the steam velocity is 
increased in the ratio of the increase of diameter. The blade-height 
is the same, 11", in the last three expansions of the L.P., but the 
value of tan a is taken as 2-747 for normal blades in the fourth 
expansion, 1-943 for semi- wing blades in the fifth, and 1-374 for 
wing blades in the last, being reduced in the 1/^2 ratio for each 
expansion in place of increasing the blade-height. The blade-heights 
are given in the following table, in inches. 

Expansion number 1 2 3 4 5 6 

H.P. turbine ^ IJ If 2| 3-| 5 

L.P. turbine 3| 7| 11 11 11 

From which the values of the constants Z and Z' for each 
expansion are calculated at the above given speeds. The sums 
required in the equations are, 

15-68 
17-42 


H.P. turbine 
L.P. turbine 


S^ZIx %Z' 21/a; 

8-70 50-18 3-400 

2-38 5-94 0-769 
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Ihe sums of Z/x and 1/x are emploj’cd for estiniatiug the effect 
of tip-leakage on the heat-drop and mass-llow as explained below. 
Neglecting leakage and receiver-drop in tlie first instance, and 
assuming the state of saturation throughout the expansion, with 
the initial state dry saturated, we obtain the following approximate 
results for the H.P. turbine. 

Estimating DM as 54 cals. C. we find ^aVdP = 8S-G5 for the 
given range. 

From (1), 2^2 ^ 0-883 x 88-65/15-68 = 4-992, 2 ^ = 2-234, 

22o - 1 = 3-468. 

From (2), DH = 3-468 x 15-68 = 54-38 (neglecting leakage by 
omitting/"). 

From (3), M - g//x 149-8/2-234 x 50-18 = 38-18. 

Whence HP = 2'54<5MDH = 5247. 

Similarly for the L.P., mth DH = 59, we find faVdP - 95-44. 

From (1), 2 (j 2 = 0-883 x 95-44/17-42 = 4-837, = 2-199, 

22o - 1 = 3-398. 

From (2), DH = 3-398 x 17-42 = 59-20 (neglecting/" as above). 

From (8), M =g/i'x 20-9/2-199 x 5-94 = 45-45. 

Whence HP ~ 6846. 

Owing to leakage through the H.P. dummy, we should expect 
the flow through the H.P. turbine to be less than 49-45, namely, 
half the total feed to the main turbines, but the difference is 
exaggerated by the neglect of tip-leakage. In spite of the low value, 
M = 38-18, the power for the H.P. turbine comes out too high, 
5247 in place of 4795, because the heat-drop is too large, owing to 
the neglect of receiver-drop, and tip-leakage. In the case of the 
L.P., the apparent flow, M = 45-45, is much larger than for the H.P. 
owing partly to the auxiliary exhaust, which w'as estimated at a 
total of 27,400 lbs. /hour, or 3-95 lbs. /sec. for each turbine, and 
partly to the excess of H.P. over L.P. dummy-leakage. On account 
of the uncertainty of the feed measurements and the absence of 
information with regard to the equality of distribution between the 
port and starboard turbines, no great stress can be laid on the 
observed values of M. But the calculated values for different 
conditions will be relatively correct, and may prove instructive 
as illustrations of the effects of tip-leakage and supersaturation. 

It would evidently be desirable for accurate tests to measure 
the actual pressures at the first and last rows of blades, because 
the correction for receiver-drop necessarily depends on the arrange- 
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ment of the steam-pipes and valves, and cannot be included in 
the equations. The drop between the last row of blades on the 
H.P. and the first row on the L.P. is commonly estimated at 5 per 
cent, of the absolute pressure in the L.P. receiver, but is often 
larger. For the present purpose we will take the drop as 3 per cent, 
to or from each receiver, and 7 per cent, to the condenser, giving 
167 lbs. for the initial pressure and 23T for the final pressure on 
the H.P. turbine, with 21 -7 and 1’6 for the initial and final pressures 
on the L.P., but the low pressures are generally uncertain. 

If the calculation is repeated with the pressures as above cor- 
rected for receiver-drop, but otherwise on the same assumptions, 
neglecting the effects of leakage and supersaturation, we obtain 
for the two turbines, 

H.P. Zo = 2-198, DE = 53-12, M = 37-18, EP = 5023. 

L.P. Zq = 2-160, DE = 57-83, M = 44-53, EP = 6552. 

AU the values are necessarily reduced by receiver-drop, the 
loss of power amounting to nearly 5 per cent., but in spite of the 
low value of M, the power for the H.P. turbine is still higher than 
the observed value. The difference between the values of M for 
the two turbines remains nearly the same, and is very large as 
compared with the difference between the values of Zqj which differ 
by less than 2 per cent, in the opposite direction. 

Seeing that the difference between the mean values of for 
the two turbines is so small, it might naturally be expected that 
the value of would be nearly the same for all the expansions 
throughout each turbine. If were the same throughout, since 
ujX = Bj720x, we observe that the pressure-drop in each expansion 
would be proportional to 1/cc by equation (3), so that the pressures 
would form a geometrical progression in the inverse ratio of the 
blade-heights. But then the energy available in each expansion 
would vary nearly as PV, showing that the values of could 
not be the same for each expansion in the absence of leakage. 
Taking M = 37-18, as found above for the H.P. turbine, it is easy 
to calculate the corresponding values of and DP for the first 
and last expansions. The values are. 


First expansion. 
Last expansion. 


z^= 2-65, DP = 58-3] 
z^= 1-85, DP = 7-15] 


Leakage neglected. 


showing a considerable range of variation of z^. The values of 
DP, taken as proportional to 1/x, would be 48-4 and 8-46 respec- 
tively. Neglecting leakage and assuming cc = 70° (constant), the 
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design requires an expansion ratio of 9, whereas the actual ratio of 
V" to V is only 6. A lower final pressure would give a more nearly 
uniform value of z^, but the effect of tip-leakage, which is greatest 
in the first expansion and least in the last, reduces the actual range 
of variation of z^ to such an extent that it cannot be neglected in 
this connection. 

157. Effect of Tip-Leakage. In order to estimate this 
effect, we may suppose that the acceleration of the leaking steam 
is mainly in an axial direction, or that the tangential component 
of its velocity is unaltered, while the axial component is increased 
from U to U sec a by the available enevgj aVdP at each blade- 
ring. If I is the leakage clearance, the mass-flow of the leaking 
steam is represented by {Ijx) sec a {UX/IMV), which will be near 
enough to represent the mean of the leakages, under the fixed blades 
and over the moving blades, if I is the mean clearance, and if X 
is calculated from the mean diameter, 12D + x, of the blade-ring 
in inches, where D is the diameter of the rotor in feet as in (4). 

If there were no leakage, we should have the usual relation 
M = UA/144F. The increase of M due to leakage for a given 
pressure-drop, is represented by the fraction '{l/x) {sec a ~ 1), 
which may be taken to be the same for each blade-ring in any one 
expansion. Similarly the reduction of DP for a given value of M, 
may be represented by introducing the divisor 1 -1- 2llx (taking 
sec a = 3 for normal blades) in the value of Z' on the right hand 
side of equation (3), which has the effect of simply substituting 
X + 2l for X in the expression for Z', or Z". 

The effect of leakage can be investigated separately for each 
expansion when sufficient data are available, but, if only the whole 
pressure-drop for the rotor is given, we can still obtain a mean 
value of I, corresponding to the ideal case in which the clearance 
is uniform when the machine is hot. 

Since the effective length of the blades is reduced by I, while 
the mass-flow is increased as though x were increased by 2l, the 
ratio of the working steam to the whole steam wiU evidently be 
given by the fraction (1 — ^/«)/(l + for normal blades. This 
correction factor may be supposed included in the value of/" on 
the right hand side of equation (2), according to the definition of 
the reaction efficiency, XI, §126. If I is smaU and nearly uniform, 
we may substitute (1 - 3llx) for the correction factor m each 
expansion, so that the factor for the whole turbine becomes, 
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1 - 3/2 {Zlx)l'ZZ, which gives a simple equation for finding I if 
DH is known. Conversely it is easy to estimate the effect on DH 
of assuming different values of the clearance. 

In applying the correction for leakage to a complete turbine, 
it is in all eases preferable to observe the pressures at the inter- 
mediate points between the expansions, and to work the results 
for each expansion separately; but, if only the initial and final 
pressures are available, as in the present example, a prelirninary 
approximation may be obtained in the following way. Equation (2) 
presents no difficulties, because the values of DH and Z are nearly 
the same for each expansion, and the equations can be added, even 
if is not quite constant, without introducing material errors in 
the'mean. But, in equation (3), the values of DP and Z' vary 
widely from one expansion to another, and the summation cannot 
be performed satisfactorily by substituting the factor 1 — 2ljx for 
the divisor 1 + 2//«, which is the usual method of approximation 
in such cases. Transferring the correction factor 1 -f to the 
left hand side, and substituting Bl720x for u/X, equation (3) for 
each separate expansion takes the form 

{x -f 21) DP = MzJR tan aN/720gf^' (8) 

In adding the separate equations, it will often be permissible to 
rnake the approximation ^xDP = x.f^'ZDP, wheie ^jx^ is the mean 
of the values of Ijx, if N is the same for each expansion, as in the 
present example. If the values of N are different in different 
expansions, we have for the equation 

2AK, = -I- A^2/«2 + + etc (9) 

The sum of the equations for the separate expansions will be 

{x^+ 21) I.DP = MzoR tan a2iV/720g//, (10) 

in which 2DP is the whole pressure-drop for the turbine, and W 
is the whole niunber of stages. The equation in this form is con- 
venient to use, and will give fairly good results for the effect of 
leakage on the mass-flow, provided that Ijx is small, and that 
does not vary greatly. The value of M thus found can be verified 
by calculating the pressure-drop and for each expansion. The 
same equation can be employed, if M is known, to find the mean 
effective value of Z for the turbine, if a constant value of tan a 
is assumed. But in all such comparisons it is necessary to bear in 
mind that there may be accidental or intentional variations of 
tan a, which will alter the effective values of x, as in the case of 
the wing-blades in the L.P. turbine. 
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From the above investigation we arrive at the comparatively 
simple result that the mass-flow through the whole turbine for a 
given pressure-drop will be increased by the effect of tip-leakage 
in the ratio 2l)|x^y^ where is the mean effective blade-height 
as above defined, and I the leakage clearance. But this assumes 
that remains the same and is nearly uniform throughont the 
turbine. In point of fact there will be a small increase in the mean 
value of 2 ,^ for the whole turbine in consequence of the reduction 
of DH, which is easily found from equations (1) and (2); and there 
will also be a change in the pressure-distribution and in the varia- 
tion of , because the pressure-drop will be reduced in the earlier 
expansions and increased in the later if the whole pressure-drop 
remains the same. 

For the H.P. turbine in the present example, we have 
Sl/ai = 3-400, with 6 expansions each of 12 stages, giving 
6/3-400 = 1-765. Taking I = 70 mils = 0-070", as a probable 
mean clearance over the blade-tips for a turbine of this size, M is 
increased by tip-leakage in the ratio 1-905 to 1-765, or from 37-18 
to 40-18, which is about 8 per cent. The simultaneous reduction of 
the heat-drop from 53-12 to 47-20 increases the mean value of 

only from 2-194 to 2-204, giving M = 39-95, in the case of 
saturated steam. It will be seen that the change of both M and 
DH is considerable, but that the two are nearly independent of 
each other. The reduction of efficiency, depending only on DFI, 
amounts to 11 per cent. The horse-power is reduced from 5023 to 
4800, agreeing closely with the observed value 4796. 

The effect of tip-leakage on the pressure distribution in the 
present instance is to make the pressure-drop per expansion much 
more nearly proportional to l/x than could possibly be the case in 
the absence of leakage, as previously pointed out. The effect on 
the first expansion is considerable, reducing the pressure-drop from 
58-3 in the absence of leakage with M = 37-18, to 48-6, with 
I = 0-070" and M = 40, in spite of the increase in M. The value 
of z^ for the first expansion is simultaneously reduced from 2-65 
to 2-38. It is easy to calculate the expansions separately when the 
value of M is known. 

It must be admitted that the effects of tip-leakage in the 
earlier expansions when the blades are short may introduce some 
uncertainty in the results, but this only makes it the more necessary 
to have a simple and consistent theory for comparison with observa- 
tion. The method above given appears to be the simplest that can 
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be devised. Most authorities are agreed in taking the ratio of the 
working steam to the whole steam as 1 — Ijx to 1 + 2lfx, when 
the annular area factor is 3, for each blade-ring, whether fixed or 
moving. But since the leaking steam cannot contribute anything 
in either case to the impulse or to the reaction, it might appear 
at first sight as though the loss of efliciency should be doubled. 
Morrow {loc. cit, p. 76) takes this view on slightly different grounds, 
and gives the effective proportion of the working steam as being 
(1 — 3//a;)/(l -i- Sl/x), which makes the loss of efficiency twice as 
great as the expression (1 — l/x)/{l + 2l/x), in the limit when Ijx 
is small, and which leads to improbable results when Ijx is large. 
To take an extreme case, when I = xl2, the latter expression would 
reduce the efliciency to a quarter of the maximum, which is not 
unreasonable, but Morrow’s fraction would make the efficiency 
negative, whereas it is evident that there would still be some balance 
of useful work. Apart from secondary effects, which are difficult 
to estimate, it may be admitted that the steam leaking under the 
fixed blades could not add much to the reaction on the previous 
ring of moving blades or to the impulse on the succeeding ring, 
but the energy acquired by the leaking steam, being mainly in an 
axial direction, is carried over, and tends to increase the reaction 
on leaving the next moving ring. Similarly the steam leaking over 
the moving blades may contribute little or nothing to the impulse 
or reaction on the moving blade-ring itself, but the energy acquired 
in leaking is added to the energy of discharge from the next ring 
of fixed blades. The fraction (1 — llx)l{l -f 2Z/«) appears to be of 
the right order of magnitude to represent the relative drop in 
efficiency, giving (1 - Ijx) for the relative drop in power, and, 
although the absolute magnitude of I may be uncertain, the theory 
can hardly fail to give useful comparative measures of the effects 
of leakage when combined with experimental tests. 

158. Calculation for each Expansion in Succession. 

The results for each expansion are of special interest when the 
intermediate pressm’es are observed, because they tend to throw 
light on the state of the steam and on possible variations of blade- 
angle, or clearance, or mass-flow due to by-pass or leak-off from 
the dummy. In the absence of observations of intermediate pres- 
sures, the best that can be done is to assume uniform values of Z, 
tan a, and M, in the calculation of the pressure-distribution. 
The calculation will be made in the present case for the H.P. 
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turbine on the assumption that the state of the steam is dry and 
supersaturated throughout, which is possible, because the steam 
does not quite reach the Wilson limit. But owing to the great 
extent of the blade-surface in the later expansions, and the 
uncertainty of the limit at high pressures, it is very likely that 
condensation would set in before the last expansion was reached. 
This would be indicated, if the intermediate pressures were avail- 
able, by a marked change in the joressure-drop as compared with 
that calculated for dry steam. It is probable that the steam would 
remain dry in the present case for the greater j)art of the expansion, 
but even if the values for the later expansions may not correspond 
with the actual facts, the calculation will be instructive as an 
illustration of the method of working out successive expansions. 

The calculation for each expansion in the present example starts 
with a preliminary estimate of and DP from equation (8), with 
M = 40 and I = 0-070", giving the numerical relation 

(® + 0-140) DP = 20-752, (11) 

Thus taking z^'= 2-40 as a trial value for the first expansion, we 
have DP = 49-06 from (11) with ic = 7/8", and DH = 7-20 from (2) 
with/"= 1 — 0-210/ii’, whence 2 ,„"= 2-391 from (1), which suggests 
2 „j = 2-38 for the solution. When M is given, the correct solution 
for z^, as previously remarked, Chapter XIV, § 150, differs from 
the result of the first calculation of zj' from (1) by nearly the 
same amount as zj' itself differs from the first trial value zj 
assumed in (11), provided that the pressure-drop is small; but it 
is useful to have a more accurate rule for estimating the correct 
solution from the result of the first trial when the difference is large. 

Rule. To find the correct solution from the first trial, multiply 
the difference zj'- zj by 0-217PP/P", divide by 

log (P'/P") - 0-217PP/P", 
and add the result to 2 ,,,", with due regard to sign. 

This rule is easy to apply because the required factors DP, P" , 
and log {P'lP"), are obtained in the first trial to a sufficient degree 
of approximation; but it is necessary that the trial calculation 
should be made to the limit of accuracy required in the final result, 
and that the trial estimate of z^^' should be within 2 or 3 per cent., 
to get the final result to 1 in 2000 without repeating the calcula- 
tion. The numerical factor 0-217 is half the modulus of common 
logarithms, 0-434, log (P'/P") being taken from a table of common 
logarithms to the base 10. The rule is based on the assumption 
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that laVdP, being equal to aP„^V„^log^P'/P", varies nearly as 
log (P' IP"), since PV changes slowly. The rule has the advantage 
of showing immediately if the value of M assumed in (3) exceeds 
the limit of possible solution, since the maximum value of M 
corresponds to the condition log {P'jP") = Q 217DPJP" , very 
nearly. 

As an example of the application of the rule, if we assume 
2-40 for the second expansion, with x == 1-25", and P'= 118-4, 
we find from (11) DP == 35-79, P''== 82-61, log {P'jP") = 0-15632, 
and 0-217DPjP"= 0-094. Equation (1), with Z = 2-522, and 
aP'V'= 45-58, gives zj'= 2-372, showing a difference 

~ 0 - 028 , 

which (by the above rule) when multiplied by 0-094/0-062, gives 
— 0-042 to be added to 2-372, leaving 2-330. The final value, 
2 ^ = 2-330, when tested, is foimd to be correct to the last figure, 
and gives DP = 84-74, P”= 83-66, from (11), DH = 7-68 from (2), 
whence DaPV ~ 1-82, and aP"V"— 43-76, as required for the 
initial state in the next expansion. 

The results for the several expansions with M ~ 40 are as 
follows. 


Table III. 

H.P. turbine. M = 40, P'= 167, H'= 668. State, dry supersaturated. 


No. 

jaVdP 


i DH 

/ 

DP 

P" 

xDP 

aP"V" 

1 

15-98 

2-378 

7-12 

0-446 

48-60 

\ 118-40 

^ 

42-5 

45-58 

2 

15-51 

2-330 

7-68 

0-495 

34-74 

83-66 

43-4 

43-76 

3 

15-44 

2-309 

8-14 

0-528 

25-34 

58-32 

44-4 

41-86 

4 

14-47 

2-212 

8-20 

0-566 

17-40 

40-92 

43-5 

39-95 

5 

13-57 

2-112 

8-15 

0-600 

12-03 

28-89 

42-1 

38-06 

6 

11-48 

1-902 

7-52 

0-650 

7-68 

21-21 

38-4 

36-32 


86-45 

2-205 

46-81 

0-542 

2DP-- 

= 145-8 

42-38 

10-97 


The last line gives the sums and means. The last column gives 
the values of aP"V" required in the calculation, and DaPV for 
the whole turbine. The small corrections for the difference between 
VJ and VJ', and for discontinuity, are here neglected, because 
they are nearly equal and opposite as explained in the last chapter, 
§ 148. 

If the final pressure P" is given, there is a considerable advantage 
in working the above method backwards, starting with the last 
expansion, especially if the flow through the last expansion ap- 
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preaches the limit of diseharge. The final pressure cannot in any 
case be determined satisfactorily from the mass-flow, because M 
is nearly independent of the final pressure, in the majority of 
practieal cases, for a complete turbine. Moreover the rule above 
given for finding the correct value of z.„j for eaeh expansion from 
the result of the first trial estimate, works more accurately back- 
wards than forwards. To work the rule backwards, when P" is 
given and P' is sought, it is merely necessary to substitute 
0’217DPfP' in place of 0-217Z)P/P''. This has the advantage that 
the correction to is always smaller than the difference zj'— zj 
instead of larger, so that the work is more accurate. Moreover a 
considerable error in the estimated value of the final pressure for 
the whole turbine will make very little difference to the value found 
for the initial pressure, if the value of M is nearly right; and the 
trial value of M, if uncertain, is readily corrected for small errors 
by the consideration that it will vary nearly as the square root of 
P'lV. 

When the initial and final pressures are observed for each 
expansion in addition to the mass-flow for the whole turbine, equa- 
tion (8) serves for determining the probable value of {x + 22)/tan a 
for each expansion separately, if I and a are not assumed to be 
uniform throughout the turbine. The mean value of I can be in- 
ferred independently from equation (2) if the heat-drop for the 
whole turbine is known. There will always be a margin of uncer- 
tainty in deducing small variations of I or a from small differences 
of pressure observed in experimental tests, but if the calculations 
are made on a eonsistent plan, the values found can be employed 
for deducing the effect of other variations of condition on the 
assumption that I and a remain constant for each expansion, and 
the results of such calculations will in all probability be of the 
same order of accuracy as the original observations from which 
the values of I and a were deduced. The chief source of uncertainty 
arises from change of state of the steam, but as a rule the point 
at which this occurs will be clearly indicated by the observations. 
The table shows that the range of variation of for the separate 
expansions, which was found to be 2-65 to 1-85 in the absence of 
leakage, is greatly reduced by assuming I = 0-070", and could be 
further modified by admitting a larger value of 1. But the excessive 
drop of in the last expansion is chiefly due to the raising of the 
final pressure by the auxiliary exhaust and II.P. dummy leakage. 
The design of the turbine would require a larger expansion ratio 
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and a much lower final pressure to make the same for the later 
as for the earlier expansions. The final pressure in the table, with 
M = 40 and I = 0-070", comes out 21-21, but a small variation in 
either M or I will make a considerable difference in the final pressure. 
The table gives a good idea of the probable limits of variation of 
and ceBP under the conditions assumed, and the effect of small 
variations of M or I is readily estimated without repeating the 
calculation for the separate expansions. 

For example, the rough estimate of M by the method of the 
preceding section was made for saturated steam, and would be a 
little different for supersaturated, as assumed in Table III. But 
by making due allowance for the variation of and xDP as shown 
in the table, it is possible to estimate the error in M due to assuming 
and xDP constant. The mean value of xDP according to the 
table is 42-38. The mean value assumed in the integral method 
would be x^BPjQ = 42-91, which would give M = 40-50 in place 
of 40. The mean value of for the same pressure-range would be 
2-198, in place of 2-205 as shown in the table, which would increase 
the error, giving M = 40-62, as is easily verified by performing the 
calculation. 

The employment of equation (8) in the manner specified for 
estimating the effect of leakage on the mass-flow, though accurate 
for one expansion, is necessarily inaccurate for the whole turbine, 
unless 2 ^ is the same throughout, as previously explained. It is 
useful for rough estimates within certain limits, but would be quite 
inapplicable to a problem involving small differences depending 
essentially on the variation of z^, for example in calculating the 
small variations of M due to changes in the final pressure. For this 
purpose equation (8) must be replaced by XIV (14), as previously 
shown. 

159. Variation of Final Pressure. In considering the 
effect of variation of final pressure on the discharge through a 
complete turbine, with a pressure-ratio exceeding 4 to 1, it is 
possible to obtain good results, in spite of the variation of z,^, 
without calculating the expansions separately, by employing 
equation XIV (14), as in the case of a single expansion when the 
discharge-angle a is constant. This equation may be put in the form 

(144iV tan2 ajX^) = gf^'i:B{PIV)l{2 - m), (12) 
which is obtained by adding the equations for the separate ex- 
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pansions. Since rn is small compared with 2, and does not vary 
greatly, we may take the mean \mlLie 

m = log {P'V’IP"V'')llog {P'jP") 

(XIV, § 146) for the whole pressure-range. The sum of the values 
of the drop of PjV for all the expansions is simply P'jV'— P"IV", 
the difference of the initial and final values of PjV for the whole 
range. The value of the diseharge-constant, Z"— 144 tan- ajX^, 
for each expansion is independent of the speed, and is readily 
corrected for the effeet of leakage on M by dividing each value of 
Z" before addition by the appropriate factor (1 -j- 2ljx)'^. The cor- 
rection for discontinuity of expansion is much less important than 
in the case of a single expansion with an excessive pressure-range. 
It will be nearly the same for each expansion under normal con- 
ditions, and is easily applied as a final correction to the value of 
M by dividing it by the factor 1 -I- log^ r/4SiY, where SN is the 
whole number of stages, and r is the whole expansion-ratio V'/V'. 

As a numerical example of the application of this equation, we 
may use it to calculate the value of M for the above H.P. turbine 
under the conditions assumed in Table III of the last section, with 
the same final pressure 21-21. From equations (1) and (2) in the 
usual way we find the following values : 

JaFdP = 85-70, Zq = 2'19S, DH = 47-03, whence V"= 16-62 
supersaturated. 

P7F'= 60-65, P''IV"= 1-28, D {PIV) = 59-37, m = 0-1288, 

2 - m = 1-8712. . 

The required value of SZ", corrected for leakage with Z = 0-070”, 
comes out 0-5561, giving M"= 40-27. The correction for dis- 
continuity of expansion, with V"IV'= 6-04, and SN = 72, is 
obtained by dividing M" by the factor 1-0063, which gives finally 
iJf == 40-01, in agreement with the value M = 40 assumed in 
calculating the pressure-drop for the expansions separately by 
means of equation (11). 

It will be seen that equations (11 ) and (12) are exactly consistent 
when each is employed for its proper purpose. Equation (11) is 
the most eonvenient to employ for finding the pressure-drop, etc. 
in successive expansions when M is given, but is unsuitable for 
finding M for a complete turbine with a large pressure-range unless 

happens to be constant. Equation (12) is the most appropriate 
for the latter purpose, since it does not assume the eonstancy 
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of and is better adapted to the case of a complete turbine 
than to that of a single expansion with a large pressure-range. 

It follows from equation (12) that the curve representing the 
variation of M with increase of DP for a complete turbine is very 
similar to that marked 1 in Fig. 33, since the correction for dis- 
continuity is small owing to the large number of stages. The varia- 
tion of M with change of final pressure will be very small, since 
P"jV" is small compared with P'lV. Thus if the final pressure in 
the last example is 23T in place of 21-21, we find 15-38, 
P"IV"= 1-50, D (P/V) = 59-15, 2-m = 1-869, whence ilf = 39-96 
corrected, in place of 40. The discharge becomes practically inde- 
pendent of the final pressure when the expansion ratio is large. 

The maximum value of the discharge will evidently vary nearly 
as the square root of P'jV', as in the case of a nozzle, and inversely 
as the square root of the discharge-constant SZ", corrected for 
leakage. The curve marked 1 in Chap. XIV, Fig. 33, corresponds 
approximately with the discharge of supersaturated steam through 
aH.P. turbine with initial state P'- 164-7 lbs. abs. dry saturated, 
and with a discharge-constant SZ"= (12 tan a/lOO)^ = 0-1087, 

= Is or 0-0960 for^'= 0-883, as assumed in the last example. 
Taking the maximum ordinate of the curve as 96-5, and omittino- 
■\/N which is included in Z", the maximum discharge for SZ"= 0-556 
would be 40-1 Ibs./sec. at P'- 164-7, or 40-6 at P'= 167lbs. But 
the actual value will also depend to some extent on the state of 
the steam, and on the speed, in so far as the conditions affect the 
values of V" and m. Thus V" will be smaller and m larger for 
supersaturated than for saturated steam. The reduction of w, as 
show^n by equation (12), will tend to reduce the values of M for 
saturated steam as compared with the values given by the curve, 
Avhich is drawn for dry supersaturated. 

By way of comparison we may calculate the flow through the 
same H.P. turbine in the case of saturated steam, taking the 
same conditions as in Table III with the final pressure 21-21. Equa- 
tions (1) and (2) give the data: mean z,,, = 2-244, 'ZDH = 48-3 
2 - 77Z = 1-9142_, 18-16, D (P/V) = 59-48. Substituting these 

values in equation (12) we find M = 39-60 corrected. 

Having found the flow, it would be possible to calculate the 
expansions in succession, as in Table III, by way of verification 
using equations (1), (2), and (3). But the calculation is more 
troublesome in the case of saturated steam than in the case of 
dry steam, owing to the necessity of continual reference to the 
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tables and of interpolation for finding the volume of the wet steam 
from the heat-drop. For this reason, among others, the following- 
method is preferable in point of expedition, and is sufficiently 
accurate for all practical purposes, besides being most instructive 
as an independent method of calculation for the separate expansions. 

It is evident from equation (12) that the drop of P/F in each 
expansion is proportional to the value of the discharge-constant 
Z" for the expansion considered. The drop of PjV is proportional 
to the drop of which is easity calculated for each expansion 
by dividing the difference between the initial and final values of 
P^ ™ in the same proportion as the separate values of Z" bear to 
their sum. With the values above given of P', P", and 2 — rn, we 
have P'2-m = 17978 , P"2-m _ 349.2^ difference 17632 . Each value 
of Z" has to be multiplied by the ratio 17682 / 0-5561 to find the 
corresponding value of the drop of p2-»g as in the following table. 


Table IV. 

H.P. turbine. Saturated steam. H'= 668, P'= 167 , P"= 21-21. 


Expansion No. 

1 

2 

3 

4 

5 

6 

Z" {1 = 0-070'fi 
D (P2-'»‘) 

0-27040 

8574 

0-14264 

4522 

0-07605 

2411 

0-03813 

1209 

0-01950 

618-3 

0-00938 

297-5 


pi-m 

Log pa- 

LogP 

P 

DP 

DH 


17978 

4-2547 

2-2227 

167-0 


9404 

4882 

2471 

1262 

643-7 

346-2 

3-9733 

3-6886 

3-3929 

3-1011 

2-8087 

2-5393 

2-0757 

1-9269 

1-7724 

1-6200 

1-4673 

1-3265 

119-04 

84-51 

59-21 

41-69 

29-33 

21-21 


47-96 

34-53 

25-30 

17-52 

12-36 

8-12 

2-369 

2-336 

2-328 

2-251 

2-190 

2-032 

7-09 

7-70 

8-23 

8-38 

8-54 

8-22 


The values of p^-m are obtained from the differences given in the 
third line of the table by adding the final value 346’ 2 to the drop 
297" 5 in the sixth expansion, giving 643-7 at the end of the fifth, 
and so on. The values of P at the intermediate points between the 
expansions are found by taking the logs of p2-»«, dividing by 2 - m 
(with a Fuller slide-rule), and taking the antilogs. The pressure- 
drop DP for each expansion is obtained by taking differences, and 
the required values of and BH are then easily found from equa- 
tions (8) and (2) respectively, with the leakage factors x + 2 l, and 
1 — 3 l/x. The numerical value of the constant in (8) or (11) is 
20 - 54 , for saturated steam, in place of 20-75 for supersaturated, 
being simply proportional to M. As a rough verification of the 
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accuracy of the method, the sum of the values of DTI comes out 
48-2, ill place of 48-3 as calculated from the initial and final pressures. 

It will be seen that, when the blade-heights are in an aseending 
geometrical progression with a common ratio ^ 72 , the corresponding 
values of Z" form a deseending geometrical progression with a 
common ratio 1 /2, to a similar degree of approximation. The value 
of Z" for the first expansion is nearly as large as the sum of the 
remainder, and is the most important in determining the diseharge. 
The value of M for saturated steam is only 1 per cent, less than for 
supersaturated, because the volumes are nearly the same in the 
first expansion, as previously remarked. The reduction is mainly 
due to the reduetion of m from 0-0938 supersaturated, to 0-0838 
saturated. The fall of 2 ^ in the last two expansions is less pro- 
nounced in the case of saturated steam {S) than in Table III for 
supersaturated {SS), because the final volume in Table IV is 
increased from 16-62 SS to 18-16 S, and the expansion ratio from 
6 SS to 6-6 S. The design of this particular turbine would require 
a pressure-ratio of 10/1, or an expansion ratio of 8-22, in the case 
of saturated steam, to make the value of approximately the same 
for all the expansions with the leakage correction above assumed. 
It is very likely that the H.P. turbine was designed to suit a pressure- 
range from 165 to 16-5 lbs. abs., with 16 lbs. to 1-6 for the L.P., 
but the conditions of the full-speed trials would correspond to an 
overload, with more work on the L.P. 

160. Maximum Discharge and Power. When the final 
pressure is reduced, keeping the initial pressure constant, the value 
of M will approach a maximum, which is finally reached when the 
velocity of exit from the last ring of blades is that of sound. If the 
final pressure is reduced beyond this point there is no further 
increase in the discharge or the power. The value of M reaches the 
limit very gradually and continuously as previously indicated, but 
the power increases with pressure-drop at a nearly uniform rate 
right up to the limit, at which point the increase terminates abruptly. 
The point at which the limit is reached is beyond the practical 
range, but the limit is of praetical interest in relation to the 
character of the power curve as affected b}^ variation of final pressure. 

If we eliminate z^" between equations (2) and (8), we obtain 
the power M"DH (omitting the constant for reduction to horse- 
power), for each expansion, 

M"DH = [2kDP - H- 2l)] (x - 1) Z, (13) 
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in which h represents the constant jN R tan a. This equation 

shows that the power for each expansion is nearly a linear function 
of the pressure-drop DP when M is approaching the maximum. 
The power for the complete turbine will also maintain approximately 
a linear eharacter in relation to the pressure-drop, up to the limit 
at which it ceases to increase with further drop of pressure, pro- 
vided that the speed remains constant. 

As the limit is approached, the steam -velocity increases rapidly 
in the last expansion with a high value of , so that the heat-drop 
for the whole turbine cannot be found accurately by assuming 
constant. It is possible however to find accurate values, even at the 
extreme limit, by calculating the pressure-drop and for each 
expansion as in § 159, by the last method described. The limiting 
value of M is first estimated from equation (12) with any convenient 
low value of the final pressure. The application of condition 
XIV (11), for the velocity of sound at the last blade-ring, will then 
give a fairly accurate value of the final pressure at the limit. With 
this value of the final pressure, the values of at intermediate 
points are readily found, and the values of DP, s,,/' and DTI for the 
separate expansions are deduced as in Table IV. The smn of the 
values of DTI gives the required total heat-drop at the limit with 
considerable accuracy. 

To find the critical value of the final pressure for the H.P. 
turbine in the last example at 322 revs. /min. in the case of saturated 
steam, we have the limiting value of M, 39-95, as previously cal- 
culated. The value of X' in equation XIV (11) is 

(Z - TSttZ) cos a + ISnl = 403-5 sq. in., 

corrected for tip-leakage. The equation (11) gives P"IV"= 0-0338, 
whence P"= 3-37, if 2 - m = 1-919. The value P"= 3-4 will be 
a sufficient approximation for the present purpose. 

The following table gives the values of M, and of the total heat- 
drop UDII for different values of the final pressure P". The values 
in the second column headed M" are those given by equation (12), 
corrected for leakage, but with the correction for discontinuity 
omitted, as required in calculating z^" from DP. The correction of 
M for discontinuity is small, ranging from 0-26 at 3-4 lbs. to 0-23 
at 50 lbs., depending chiefly on the first expansion which is little 
alfeeted by the final pressure. The table also gives the values of zj' 
for each expansion separately to illustrate the effect of the variation 
of P", which is greatest in the last expansion. The value of 'LDH, 
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calculated from the mean value of for the whole turbine by- 
equation XIV (1 a), agrees very closely with that found from the 
sum of the separate expansions at P"= 16 when z^ is nearly the 
same throughout, but would be about 6 per cent, too large at 
P — 3‘4 and at 50, owing to the variation of z,^ which is assumed 
constant in (1 a). 


Table Y. 

FI. P. turbine. Variation of final pressure. Saturated, steam. 


P" 

1 M" 

'2DH 

: 

! .. 

^3 

1 ^4 

I 

1 

3-4 

1 40-20 

64-79 

I 2-385 

2-378 

2-428 

i 2-483 

2-740 

4-153 

10 

i 40-14 

57-83 

1 2-380 

1 2-365 

2-408 

1 2-428 

2-587 

3-083 

16 

1 40-00 

52-41 

2-369 

j 2-343 

2-364 

! 2-335 

2-374 

2-421 

23 j 

S 39-80 

47-12 

2-351 

2-308 

2-296 

2-205 

2-106 

1-905 

30 1 

39-52 j 

42-61 

2-330 

^ 2-264 

2-206 

2-053 

1-863 

1-555 

40 

38-97 

37-17 

2-282 

2-187 

2-071 

1-841 

1-572 

1-219 

60 1 

1 

38-27 

32-45 

2-229 

2-092 

1-919 

1-643 

1-331 

0-989 


The values of DP for the separate expansions are readily found, 
from those of s by equation (8) (aj + 21) DP = 0-51B%M"z^'\ In 
finding the separate values of DH from those of the expression 
for f" m equation (2) has been taken as (a - /)/(a + 21), with 
I = 0-070 , giving for Zf" the series of values 1-979, 2-141, 2-274 
2-406, 2-533, 2-687, at 322 revs. 

The curves in the annexed Fig. 34 illustrate the variation of 
1 the horse-powm-, H.P. = iREZ)£r/0-3928, (2) the mass-flow ilF, 
(3) the relative efficiency F , and (4) the consumption, C = 1414/SZ)iF 
m lbs. per horse-power hour, each being plotted against -the final 
pressureP", in Ibs./sq. in. abs., at a constant speed of 322 revs./min. 
with initial state P'= 167 lbs. abs., and H'= 668. The relative 
efhciency P^ is given in per cent, by the scale on the left, which 
also serves for M in Ibs./sec. The H.P. ranges from 8142 to 6588, 
and IS given by the same scale multiplied by 100. The consumption 
Ci^miges Rom 21-82 lbs. per H.P.FI. at P"= 3-4 lbs., to 43-57 at 
50 lbs., and is shown by the scale on the right. The curves 
^2 and Ca refer to the same ease when the speed is doubled, the 
other conditions remaining unaltered. These curves have been 
s 1 ed relatively to F^ and Cj to facilitate comparison. The values 
of as read by the scale on the left must be increased by 20 per 

cent., and those of Q read as by the scale on the right must be 
reduced by 10 lbs. 

The curve representing M approaches the limit at P"= 3-4 lbs. 
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very gradually, as previously explained, but that representing the 
IT.P. continues to rise at an increasing rate up to the limit, after 
which the IT.P, remains constant. The curve representing shows 
a rapid fall at low pressures and a marked increase for high values 
of P", tending to a maximum in the neighbourhood of P"= 70, 
beyond the range of the figure, and falling again at higher pressures 
to zero when DP is very small. 

The “ theoretical value ” of the consumption C is often estimated 
from the adiabatic heat-drop by assuming a constant value of F. 
The effect of this is shown by the broken curve marked Th, taking 
the actual value of F^ at 16 lbs. as the constant required. Owing to 



the wide range of variation of F with final pressure, this method is 
of little practical use. It makes the correction of C for variation 
of final pressure about 60 per cent, too large in the present instance. 
When the speed is doubled, the maximum of F, as shown by the 
curve F,, occurs at a much lower pressure, near 20 lbs., but the 
final drop of F is still strongly marked. The curves Fi , , I'eP^esent 

extreme cases. They are of interest chiefly as an fllustration of the 
futility of assuming F constant in cases of this kind. 


i6i Correction of Consumption for Change of Pres- 
sure. The performance of a steam-engine or turbine is commonly 
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stated in terms of the consumption of steam in lbs. per horse-power- 
hour, or other convenient units. The value of the consumption 
C is inversely proportional to the actual heat-drop BH, or to the 
adiabatic heat-drop BH^ multiplied by the relative efficiency F. 

C = k/BH = kjBH^ X F (14) 

The values of the constant k most commonly required in different 
systems of units are shown in the following table. 

G in lbs. per liorse-power-hour = 1414-3/Z)i? (cals. C.) = 254:6IDH (B.Th.U.) 
G in lbs. per kilowatt-hour = l8Q5-5jDH „ = 34:12jDH „ 

(7 in kg. per cheval-vapeur-heure = 632-4/Z)J? „ = 1138/DH „ 

G in kg. per kilowatt-hour = 8Q0-0jDH „ = \54z8lDH „ 

When the correction to the consumption for change of vacuum 
is stated or required in terms of cms. or inches of mercury, the 
following reduction-factors may be employed to reduce the readings 
of the vacuum-gauge to lbs. per sq. in., or kg. per sq. cm., as 
required in the (F.P.C. or F.) and (K.M.C.) systems of units: 

1 inch of mercury = 0-4910 Ib./sq. in. = 0-03452 kg./sq. cm. 

1 centimetre „ = 0-1933 Ib./sq. in. = 0-01359 kg./sq. cm. 

When it is required to calculate the changes of consumption 
for any given machine over wide ranges of variation of pressure, 
or superheat, or speed, the values of C should be deduced from those 
of BH calculated by the method explained in the preceding section, 
which will give fairly accurate results for any practical changes 
in the conditions from quarter load to 50 per cent, overload, or 
half speed to double speed, provided that there is no change in 
the state of the steam. But if sufficient data are available, or if 
the state changes from dry to wet in the course of the expansion, 
or if there is a change of M, it may often be desirable to calculate 
some of the expansions separately. On the other hand, in the case 
of small changes of conditions such as often occur in full-load tests, 
a much simpler method of calculation will suffice for practical re- 
quirements. 

The correction most often required in practice is the percentage 
change of consumption per unit change (1 Ib./sq. in. or 1 in. 
vacuum) of final pressure, when the conditions deviate slightly 
from the normal value of the final pressure for which the machine 
was designed. Assuming that the normal pressure range is defined 
as that which makes the value of nearly the same for all the 
expansions, a general expression for the percentage correction of 
the consumption for change of final pressure at constant speed, 
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is readily deduced from equations (1) and (2), and will apply with 
considerable accuracy to any kind of turbine, with any initial 
state or speed-ratio, provided only that the value of is nearly 
uniform. 

If we diflerentiate equations (1) and (2) with respect to P", 
and divide the differential of (2) b^^ that of (1) to eliminate dzjdP", 
we find an expression for dDFIldP", or (DHjC) {dCIdP"), which 
reduces to the form 

(100/C) {dCjdP") = - (lOO/D/C) {dDHIdP") 

= 100V'%l{2z,-l)VJDP (15) 

The expression on the left represents the required ])ercentage 
correction to C, which is the same as the percentage correction to 
Z)/L, but opposite in sign, because C varies inversely as DH. Of 
the quantities in the expression on the right, V" is the final volume, 
VJDP is the integral of VdP, and Sg is the mean value of for 
the whole turbine as obtained from equations (1) and (2) by the 
usual method under normal conditions when is nearly uniform. 

Since the form of the cuin^es in the last figure show's that the 
percentage correction to C per unit drop of final pressure is nearly 
constant up to the limit, the value given by the above expression 
will apply through a wide range, although the '\mlue of Sq is applicable 
to normal conditions only, and would not give BH or C very 
accurately at other points. The form of the expression shows that 
the percentage corr-ection will increase as Sq diminishes and the 
speed increases, but the consumption is reduced by diminution of 
2 over the usual range from z = 2-4 to s = 1-2, so that the con- 
sumption curves remain nearly parallel (as showm in the Fig. 84) 
when the speed is changed, although the ‘percentage corrections are 
different. The same expression is applicable to the vacimm-correciion 
of any turbine, but it is necessary to insert a niunerical factor to 
reduce BP to inches or cms. of mercury, if the correction is to be 
expressed in terms of mercury. 

The percentage correction of the consumption for change of 
initial pressure may be obtained in the same Avay as that for final 
pressure, and is given by the same expression, with the initial 
pressure P' in place of the filial pressure P”, and the initial volume 
V' in place of the final volume V" . The sign of the correction for 
initial pressure is negative because an increase of initial pressure 
tends to reduce the consumption. The correction per 1 lb. change 
of initial pressure is smaller than that for final pressure in the ratio 
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of F' to V", and is seldom required in practice, because the initial 
pressure is usually adjusted to some specified value. The correcHon 
or 1 per cent, change of initial pressure is obtained by multiplyinv 
the correction per Ib. by P'/IOO, and is greater than the correction 

'’'.“S'" pressure in the ratio of P'V to 

. If both initial and final pressures are increased by 1 ner 
cent., keeping the ratio P'/P" constant, the percentage reLtS 
of consumption will be {P"V"~ P'V) z, l(2z - O F 'DP i • ? 

The effect of increase of initial pressure on the pressure distri- 

toTto ee'™ f reduction of final pressure in that both 

tend to increase DP and z„ in the last expansion. The effect on 

a!ld is ™P°rt“rt, as previously illustrated, 

and IS taken into account in the formula for the consumption- 
coriection by the implied condition that the value of z, for the 
as expansion must be the same as the mean value for the whole 
turbine assumed m using the formula. The fulfilment of this 
condition is readily tested in any actual trial by observing the 

Suation iTf T «Pansion, which, according to 

quation (8), If IS constant, must be the same fraction of 

the who e pressure-drop SPP as the last expansion-constant 

j/(2zo 1) vanes from 3/4 when z^ = 1-5, to 2/3 when z. = 2 and 
mimshes with increase of z„ to a limit 1/2 when is very ikrge. 
The cormetion also varies inversely as the available energy uF 'DP 

tobL'a/'fof^ ^ high-pressure'’Ld:nS 

Imbine as foi a low-pressure turbine, or for a high-pressure non- 
condensing tuitaie. It also depends on the final volume V" for 
which the machine is designed, so that it is very useful to have a 
simple formula including all the conditions. 

As a numerical example of the application of the correction 
we may take the case of the H.P. non-condensing turbine for which 
1C consumption curves Q and in the last figure have already 
been calculated by a different method. For graphic illustration 
of a particular case, it appears best to plot the curves as already 
siown against the final pressure, but in comparing results it is 
moie convenient to state the effect of a given percentage change in 
he pressure, since the numerical values of the percentage correction 
are ,n that case more nearly of the same order of magnitude at 
different pressures. This method of expression is accordingly 
adopted in the following table, in which C„ represents the con- 
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st^Ln normal range with final pressure P/', 

starting m each case from P'= 167 lbs. abs. 

lable VI. Consumption Correction percentage of Cq 
for 5 per cent, change of pressure. 


al state j Results for Normal Range j Correction for o % of P 

V' 


H' 


V'DP z. 


0 , 


Dry 668 2-785 
Cl sat. 668 2-785 
SH 770 4-123 
Cg sat. 668 2-785 


21-51 

23-62 

33-56 

23-88 


919 2-307 27-82 

979 2-382 26-98 
1432 2-880 21-35 

980 1-191 18-38 


Initial Final Difp. 


1-62% 1-20% 0-42% 
1-50% 1-22% 0-28% 

1- 45% 1-13% O-320/o 

2- 10% 1-57% 0-53% 


tbmii 6 is dry supersatiwated 

hioughout the expansion. For the second line the usual state of 
saturation is assumed, as in the calculation of the curve marked C 
m the laat figmre. For the third line {SH) superheated, the initial 
temperature is 195° C., or 350° F., and the steam remains super- 
eated throughout, but the superheat makes little change in the 
pressure-distribution, which is intermediate between 1 and 2 The 
last me coiTesponds to the curve C^ with saturated steam at 
ouble speed. This requires a lower value of the final pressure, 
0 15, to give a nearly uniform value of z,^, equal to half the 

value of So for C^. The increase in the correction for this case as 
compared with C^ is due to the change of Sq. The values of the 
correction given by the formula (15) for a range of 50 per cent, on 
either side of P^", e.g. from 24 to 8 lbs. in the case of C^, agree so 
closely with the curves that they could not be distinguished'^on the 
scale of the figure. The extent of range covered is a great practical 
advantage in applying the method. 

The reason why the simple formula for the slope of the con- 
sumption curve dCjdP" at the normal value of the final pressure 
Po" gives so good an approximation to the correction through a 
wide range, is that the consumption curve is nearly straight in this 
region. It appears best for this reason to correct the value of the 
consumption itself directly for change of final pressure, and to 
deduce the corresponding value of the relative efficiency F from 
the corrected value of C, in place of attempting to calculate C from 
the theoretical ” value of P. The normal pressure-ratio for a given 
machine varies little with other conditions of running, and is 
readily deduced from the dimensions. Knowing the appropriate 
pressure-ratio and the initial pressure, an approximate value of 
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Pq" is obtained, which will usually suffice for calculating the con- 
sumption correction, the error of which will be only about a quarter 
of the percentage error in the value of Pq" assumed. 

The correction for initial pressure is seldom required in practice, 
and will not apply for such large percentage changes as the correc- 
tion for final pressure, because the consumption curve, when 
plotted against changes of initial pressure is necessarily far from 
being of uniform slope. Moreover the correction for initial pressure 
will depend on changes of initial state. The values of this correction 
given in the preceding table are those obtained on the assumption 
that the final state remains constant when the initial pressure is 
changed, which is seldom the case in practice. Thus if the initial 
pressure is changed under the condition that the initial state remains 
dry saturated, or that the initial value of H remains constant, as 
in regulation by throttling, the corrections will be somewhat 
smaller than those given in the table, and there will be some change 
in the final state even if the final pressure is kept constant. It is 
often assumed that there will be no change in the consumption if 
the initial and final pressures are changed in the same ratio. This 
will not be strictly accurate, even if the initial value of H. remains 
constant, if the state of saturation is assumed for the expansion. 
But the difference between the initial and final corrections will be 
relatively small if H' is constant, and the increase of super- 
saturation loss with initial pressure may suffice to compensate for 
the residual error in practice. 

162. Vacuum Correction for Consumption. In practice 
the correction of the consumption for changes in the vacuum is 
the commonest case, for which a considerable volume of experi- 
mental evidence is available by way of verification of the formula. 
The curves in the annexed Fig. 35 were drawn in the same way as 
those in the preceding figure, for the case of a complete turbine 
li.P. and L.P. of the Mauretania^ expanding from 165 lbs. abs. 
(dry sat.) to 1 lb. sat., but the pressure scale has been altered to 
read vacuum in inches of mercury, bar. 30". The scales of C and F 
have also been changed to read percentage of the normal C and F at 
Pq"= 1 lb. The scale of HP is arbitrary, taking 115 to represent 
the normal HP. The curve Th is the “theoretical” consumption 
obtained by taking F constant. 

The formula for the percentage change of the consumption, 
with So = 2-0, aPo"Fo"= 30-3, and ^aVdP = 195, gives a rate of 
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U 1“^' “"*• P- “■ of™---, which agrees 
TooUresl? ‘o «“ ourve at 1 lb., and would give 

;°esl" way in the final 

e » for22"vBei -t *“m. But tor large change.s of pressure, 
■ by 'the previom Siod™ wo' 

Tf ^ ^ 1 t metnod, § 160, as shown in the fio'iire. 

nn ^ ^ turbine expanding from 180 lbs o’auo'e 

w:th a superheat of 150° E., to 28" vac. (bar! 30"), whicris^often 



taken as the standard for a H.P. condensing-turbine, and assume 
So = 1-56 for a reaction turbine, equivalent to 3-12 for an impulse 
turbine, we obtain very similar curves with the same rate of change 
of C at 28" vac. In applying the formula to the impulse turbine 
it is merely necessary to put 2^—2 in the denominator in place of 
~ 1* ttio values of the fraction z/(2z — 2) for the impulse turbine 
are the same as those of z/{2z — 1) for the reaction turbine, if the 
values of z for the impulse turbine are twice as great as the corre- 
sjjonding values for the reaction turbine. It is natural that the 


26—2 
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same type of formula should apply to both types of turbine, 
because, apart from the form of the moving blades, of which 
account is taken by the substitution of 2z 2 for 22 1, the con- 

ditions of flow are very similar in the final stages, as previously 
explained in Chapter XI, § 127. In fact, the theory here proposed 
gives remarkably good agreement with the results of experiment. 

The experimental curves given by K. Baumann (Joutti. Inst. 
Elect. Eng., No. 213, vol. 48, p. 828, 1912) have been generally 
accepted as fairly representing results obtained in average practice, 
and as applying to reaction turbines as well as to impulse turbines. 
The curve given by Baumann as representing the vacuum correc- 
tion of an impulse turbine designed for 28” vacuum with initial 
pressure 180 lbs. gauge and superheat 150° F., extends only from 
26” to 29”, but could not be distinguished between these limits 
from the curve C shown in Fig. 35. His curve for the corresponding 
variation of F, deduced from that of C, is indicated by the broken 
line in the figm’e, which is straight between 26” and 28 but shows 
a rapidly increasing fall to 29”. It is evident, however, that the 
value of F should approach a maximum somewhere in the neigh- 
bourhood of 24”, and that the variation cannot therefore be repre- 
sented satisfactorily by a straight line between 26” and 28”. The 
values of the vacuum-correction for consumption given by the 
British Thomson Houston Company are of the same general 
character, but somewhat larger than those given by Baumann, in 
the case of high-pressure condensing turbines. 

In the case of low-pressure turbines, the same formula applies, 
but the percentage correction is much larger for the same final 
state and speed-ratio owing to the smaller value of the available 
energy. Taking the standard case as that of a turbine expanding 
from an initial pressure of 16 lbs. abs. (dry sat.) to a vacuum of 
27-5” (bar. 30”), the consumption correction curve comes out very 
nearly a straight line between 26” and 29” with a slope of 10-3 per 
cent, of the consumption at 27-5” for each 1” change of vacuum. 
The curve given by Baumann for the same case is also practically 
straight, but shows a slope of nearly 13 per cent., whereas the 
B.T.H. curve for this case gives very close agreement with the 
formula here proposed. The discrepancy corfid no doubt be explained 
if more precise details were available. The vacuum correction for 
a low-pressure turbine is so large that a good deal depends on the 
exact meaning of the phrase “designed for the vacuum,” and on 
the exact manner in which the correction is stated. Thus 13 per 
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cent, of the consumption at 27-5" vac, is equivalent to 11-5 per 
cent, of the consumption at 26-5" vac. or to 14-5 per cent, of the 
consumption at 28-5" vac. 

It will be seen that the expressions above given for the effect 
of change of initial or final pressure, and for the vacuum-correction, 
depend essentially on the relation between the available energy and 
the heat-drop implied by the fundamental equations (1) and (2) 
at the beginning of the chapter, and on the corresponding variation 
of the kinetic efficiency with the velocity-ratio. This has already 
been roughly verified by the consideration that the flow is nearly 
independent of the speed, and by the form of the efficiency curves 
given in Chapter XI, Fig. 29. The agreement of the calculation with 
the experimental curves for the vacuum-correction, affords further 
confirmation of a less direct character, but equally satisfactory 
so far as it goes. 

Additional evidence may be obtained by calculating the heat- 
drop and power in a similar way for other variations of condition. 
Thus if we calculate the variation of power at constant speed for 
a reaction turbine, when regulated by throttling down to the 
minimum output, which is easily done by the method of § 159, 
we can plot the power against the total consumption as in Fig. 28. 
The result is a most remarkable approximation to a straight line, 
as found by experiment, and gives a very close estimate of the 
steam required even at no load. The heat-drop becomes negative 
in the later expansions at no load, and involves such extreme 
variations of z that the calculation affords a fairly severe test of 
the theory. If the speed is maintained constant while the steam is 
reduced helow that required for no load, the curve returns to the 
origin after a short excursion into the negative region. But for 
very low loads the effects are so peculiar that it is necessary to 
calculate the last few expansions separately. 

The effect of change of speed on the power is easier to calculate, 
because it does not greatly affect the pressure distribution. The 
results appear to agree with experiment, but cannot be tested 
through so wide a range, and require correction at high speeds for 
the effect of fan-action, as estimated by the formula of § 129, 
which is necessarily uncertain. They appear to indicate that the 
speed attainable by a reaction turbine, if the machine runs away, 
cannot exceed a limit corresponding to the value z = 1/2 for the 
velocity -ratio, and should in fact be appreciably less. 


CHAPTER XVI 


THE PRESSURE DISTRIBUTION IN A 
REACTION TURBINE 

163. Observations of the Pressure Distribution. The 

quantities most commonly observed or estimated in an experi- 
mental test are, the initial and final pressures, the steam consump- 
tion, the revolutions, and the shaft-horse-power. If the steam supply 
is superheated, the initial superheat is also required for estimating 
the relative efficiency. But for a theoretical investigation of the 
conditions of flow, especially when the load is varied or the con- 
ditions of running deviate from the normal, it' is most important 
to take observations at intermediate points in addition to the 
initial and final states. The pressure is the easiest quantity to 
observe, and is capable of affording the most useful information 
with regard to the state of the steam and the efficiency of the several 
stages of the expansion. Observations of the temperature are 
more difficult, but would be useful for determining the state of the 
steam in the early stages of superheat. It would also be theoretically 
possible to measure the actual value of E at any stage, but this 
is so difficult that it has never been attempted. 

The object of the present chapter is to show how the observa- 
tion of the pressure distribution at suitable points ma}^ be utilised 
to throw light on the state of the steam and the conditions of flow, 
when the dimensions and speed are known. Since the object is 
mainly to illustrate general principles and methods of calculation 
depending on the properties of steam, and since reliable experi- 
mental data are so scarce as to be almost non-existent, in order to 
avoid endless repetition of numerical details of dimensions and to 
facilitate comparison of different methods, the results will all be 
worked out for a particular turbine. But the same methods may 
be applied without difficulty to any other case by simply changing 
the numerical values of the constants for the turbine. 

As an example of the application of the methods in question, 
we will take first one of the high-pressure turbines of the Maure- 
tania for which fairly complete details are available. A special 
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reason for selecting this example is that the turbines were of large 
size and slow speed, so that the effects of tip-leakage and super- 
saturation might be expected to be relatively small. If the effects 
of supersaturation can be demonstrated in such a case, we should 
reasonably infer that they will be at least equally important in 
the case of high-speed machines. 

The following are the material dimensions of the TI.P. turbine. 
Diameter of rotor, 96 inches, with eight expansions. The numbers 
of stages N in the separate expansions are variously given by 
different authorities. The numbers given in the following table 
have been verified by counting the rows on a photograph of the 
H.P. rotor. The blade-heights are quoted as ranging from 2f to 
12f in., with a common ratio 1'24. The values for the intermediate 
expansions are calculated to the nearest eighth of an inch, and are 
taken as representing the radial dimension x of the annular area X 
between rotor and casing for each expansion^ The actual blade- 
heights would be less than x by the clearance 1. The annular area 

X = TTX (96 -1- x) sq. in. 


Table I. Dimensions of H.P. turbine of SS. Mauretania. 


Expansion No. 

1 

2 

3 

4 

5 

6 

7 

8 

No. of stages, N 

16 

16 

16 

16 

14 

15 

16 

15 

Blade-height, x in. 

2| 

3t 

4:1 

51 

64 

8 

10 

12f 

Annular area, X in.® 

853 

1054 

1338 

1670 

2093 

2614 

3330 

4213 


The following values of the expansion constants, Z, Z', and Z" , 
are calculated from the above table at 194 revs, for comparison 
with the observations on the pressure-distribution at the same 
speed. 


Table II. 

Expansion constants at 194 revs., corrected for leakage, I = 0-1". 


No. 

1 

2 

3 

4 1 

5 

6 

7 

8 

Sums 

Z cals. 

2-480 

2-511 

2-555 

2-606 

2-337 

2-578 

2-678 

2-800 

20-544 


2-228 

2-300 

2-383 

2-463 

2-232 

2-483 

2-599 

2-733 

19-421 

ZJ 

4-015 

3-313 

2-662 

2-173 

1-547 

1-354 

1-079 

0-883 

17-026 

z''x 105 

2077 

1396 

885-6 

679-0 

327-0 

227-2 

141-3 

89-0 

1 .5721-6 


Formulae: ^ = Nu^jJg, Z'= Nu tan ajX, aZ'^/gZ, in F.P.C. units. 


The mean blade velocity u may be taken as RXl720x, where 
j? is the speed in revs./min. The a,ssumption a == 70° (fi = 20°) for 
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the discharge angle appears to agree fairly with the observed value 
of the mass-flow, if the efficiency constant in XIV (1) is taken 
as 0*883. The blade-angle is assumed to be uniform, with normal 
blades throughout the turbine. 

The energy constant Z is proportional to the available energy 
in each expansion when is the same for the different expansions. 
The product /"Z is similarly proportional to the heat-drojD. The 
factor f" is taken as (a? — 0*l)/(a; -j- 0*2), with the clearance 
I = 0*1 in., as explained in § 157, to allow for the effect of tip- 
leakage. 

The expansion constant Z' is proportional to the pressure-drop 
BP in each expansion, when M and z^ are the same for the different 
expansions. 

The discharge constant Z" is independent of z^ and w, and is 
proportional to the drop of PjV in each expansion when M is 
uniform throughout. 

The following pressure readings were taken at the points 
intermediate between the expansions during the full-power trials 
of the Mauretania at a mean speed of 194 revs. /min., on both 
tl.P. and L.P. turbines. 


Table III. 



H.P. Turbine 

L.P. Turbine 

Eeceiver pressure 

160 Ibs./in.^ (gauge) 

5 Ibs./in.® (ga^rige) 

End of first expansion 

113 

0 ,, 

,, second „ 

m » 

4 in. vacuum 

,, third ,, 

63 

lOf- 

,, fourth „ 

43 

lei 

,, fifth „ 

311 „ 

2l| 

,, sixth „ 

214 „ 

24 

,, seventh „ 

13 “ „ 

26 


Vacuum in condenser, 28 in. Barometer, 30 in. 


The low-pressure readings are naturally somewhat uncertain, 
but special arrangements had been made for taking readings at 
the various points in rapid succession, and the readings are said 
to have been extremely steady. Those for each turbine were taken 
on the same indicator, so that the drop of P for each expansion 
would piobably be free from zero errors, but the receiver pressures 
appear to have been taken on different gauges. 

164. Theoretical Formulae for the Intermediate 
Pressures. It has frequently been remarked that the absolute 
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pressures observed in the H.P. turbine of the Mauretania on this 
occasion follow approximately a geometrical progression with the 
same common ratio as that of the blade-heights in successive 
expansions. This is often quoted as the “law of pressure-distribu- 
tion in a reaction turbine of this type, but is not very accurate 
in the present instance. The common pressure-ratio from the initial 
and final pressures comes out 1-304, whereas the common ratio of 
blade-heights is 1-24, and the intermediate values of P show a 
systematic deviation, as illustrated in the following table. 


Table IV. 

Absolute pressures calculated as a geometrical progression. 


End of Expansion No. 

1 

2 

3 

4 

5 

6 

7 

Observed pressure, abs. 

127-7 

102-2 

77-7 

57-7 

46-2 

36-2 

27-7 

Calculated as G.P. 

126-3 

96-8 

74-2 

56-9 

43-6 

33-5 

25-7 

Diff. (obs.- calc.) 

+ 1-4 

+ 5-4 

+ 3-5 

+ 0-8 

+ 2-6 

+ 2-7 

+ 2-0 


The sum of the differences comes to 18-4, and would be further 
increased if allowance were made for receiver-drop from the H.P. 
receiver to the first row of blades. The “Law” as commonly stated 
has no physical interpretation, and makes no allowance for differ- 
ences between the expansions. 

Much better agreement is obtained if we take a straight line 
characteristic on the II log P diagram, which makes the heat-drop 
in each expansion proportional to the logarithm of the pressure- 
ratio. Taking the heat-drop as proportional to f'Z in Table II, 
the logarithm of the pressure-ratio for each expansion is obtained 
by multiplying the corresponding value of f'Z by the constant 
factor 0-922/19-42, in which the numerator is the logarithm of the 
ratio of the initial and final pressures, and the denominator is the 
sum of the values of f'Z. We thus obtain the values: 

Table V. 

Values of P by straight line characteristic on II log P diagram. 

Calculated from P'Z 129-1 100-4 77-4 59-1 46-3 35-3 26-6 

DilL (obs.- calc.) -1-4 +1-8 +0-3 -1-4 -0-1 +0-9 +1-1 

The sum of the differences is now only -f 1-2, showing that the 
assumed characteristic is a good first approximation. The straight 
line has previously been shown to correspond elosely with an 
expansion curve of the type PV = kP^, which will therefore be 
approximate for the available energy. 
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The simplest theoretical method of calculating the pressure- 
distribution in any case is from the expansion constant Z'. The 
pressure-drop DP for each expansion, if and M are uniform, is 
obtained by multiplying the corresponding value of Z' by the 
constant factor 145/17-03, in which the numerator is the difference 
of the initial and final pressures and the denominator the sum of 
the values of Z'. Adding the results in succession we easily find 
the following values of P at the intermediate points. 

Table VI. Pressure-distribution assuming M and uniform. 

Calculated from 130-5 102-3 79-6 61-1 47-9 36-4 27-2 

Diff. (obs.- calc.) -2-8 -0-1 - 1-9 - 3-4 - 1-7 - 0-2 + 0-5 

The differences considerably exceed the probable errors of 
observation, and show a systematic deviation, indicating that 
either M, or z^, or both, were not the same for the different expan- 
sions, as assumed in the calculation. 

In order to test whether z^ could possibly be the same for the 
different expansions, if M were constant, we must apply the method 
of § 159 in the last chapter, based on the discharge constant Z", 
which is independent of z^. Taking first the case of saturated 
steam, for which the turbine was probably designed, we find from 
equations (1), (2), and (3) of the last chapter the following mean 
values for the whole turbine over the pressure-range 164-7 (dry sat.) 
to 19-7 lbs. 

laVdP = 90-8, 2o = 1’975, m = 0-0923, 

DH = 57-3, V"= 19-1, D (P/V) = 58-1, M = 128-0. 

Taking the drop of PjV proportional to Z" for each expansion, 
we find : 


Table VII. DP, DH, and z.^ calculated from Z" for saturated steam. 


No 

1 

2 

3 

4 

5 

6 

7 

8 

Sums 

DP 

34-14 

28-32 

22-44 

18-52 

13-12 

11-53 

9-23 

7-70 

145-0 


1-965 

1-975 

1-948 

1-970 

1-960 

1-968 

1-977 

2-015 

1-973 

DH 

6-53 

6-78 

6-90 

7-24 

6-52 

7-29 

7-68 

8-28 

57-22 

P 

130-5 102-2 79-8 61-3 48-2 36-6 27-4 



It will be seen that the values of are remarkably uniform, 
and that the values of P given in the last line, agree very closely, 
as they should, with those calculated from Z' in Table VI, but 
disagree with the observed values. The obvious inference is that 


PRESSURE DISTRIBUTION 411 

the steam in the trials was not saturated, with a uniform value 
of M, since that hypothesis makes so nearly constant that the 
calculated values of P should have agreed closely with the 
observed. 

If we repeat the calculation, as in Table VII, but for the case 
of dry supersaturated steam, we find that there is a systematic 
diminution of as expansion proceeds, and the approximation 
to the pressure-distribution is about three times closer than in the 
case of saturated steam. But the irregular deviations persist, and 
it is unlikely that the steam would remain dry throughout the 
expansion, because the final state is below the SS limit, and we 
should expect some condensation to occur, even before the limit 
was reached, owing to the slow speed and the great extent of the 
blade surface. 

Ihe simplest way of obtaining an indication of the probable 
nature of the irregular deviations, is to take the ratio of the pres- 
sure-drop for each expansion calculated from Z' as in VI, to the 
observed pressure-drop, as in the following table, in which the 
vaiiations of the ratio from unity include the effects of errors in P 
in addition to changes in M and 


Table VIII. Ratio of pressure-drop (obs./calc.) in each expansion. 


No. 

1 

2 

3 

4 

6 

6 

7 

S 

DP obs. 

„ calc. 
Ratio 

37-0 

34-2 

1-082 

25-5 

28-2 

0-904 

24-5 

22-7 

1-081 

20-0 

18-5 

1-080 

11-5 

13-2 

0-873 

10-0 

11-5 

0-867 

8- 5 

9- 2 
0-925 

8-0 

7-5 

1-064 


The irregularity of the ratios looks rather hopeless at first sight, 
but appears to be capable of a simple explanation. The high values 
in the first and last expansions are due simply to the neglect of 
receiver-drop. The sudden increase between (2) and (3) is due to 
an increase of M, consequent on by-passing steam to the end of 
the second expansion. The low values in (5) and (6) are caused by 
recovery from supersaturation, whieh sets in near the beginning 
of the fifth expansion. The rise in (7) and (8) shows that the steam 
approaching more nearly the normal state of saturation. Owing 
to the change in M, and the uncertainty of the eorrection for 
receiver-drop, it is necessary to calculate the first four expansions 
separately in order to determine the value of the initial pressure, 
and the appropriate values of M for the first two expansions and 
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for the remainder of the turbine. The values thus obtained may be 
affected to some extent by errors in the pressure-differences but 
appear to be substantially accurate. 


165. Calculations for the Expansions in Succession. 

In starting the calculation, it is necessary to maike a preliminary 
estimate of the initial pressure, on account of the uncertainty of 
receiver-drop, otherwise we shall assume the observed pressures 
to be exact. The initial state of the steam may have been slightly 
superheated owing to throttling from boiler pressure, but we'^may 
take it as dry saturated without material ei-ror in the absence 
of more definite information. Estimating the receiver-dron as 
8 per cent., we find ^ 


Initial state, 

P'= 160 lbs., V'= 2-862, H - B = 208-22, aP'F'= 47-10. 

Assuming the state to remain dry supersaturated throiudi the 
first expansion, with the final pressure P"^ 127-7, as observed 
we may calculate the final state as in XIV, § 150,’ but with the 
corrected values of the constants given in Table II. 

(1) DaPV = 1-50, JaVdP = 10-45, = 1-929 

DH = 6-83, M = gA'DPIZ%, = llS-5. ’ 

Similarly for the second expansion, with 45-60, we find 

(2) DaPV = 1-50, !aVdP = 9-99, = 1-875, 

DR = 6-32, M = 116-7. 

If we had assumed M = 116-7 for the first expansion in place of 
assuming P'— 160-0, we should have found 7-'== 1 59-0 for the 
initM pressure, which is within the limits of possihle error. We 
conclude that the observed pressures are not inconsistent with 
the assumption that the mass-flow was the same in the first two 
expansions, and the state dry supersaturated. 

^^^Proeeeding similarly for the third and fourth expansions, we 


(8) DaPV= 1-71, SaVdP = 11-85, s,„ = 2-023 
m = 7-26, M = 129-3, 

(4) DaPV = 1-75, ^aVdP = 12-35, = 2-046, 

PH = 7-62, M = 127-9. 


in M TT increase of at least 10-0 lbs 

M the end of the second expansion. There was a leak-off from 
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the H.P. dummy at this point, arid it would be natural, in making 
a record, to by-pass as much steam as possible to the end of the 
second expansion. To be strictly accurate, the initial value of H 
for the third expansion would require revision to allow for the 
addition of 10 lbs. of superheated steam, but this would add only 
1 cal. to the initial value of H, and would not materially affect the 
results. Seeing that the value of M comes out the same for the 
third and fourth expansions within the probable limits of error of 
the pressure observations, it seems fair to conclude that there was 
a change in M, and that the condition of the steam remained dry 
and supersaturated at least to the end of the fourth expansion. 

At the beginning of the fifth expansion, with H = 639-7, at 
P — 57*7, the steam, if dry, is already at a mean temperature 
nearly 30° C. below that of satm-ation. But the state will be far 
from uniform, so that parts may be much colder. There will 
probably be some condensation on the blades, even before this 
point is reached, because the current of supercooled steam will 
cool the blades below the saturation temperature. 

Supposing that the steam remained dry throughout the fifth 
expansion, the pressure-drop required to get the same mass, 
M = 128 lbs., through the expansion would be 14-6 lbs., which is 
27 per cent, greater than the observed drop of 11-5 lbs. If on the 
other hand we supposed the steam instantaneously transformed 
into the saturated state at the beginning of the fifth expansion, 
and to remain in the equilibrium state of saturation without any 
retard in the condensation throughout the expansion, the pressure- 
drop required would be still greater, owing to the increased volume, 
and would amount to 15-7 lbs., which is 36 per cent, larger than 
that observed. It might appear at first sight as though the pressure- 
drop, if the steam were only partially transformed, should be some- 
where intermediate between 14-6 for dry steam, and 15-7 for 
saturated steam, unless there were some mistake in the observations. 
But this is far from being the case, owing to the effect of the time- 
lag due to the finite rate of condensation (Callendar and Nicolson, 
Proc. C. E., 1898). Owing to the time-lag, the greater part of the 
condensation will occur immediately after each step in the expan- 
sion, as the steam issues from the blades. The pressure-drop required 
to get the steam through each set of blades will be much the same 
as for supersaturated steam, and the increase of volume in passing 
through each blade-ring will also be the same. The condensation 
which occurs after passing the blades must produce a rise of 
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temperature, involving an increase of volume and velocity if the 
pressure remained constant. But since the velocity could not 
increase without increase of heat-drop and pressure-drop, we 
conclude that the volume will remain constant and the pressure 
will rise, making the back-pressure higher than the throat-pressure, 
which agrees with the result of the pressure-observations. 

In order to account for the observed defect of pressure-drop in 
the fifth expansion, we have to suppose that only about 2 per cent, 
or 3 per cent, of the steam is transformed after each of the 28 steps 
in the expansion. Since the pressure is continually falling with 
production of fresh supersaturation at each step, it is evident that 
the effect will persist through two or three expansions, with a 
gradual reduction of intensity as the steam approaches more nearly 
the saturated state, since the rate of recovery will probably be pro- 
portional to the defect of temperature below the saturation point. 
A limit will be reached when the rate of recovery balances the rate of 
supersaturation. The final defect of temperature below the satura- 
tion point will probably be proportional to the rate of expansion. 

It appears in the present instance, the rate of expansion being 
comparatively slow, that the final defect of volume would be only 
1 or 2 per cent, below that of saturation, but the data do not 
permit a very exact estimate. Taking the final pressure as 20-7 lbs., 
allowing for receiver-drop, we could estimate the final volume as 
18-34, and find a formula of the type PV = kP^ for calculating 
the available energy. This would give fairly accurate values for 
s and BE in each expansion, but, since the final state and pressure 
are uncertain, it is more instructive to calculate the last four 
expansions in succession, on the assumption that M remains 
constant, and that the state of the steam is wet supersaturated. 
The advantage of this procedure is that it becomes possible to 
determine the state of the steam at the end of each expansion, 
and affords a test of the consistency of the hypothesis above 
advanced of recovery from supersaturation. 

In Older to find the least increase of volume which will suffice 
to get the flow M == 128 Ibs./sec. through each of the expansions 
in succession, we employ the formula for the adiabatic heat-drop 
in the case of wet supersaturated steam, as given in Chapter IX 
equation (35), namely, ’ 

laVdP = (13/3) BaPV = (13/3) aP'V (1 - {P"IP'fl^% ...( 1 ) 

In the case of the fifth expansion we have the initial state 
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P — 57-7 lbs., aP'V'= 40-61, and take as a trial estimate of the 
drop DP the value DP ~ 14-6 lbs. as above found for di'y super- 
saturated steam. If M = 128, the trial value DP = 14-6 requires 
a corresponding trial value of s, namely s'= 0-222DP/Z'= 2-095, 
by equation XIV (3). With P"= 43-1, equation (1) gives 

laVdP = 11-458, 

whence z = {^f^^aVdPjZYl^— 2-081. The difference, 

2"- s'= - 0-014, 

gives (by the rule in XV, § 158) the corrected value, = 2-062, 
from which we obtain the corresponding corrected values of the 
pressure-drop, DP, = 14-37, and of JnFdP = 11-252. The value of 
DaPV is obtained from (1), giving aP"V"= 38-01, and the final 
volume V"= 8-528. 

According to the theory above explained, the value of V" thus 
found will be that of the actual final volume in the fifth expansion, 
or the initial volume for the sixth, but the calculated value of the 
final pressure, namely P, = 57-7 - 14-37 = 43-33, is lower than the 
observed pressure Pq = 46-2, on account of the rise of pressure 
which occurs after each step in the expansion while the steam 
partially condenses with rise of temperature at constant volume. 
Ihe effect of this is to reduce the pressure-drop in each step in the 
ratio DPfl/DP, = 11-5/14-37, and to reduce the mean effective 
value of s in the square root of the same ratio, giving z^ = 1-844, 
as the value to be employed in calculating 

DH = {2z^- l)f"Z = 6 - 00 . 

The tangent of the angle of discharge is reduced in the same ratio 
as s, owing to the reduction of the velocity; but the initial value of 
aPV for the next expansion is increased in the ratio PqIP^, giving 
aPoV'= 40-52 for the sixth expansion, nearly the same as the value 
40-61 for the fifth. 

Proceeding similarly for the three last expansions we find, 


DP,= 

12-51, 

2c = 

2-051, 

V"= 

= 10-88, 

DPo = 

10-0, 


1-834, 

DH = 

= 6-62. 

DPo = 

9-74, 

2c = 

2-004, 

V"= 

= 13-85, 

DPo = 

8-5, 

2m 

1-872, 

DH = 

= 7-13. 

DPc = 

8-08, 

2c = 

2-030, 

V"= 

= 18-06, 

DPo = 

7-0, 

2 m ~ 

do 

CO 

o 

II 

= 7-60. 


The progress of the recovery towards saturation can be traced 
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by calculating the values of Fg for wet saturated steam at the same 
P and iT, for comparison with the values of V" given above, as 
shown in the following table. 


No. 

1 

2 

3 

4 

5 

6 

7 

8 

V" (SS) 

3-472 

4-195 

5-303 

6-843 

8-528 

10-88 

13-85 

18-06 

Vq sat. 

3-515 

4-303 

5-523 

7-232 

8-840 

11-03 

14-07 

18-33 

Diff. % 

1-2 

2-5 

4-0 

5-4 

3-5 

1-4 

1-7 

1-5 


The last line shows the percentage difference of volume from 
that of saturation, and illustrates the progress of supersaturation 
and recovery. The defect increases to a maximum at the end of 
the fourth expansion, where recovery sets in with a rapid diminu- 
tion of the difference during the fifth and sixth. By the end of the 
sixth expansion the steam appears to have reached a steady state, 
remaining at a nearly constant percentage defect below saturation 
through the seventh and eighth, according to the method of 
calculation employed. The value of aPV remains practically 
constant from the end of the fourth to the end of the sixth expan- 
sion, while the most rapid recovery is in progress, but falls again 
in the seventh and eighth, when the rate of supersaturation balances 
the rate of recovery. Since the rate of expansion in this turbine 
was about the slowest on record, it is easy to see that when the 
expansion is twenty or thirty times more rapid, the beginning of 
condensation will be delayed to a lower pressure, and the defect 
of temperature and volume will remain much greater to the end 
of the expansion. Unfortunately there do not appear to be any 
equally satisfactory pubhshed data for the pressure-distribution 
in a high speed turbine. 

There are many other points which could be investigated if 
the requisite observations were available, but special arrangements 
would be necessar}^ for securing the appropriate data. The con- 
sistency of the calculated results in the present instance seems to 
show that the pressure-differences were fairly reliable, but the 
indicators employed, though doubtless the best of their kind, were 
not specially adapted for measuring small differences. Accurate 
pressure-observations at different loads and speeds, would probably 
suffice to clear up most of the remaining uncertainties. 

When there is a change of state from dry to wet, the available 
energy cannot be obtained satisfactorily from a formula of the 
type PV = with a single mean value of the index, but good 
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results may be obtained by using different values of m for dry and 
wet. In the present example, the value m = 0T365 for the first 
four expansions, and m = 0-0465 for the last four, allowing for 
the change in M, give results for z and DH w^hich are in very 
close agreement with those obtained by calculating the expansions 
separately. 

i66. Effect of Condensation on the Blades. In the 

foregoing calculation we have assumed for simplicity that M 
remains constant throughout the last five expansions, and that 
the whole of the observed defect of pressure-drop is to be explained 
by the recovery from supersaturation. But owing to the great 
extent of the blade-surface in the later expansions of a turbine of 
this type, the effect of condensation on the blades cannot be 
neglected as a contributory cause of loss. The condensation on 
the blades may be regarded as an indirect effect of supersaturation, 
since there would be no appreciable condensation on the blades 
unless they were cooled below the saturation temperature by the 
current of supercooled steam. According to the law of surface 
condensation (loc. cit.) the rate of condensation in lbs. per sec. 
per sq. ft,, or other convenient units, will vary as the defect of 
temperature of the blades below saturation. There would be no 
great difficulty in measuring the actual temperature of the blades 
in any case, and in making a separate estimate of the condensation 
on the blades from the known value of the condensation constant. 
There are no data of this kind at present available, but it is easy 
to see that the defect of temperature of the blade-surface will be 
very small and approximately proportional to that of the steam 
below saturation, so that the rate of condensation on the blade- 
surface will vary in a similar manner to the rate of recovery of the 
steam from supersaturation, and will produce similar effects on 
the observed pressure-drop in each expansion. The values of the 
heat-drop as deduced from the observed pressure-drop, wiU be 
little, if at all, affected by any view with regard to the cause of the 
reduction of the pressure-drop, but in so far as it is attributed to 
blade-condensation, the power will be reduced in proportion to 
the reduction of M.. Any water condensing on the blades will be 
quickly eliminated by centrifugal separation with a loss of kinetic 
energy u^l2g per unit mass separated. There will be additional loss 
due to friction at the blade-tips, which may become serious if the 
turbine is not efficiently drained. But the chief loss of power will 
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be that due to reduction of M in all the subsequent expansions. 
Any drops of appreciable size occurring in the steam itself tend to 
be eliminated in a similar way, but the fine fog due to supersatura 
tion may be treated as forming part of the mass of the fluid, 
according to the usual assumption. 

So far as the reduction of pressure-drop and heat-drop are 
concerned, it makes little or no difference, according to the fore 
going theory, whether the condensation occurs on the blades or 
in the body of the steam, except that, if any condensation occurs 
on the blades, it involves a small reduction of M by centrifugal 
separation. Some condensation on the blades must undoubtedly 
occur, but the reduction of M by itself is far too small to account 
for the observed diminution of pressure-drop. At the end of the 
fourth expansion, where the defect of volume is a maximum, a 
total condensation amounting to only 3 per cent, of M would suffice 
to restore the steam to the state of saturation, but the reduction 
of pressure-drop, as compared with the pressure-drop required 
for saturated steam, is 86 per cent. 

It might appear justifiable on this ground to ignore the reduction 
of M entirely as being relatively insignificant, but it appears that 
a small reduction of M is required in successive expansions to 
account satisfactorily for the observed effects. In the previous 
calculation, with M constant, it was assumed that the expansion 
of V was that due to adiabatic flow with the index 8/13, in place 
of the usual index 8/yi8, in which the stage efficiency / takes 
accormt of the increase of volume due to friction in striking the 
blades. The pressure-drop thus found for wet supersaturated steam 
was 14-87 in expansion (5) with ilf = 128, as compared with 14-58 
for dry supersaturated with the index 8//13. The final volume for 
wet supersaturated steam was taken as V"= 8-528, on the tacit 
assumption that the rise of temperature due to friction was com- 
pensated, like that due to condensation, by the increase of back- 
pressure after each step in the expansion. In reality the two effects 
of friction and condensation are not precisely similar. Condensation, 
being merely a change of internal state without addition of external 
energy, cannot involve any increase of intrinsic energy E; but the 
conversion of kinetic energy into heat by friction necessarily 
requires an increase of E, which should be taken into account in 
the usual way. This would make little difference in one expansion, 
but, the effect being cumulative, we should soon arrive at excessive 
values of F, if allowance were not made for the reduction of M 
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by blade-condensation, which appears to be of the right order of 
magnitude to compensate for the effect of friction in increasing V. 

167. Data for the L.P. Turbine of SS. Mauretania, 

The following are the material dimensions of the L.P. turbine. 
Diameter of rotor, 140 inches, with eight expansions, the first four 
of 7 stages each, the last four of 8 stages each. The first five ex- 
pansions with normal blades, the last three with “semi- wing,” 
“wing” and “ double-wing ” blades, respectively. The ratios 
actually employed in gauging the apertures of the wing-blades 
do not appear to have been published. We shall therefore assume 
a = 70°, tan a = 2-748 for the normal blades, as in the H.P. turbine, 
and shall take the values of tan a for the last three expansions as 
being 1-832, 1-222, and 0-814 respectively, diminishing in the simple 
ratio 2/3 for each expansion. 

The variation of blade- angle involves a small correspooding 
variation in the efficiency constant /j', as explained in Chapter XIV, 
§ 149. The exact nature of this variation remains at present un- 
certain, but it appears that we cannot be far wrong in assuming 
the simple formula 

1 _ 0-117/sin2 (a -h 20°), (2) 

which makes /i' a maximum and equal to 0*883 when a = 70°, as 
previously assumed; and makes vanish, as it should, when 
a = 0°. The resulting diminution of/]' is only 5 per cent, for the 
double- wing blades. The formula takes no account of the radial 
divergence of the blades, which probably involves some additional 
loss in the case of long blades of uniform section. 


Table IX. 

Dimensions and constants for L.P. turbine at 194 revs. /min. 


No. 

1 

2 

3 

4 

5 

6 

7 

8 

Sums 

N 

7 

7 

7 

7 

8 

8 

8 

8 

60 

X in. 

8:1 

lOi 


17 

22 

22 

22 

22 

, — . 

Z in.2 

3842 

4964 

6444 

8385 

11200 

11200 

11200 

11200 

— 

tan a 

2-748 

2-748 

2-748 

2-748 

2-748 

1-832 

1-222 

0-814 

— 

JV 

0-883 

0-883 

0-883 

0-883 

0-883 

0-879 

0-868 

0-841 

— 

Z cals. 

2-440 

2-522 

2-620 

2-744 

3-338 

3-338 

3-338 

3-338 

23-684 

f"Z cals. 

2-316 

2-416 

2-536 

2-672 

3-271 

3-291 

3-304 

3-311 

23-117 

Z' X Kfi 

6061 

4798 

3789 

2995 

2656 

1783 

1193 

796 

24071 

Z" X 10’ 

4798 

2916 

1751 

1044 

675-1 

304-3 

136-2 

60-64 

11686 

:di\ lbs. 

4-716 

3-733 

2-950 

2-330 

2-066 

1-387 

0-928 

0-619 

18-73 

.DPfl lbs. 

4-971 

1-965 

3-314 

2-822 

2-455 

1-228 

0-982 

0-982 

18-75 
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The values of the coefficient f" are calculated by the formula, 

{a; - l)l{x + 21), with the tip-clearance I = 0-15", proportional 
to that assumed for the PI.P. turbine, but, owing to the length of 
the blades, the correction makes little difference to the results. 
In the case of the wing-blades, the factor 2 is replaced by the 
proper value of sec a — 1. The values of Z' and Z" are 
calculated with the appropriate leakage corrections and values 
of tan a. 

The last line in the table shows the pressure-drop DPq observed 
in each expansion, taking the initial pressure as 5 lbs. (gauge), and 
the final pressure as 28 inches vacuum (bar. 30 ins.), or 19-73 lbs. 
and 0-982 lb. absolute. The last line but one, headed DP.,, shows 
the pressure-drop for each expansion calculated from Z' on the 
assumption that M and z are the same for each expansion, and 
that the initial and final pressures are 19-73 lbs. and 1 lb. abs., 
respectively. The differences suggest, as in the case of the Il.P. 
turbine, (1) that corrections are required for receiver-drop, (2) that 
there is a considerable change in M at the end of the second 
expansion, (3) that there is a change in state of the steam at the 
end of the fifth. 

Assuming that the turbine was designed for saturated steam 
with a pressure-range from 5 lbs. (gauge) to 28 in. vac., it is first 
necessary to see whether the dimensions assumed will give a 
uniform value of z under these conditions if M is the same for each 
expansion. From equations XV (1) and (2), neglecting the varia- 
tion of/i', we find for the whole turbine the approximate mean 
values, DH = 69, V"= 316, m = 0-0855, D {PfV) = 0-967. From 
which, by equation XV (12), we deduce M = 110-4, This value 
of M is so much smaller than the value M — 123 similarly obtained 
for the H.P. turbine, that it would evidently be impossible to get 
the still larger flow M = 128 through the L.P. turbine unless a 
considerable proportion of the steam were by-passed to the end 
of the second expansion. It would appear that the L.P. turbine 
of the Mauretania was not designed (as in the case of the Dread- 
nought) to utilise the auxiliary exhaust, which is stated to have 
been employed for heating the feed-water. The uniformity of the 
values of z calculated from Z" by the method of XV, § 159, as 
shown in the following Table X, indicates that the dimensions 
assumed are in all probability substantially correct, confirming the 
ratio 2/3 selected for successive values of tan a in the last four 
expansions. 
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Table X. 

L.P. turbine. DP, and DH, calculated from Z". M = 110-4. 


No. 

1 

2 

3 

4 

6 

6 

7 

8 

Sums 

DP 

4-747 

3-721 

2-918 

2-311 

2-087 

1-392 

0-932 

0-640 

18-75 

‘^m 

1-999 

1-980 

1-966 

1-970 

2-006 

1-993 

1-995 

2-052 



DH 

6-94 

7-15 

7-43 

7-86 

9-85 

9-83 

9-77 

9-74 

68-57 


Assuming the steam to remain saturated throughout, if the 
object is to keep uniform, it appears that the choice of dimensions 
could scarcely have been improved. The change of from 1-970 
in (4) to 2-006 in (5) indicates that a slightly larger increase of x 
than from 17" to 22" would have been required to compensate for 
the change from 7 to 8 stages, and to make the 7nean value of s 
the same in the fourth and fifth expansions. On the other hand, 
a smaller change of x would have sufficed to make the initial 
steam-velocity the same, a condition which appears to be frequently 
adopted in design. The high value of z in the last expansion would 
be corrected by a slight change in the ffiial pressure, as from 
28" vac. to lib. abs.; and would be over-corrected by making 
allowance for the probable variation oi as shown in Table IX. 
We infer from the want of correspondence between the observed 
and calculated results for DP, that the steam did not remain 
saturated, and that M was not the same for all the expansions. The 
values of DH given in the table include the effect of the assumed 
variation of/^'. 

1 68. Calculation for the Expansions in Succession. 

As in the case of the PI.P. turbine, we may proceed to calculate the 
flow for each expansion in succession on the assumption that the 
observed pressures are exact. They have generally been regarded 
as impossible to interpret, and are doubtless more uncertain than 
those for the H.P. turbine. They appear, however, to be sufficiently 
correct to afford a good illustration of the method of calculation, 
and a fairly clear indication of the state of the steam. 

Bej'ore malcing the calculation, we require an approximate 
estimate of the state and probable behaviour of the steam. 
According to the previous calculation, the steam leaving the H.P. 
turbine will be but slightly supersaturated. The superheated steam 
arriving from the H.P. dummy will clear up the fine fog, leaving 
a mixture of saturated steam with comparatively few drops of 
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water in suspension. Most of these will be separated out by the 
moving blades, and the mixture can be treated as dry super- 
saturated for the first part of the expansion, since no fresh nuclei 
will be generated until the temperature has again fallen to the 
supersaturation limit. 

It is well known that vacuum gauges are apt to be somewhat 
vague in their indications in the neighbourhood of atmospheric 
pressure, but if we take the pressure to be exactly atmospheric, 
80” of mercury, or 14’78 lbs. abs. as observed at the end of the 
first expansion, with a drop of 4”, or 1-964 lbs., in the second 
expansion, it is possible to calculate the initial pressure, as in the 
case of the H.P. turbine, on the assumption that M is the same for 
the first two expansions and the state dry supersaturated. Taking 
m = 0-146 as a probable value of the index, we find the drop of 
p 2 -m foy the second expansion to be 84-14, which when increased 
in the ratio gives 56-16 for the drop of in the first 

expansion; whence the initial value of P is 17-546 lbs., with 
DP = 2-816. Having found the pressures, the exact value of E 
makes comparatively little difference to M or z. Estimating the 
initial value of E as 639, with a drop BE = 9 for the first two 
expansions, we find M = 82-7 from XV (12), giving (1) s = 1-60, 
BE = 5*1, (2) z = 1*40, BE = 4-34, for the two expansions 
separately. 

If we suppose that the usual excess of H.P . dummy leakage 
over L.P. dummy leakage is sufficient to make up for the loss of 
water by separation and drainage, we should expect to find the 
flow through the remaining expansions of the L.P . turbine nearly 
the same as the value M = 128 found for the latter part of the 
H.P. turbine. The value M = 83 for the first two expansions of 
the L.P. turbine implies that about a third of the total steam was 
by-passed to the end of the second expansion. This woidd explain 
why the observed pressure-drop in the second expansion is only 
half the normal, and the absolute pressure at the end of the second 
expansion is 13 per cent, above the normal for the pressure-range, 
and also why the receiver-drop is twice as great as that found at 
the end of the H.P. turbine. Assuming on these grounds that 
about one-third of the steam was by-passed at cons tant E, retaining 
the initial value E = 639, with two-thirds at E = 680 after passing 
through the two expansions we find E = 633 as a probable estimate 
of the initial state of the steam at the beginning of the third ex- 
pansion. 
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Taking the observed pressures as correct for the next three 
expansions and assuming the state dry supersaturated, we find : — 
Table XI. L.P. Turbine. Results for expansions (3), (4), and (5). 

Initial state (3), P' = 12-766, 633, V' = 29-73, aP'V'= 39-03. 

Final state {3), P" = 9-451, 2 „i= 1-QQQ,DH= 7-44, M ~ 126-5. 

„ (4), P"= 6-629, z, 2-03G, DH = 8-21, If = 131-6. 

„ {5),P"= 4-174, 2-046, 10-11, iff = 128-4. 

The values of M found agree as closely as can be expected, 

considering that the pressure readings were taken only to the 
nearest 1/4", and that the calculated value of M depends on the 
small pressure-difference. The mean of the three values, namely 
M = 128-8, will give a better approximation to the actual flow. 
The mean value of M similarly found for the third and fourth 
expansions of the H.P. turbine was M = 128-6. The agreement 
may be taken as a fair corroboration of the method of calculation 
adopted. 

If we take M ~ 128, and calculate the pressure-drop for the 
next expansion on the assumption that the steam remains dry and 
supersaturated, the result found is greatly in excess of the observed 
value. The observed defect might naturally be attributed to some 
want of efiiciency of the wing-blades, or to some uncertainty in 
the angles assumed, if it were not that the values of z for the wing- 
blades agree so closely with each other in Table X, and that a 
similar defect of pressure-drop occurs in the H.P. turbine, where 
there is no reason to suspect any variation in the blade-angles. 
The effect may reasonably be attributed, as in the previous instance, 
to the time-lag in condensation, which produces a rise of back- 
pressure at each step of the expansion, while the steam is recovering 
rapidly from the state of supersaturation. The results for the last 
three expansions might be calculated by the same method as for 
the H.P. turbine, but since the pressure-differences become very 
small towards the end, and the exact method employed in gauging 
the blades is uncertain, it will suffice for practical purposes if we 
take PV as constant through the sixth and seventh expansions 
(as found in the case of the H.P. turbine during recovery) with 
aPV = 33-0, the value at the end of the fifth expansion. We thus 
obtain the following results for the last three expansions, in which 
the final pressure is estimated at 1-22 lbs. abs. 

The mean effective value of 2 in each expansion is determined 
chiefly by the observed pressure-drop, and the value of BE is 
little affected by any assumptions which may be made with regard 
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Table XII. L.P. turbine. Results for expansions (6), (7), and (8). 

Initial state (6), P' — 4-174, W = 607-24, V' = 77-0, aP V = 33-00. 

Final state (6), P” — 2-946, = 1-741, DH = 8-17, F = 109-0, Z — 1549. 

„ (7), P"= 1-964, z,„ = 1-866, DH = 9-02, V"= 163-5, Z'=^ 1142. 

„ (8), P"= 1-220, z,n = 1-980, DH = 9-81, F" = 256-0, 2;'= 789. 

to the rate of recovery. The simple assumption PF = constant 
gives aprobable rate of recovery in the sixth and seventh expansions. 
In the last expansion it is assumed that the steam has reached a 
steady state, which serves to fix the final pressure with a fair degree 
of certainty. The leaving-loss,, with the revised value of the final 
pressure as here given, comes out approximately 1-7 cals. C., in 
place of the value 1-5 cals, as previously estimated in Chapter XI, 
§ 121. The value of DH in the last expansion, as calculated from 
z, is automatically corrected for leaving-loss. 

The reduction of 2 by recovery from supers aturation involves 
a proportional reduction in Z' and tan a, which are not required 
in the calculation of DH, but are readily found from 2 by the relation 
Z' ^gfi'DPIMz^,, XIV (3), with the known value of M, namely 
128-8 in -the present case, if we neglect loss by separation and 
drainage. The values of Z' thus found afford a check on the cal- 
culation, especially in respect of the final value of P, since Z' for 
(8) cannot be greater than the value 796 x 10~^ given in Table IX 
for normal flow. Thus the final pressure in the present instance 
cannot be less than 1-210 which would make Z' equal to the tabulated 
value, but may be 1 or 2 per cent, higher than 1-22, if Ave admit the 
reduction of M by a similar amount. These differences a, re beyond 
the limits of accuracy of the actual pressure measurements, which 
are accepted as correct for the sake of indicatingthekindof informa- 
tion which could be obtained from more accurate observations. 

The progress of supersaturation and recovery ean be traced, 
as in the case of the Il.P. turbine, by compa,ring the values of 
the final volume V” in each expansion with those calculated for 
saturated steam at the same P and IL 


Table XIII. L.P. turbine. Supersaturation and Recovery. 


No. 

1 

2 

3 

4 

5 

6 

7 

8 

V" (SS) 

25-89 

29-11 

38-36 

51-91 

77-00 

109-0 

163-5 

255-0 

Vq sat. 

26-45 

30-10 

39-83 

55-10 

84-10 

115-8 

167-7 

260-2 

Difi. % 

2-1 

3-0 

3-7 

5-8 

8-5 

5-8 

2-5 

2-0 

1 - 7% 

1-0 

1-5 

1-6 

2-4 

3-4 

4-1 

5-0 

6-0 
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The first line gives the number of the expansion, the second 
the actual final volume of the supersaturated steam at the end of 
each expansion. shows the corresponding volume for saturated 
steam at the same P and II. The next line shows the defect of 
volume due to supersaturation, expressed as a percentage of V^. 
The last line shows the percentage wetness of or the defeet 
of volume of the equivalent wet saturated steam from dry saturated 
at the same pressure and temperature. 

169. Revision of the SS Limit. Comparing these results 
with the similar table given for the H.P. turbine, we observe that 
condensation is delayed to a later stage in the L.P. turbine, and 
that the defect of volume when condensation begins is considerably 
greater than in the H.P. turbine. On the other hand, the time 
interval from the first row of blades to the end of the fourth 
expansion in the H.P. turbine is nearly double that taken by the 
steam in passing from the beginning of the first to the end of the 
fifth expansion in the L.P. turbine. The fact that the expansion 
is twice as rapid is hardly sufficient by itself to account for the 
increase of supersaturation. According to the estimate above 
made of the state of the steam in the L.P. turbine, the point at 
which condensation starts is within one or two calories of the SS 
limit, as defined on the basis of Wilson’s experiments with moist 
air at 20° C., which we should expect to be fairly reliable at low 
jrressures, though possibly erroneous at high pressures. The point 
at which condensation starts in the H.P. turbine is considerably 
above the SS limit given by Wilson’s experiments, but the pressure 
is 14 times higher than in the L.P. turbine. The chief point in 
common is that the equivalent wetness 1 — g is nearly the same 
in the two cases, namely 3T per cent, for the H.P. turbine and 
3-4 per cent, for the L.P. This relation, if true, would give a simple 
definition of the limit, which would be applicable even at the 
critical point, in the neighbourhood of which the phenomenon of 
cloudy condensation is still well-marked. 

There is so little direct experimental evidence with regard to 
the point at which condensation begins in a turbine or nozzle 
at high pressures, that we cannot afford to neglect so clear an 
indication as that afforded by the analysis of the pressure-distribu- 
tion in the Mauretania. In point of fact, a large slow-speed turbine 
is remarkably well suited to indicate the beginning of condensation, 
because the initial rate of recovery is high compared with the 
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rate of expansion, so that the point in question is sharply marked. 
With a higher rate of expansion, the change would be more gradual, 
and it would be more difficult to locate the commencement, ihe 
gradual transition would simulate delay, and lead to an overestimate 
of the true limit. Allowing for the difference of steam-speed in the 
B:.P. and L.P. turbines, we shall probably not be far wrong if we 
take the SS limit, as indicated by these observations, to occur at 
an equivalent wetness of 8 per cent., which agrees very closely with 
the Wilson limit at lower pressures. The limit thus defined has the 
advantage that it is much simpler in application than the Wilson 
limit, because it does not require a special table. The value of 
H,, = H,-0-0S (Hs-St), is readily deduced from the values of H 
and t at the observed pressure by reference to the ordinary tables 
for saturated steam. The value of Vgg for dry steam at the SS 
limit is most easily deduced from that of Vg for dry saturated 
steam at the same pressure by subtracting 0-03 (Hg — st)/p, which 
is easily worked on a small slide-rule. The actual value of V for 
the wet mixture in rapid expansion at the SS limit may be ob- 
tained by the usual formula for wet saturated steam, but with Hgg 
and Vgg in place of Hg and 

The Wilson limit, if applied at high pressures, is liable to the 
theoretical objections, (1) that it makes the defect of temperature 
below the saturation value more than twice as great at 100 lbs. 
as at 1 lb., whereas it should be less than at 1 lb., and (2) that it 
gives results which are obviously impossible in the neighbourhood 
of the critical point. The limit as above defined by 3 per cent, of 
equivalent wetness, escapes both these objections. The adoption 
of the latter limit, in place of Wilson’s, makes no difference to the 
discharge through a nozzle, and scarcely affects any of the cal- 
culations extending to low pressures, but necessarily makes a 
material difference in estimating the point at which condensation 
starts, and the nature of the flow at high pressures. 

In proposing the revision of a limit which has been accepted 
for so many years, it is desirable to give some confirmation of the 
correctness of the calculations on which the revision is based, which 
might otherwise appear purely speculative. The most direct 
verification obtainable from the data given in the trials of the 
Mauretania is by calculating the total horse-power. This is easily 
done by adding the values of M x DII /0 S928 for the separate 
expansions as above calculated, which gives 17,570 horse-power 
for the li.P. turbine, and 19,290 horse-power for the L.P., a total 
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of 36,860 horse-power. The actual total does not appear to have 
been published for the high-speed trials at 194< revs. /min., but can 
be deduced from the observed value 34,000 for each complete 
turbine at a mean speed of 190 revs, in the 24 hours trial. Assuming 
that the total power for a marine turbine of this type varies as the 
cube of the mean speed, which may be closely verified over a wide 
range from the trials of H.M.S. Dreadnought, the power at 194 revs, 
would be 36,200, Allowing for small losses which are not included 
in the calculation for the separate expansions, the results agree 
as closely as could be expected. 

It would appear from these illustrations of the effects of super- 
saturation that the actual expansion of the steam never follows 
the usual saturation state as a limit even in the case of a slow-speed 
turbine. It must not however be inferred that all calculations based 
on the assumption of the saturated state are necessarily erroneous 
and useless. Thus if the SS limit as defined by reference to the 
value of II, corresponds to 3 per cent, of equivalent wetness, the 
ordinary saturation tables will afford in most cases a fair first 
approximation to the performance, and the effect of small variations 
of speed or pressure can be worked out on this basis without material 
error as previously illustrated. On the other hand, there are many 
cases in which the effects of supersaturation make an essential 
difference, as in working out the pressure distribution, or the effect 
of superheat for a particular machine. We have endeavoured to 
show that the experimental results in such cases cannot be explained 
satisfactorily without making allowance for the effects of super- 
saturation as deduced from the iuiown physical properties of steam. 
Without fresh experimental evideiice, specially designed to elucidate 
the points which remain uncertain, little would be gained at the 
jrresent stage by multiplying examples based on imperfect observa- 
tions. Enough has been said to make out a prima facie case for 
new methods of calculation and experiment, and to indicate the 
desirability of cooperation between the engineer and the physicist 
in the adaptation of the heat-engine to suit the properties of the 
working fluid. 


APPENDIX I 


THERMODYNAMICAL RELATIONS 

170. Expression in terms of Partial Differential Co- 
efficients. Many of the most familiar and important quantities 
with which we have to deal, such as the specific heats, and the 
pressure and expansion coefficients, are most conveniently and 
aecurately expressed in the notation of partial differential co- 
efficients, which has the great advantage of indicating at a glance 
the exact nature of the quantity denoted, and the experimental 
conditions under which it is measured. The majority of students 
seem to regard a partial differential coefficient as a mystic symbol, 
unintelligible without a long and arduous training in the intricacies 
of the calculus. This feeling is apt to be fostered by a purely sym- 
bolical treatment of the subject, but tends to disappear if it is 
approached from an experimental standpoint. For the present 
purpose the experimental application is the most important, and 
purely mathematical aspects of the method may be ignored. It is 
possible to attain a very fair idea of the meaning and use of the 
notation for experimental purposes without an elaborate mathe- 
matical training. Man}/^ of the relations most often required in 
practice receive little attention in theoretical works, while on the 
other hand many formal points are elaborated which are of little 
importance in the practical application. It has therefore been 
decided to include in the present work a brief explanation of the 
notation, with illustrations of its practical application, in the hope 
that it may help the student to a better understanding of the 
experimental requirements, which are naturally to a great extent 
overlooked in purely mathematical treatises. Some students on 
the other hand are quite happj^ so long as they are dealing with 
pure symbols, but have a natural distaste for applying them 
to numerical calculations. For such a little exercise in physical 
arithmetic is highly beneficial. To avoid bewildering the student 
with all the possible permutations and combinations of the various 
symbols, the illustrations will be drawn almost exclusively from 
those relations which have a direct bearing on the subject of the 
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present work. Many other relations of a similar character will be 
found in niathematical works, but though important as illustrating 
the symmetry of the formal relations between the various quantities, 
they are not independent results, and merely amount for the most 
part to saying the same thing in a great many different ways, which 
is unnecessary for practical purposes. 

17 1 i The Expansion Coefficient. One of the most 
familiar types of a differential coefficient is the coefficient of 
expansion. This coefficient is measured in practice by observing 
the change of volume v'— v" produced by a change of temperature 
t'— t" and taking the ratio (u'— v")j{t' — t"). Since v represents the 
volume of unit mass, the coefficient thus found expresses the mean 
rate of expansion of unit mass per 1° rise of temperature over the 
range of the experiment. The mean coefficient over any range will 
in general be nearly the same as the actual rate of expansion per 1° 
at the middle point of the range, provided that the range is 
small. 

The actual value of the coefficient at a point, as opposed to the 
mean value over a range, is denoted by dvjdt, and is defined as the 
limiting value of the ratio of the difference in volume dv to the 
difference in temperature dt, when the differences are infinitesimal. 
The value of dvjdt cannot actually be determined in this way, but 
it may be inferred with considerable precision from observations 
over an extended range, either by graphic methods, or preferably 
by finding a formula to represent the observed values of the volume 
in terms of the temperature, and deducing the corresponding ex- 
pression for dvjdt at any point by differentiation. It will be assumed 
that the student is familiar with the rules for differentiating simple 
functions. 

In the case of a liquid it is seldom necessary to specify the 
pressure under which the volume is observed, because the change 
of volume with change of pressure is usually small. But in the case 
of a gas or vapour, the effect of pressure on the volume is generally 
of the same order as the effect of temperature, and the coefficient 
of expansion is usually measured under the condition of constant 
pressure. This is commonly denoted by adding the suffix p, thus 
{d,vjdt)j„ which implies that the pressure is to be kept constant 
during the measurement, or treated as constant in the differentia- 
tion. Thus for an ideal gas obeying the law V = RTjaP, the value 
of the coefficient {dVjdT)p is simply EjaP, and is constant if P is 
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constant, but has ditrerent values at different pressuies, when 
measured per unit mass. 

The coefficient of expansion of a gas at constant pressuie is 
most often tabulated in terms of the volume at 0° C. under the 
same pressure, and not in terms of unit mass. These tabulated 
values correspond with the formula {dV /dT)plVQ, and are obtained 
by dividing the observed values of the coefficient per unit mass 
] 3 y the volume of unit mass at 0° C. under the same pressuie. 
In the case of an ideal gas the coefficient thus measured is constant 
and equal to I/Tq, where Tg is the absolute temperature coi re- 
sponding to 0° C. But the coefficient most often required iii the 
equations of thermodynamics is simply {dVldT)p measured per 
unit mass. 

In the case of actual gases and vapours the coefficient of ex- 
pansion varies with temperature as well as with pressure, and often 
deviates considerably from the ideal value. The case of steam may 
be taken as typical. According to the author’s equation the volume 
is given by the expression, V = RTlaP — c b, where h is constant, 
and c varies as P-”. The corresponding expression for {dV/dT)p 
is BJaP -h wc/r, the value of which at any temperature and pressure 
is easily found from the table giving values of c. The numerical 
value of the coefficient may also be obtained from Table V as 
follows : 

Example 1. Find from Table V the values of the coefficient 
{dVldT)p at 100 lbs. pressure and at temperatures 195°, 200°, and 
205° C. 

The value of {dVldT)p at 100 lbs. and 195° C. is found by taking 
the difference, 0-1211, between the tabulated values of V at 190° 
and 200° C., and dividing by 10, which gives 0-01211. Similarly 
at 205° C. we find 0-01200. At 200° divide the difference between 
V at 190° and V at 210° by 20, which gives 0-012055. The co- 
efficient is nearly constant, and the values thus found are correct 
to 1 in 2000 at the mean points, although the differences are far 
from being infinitesimal. If steam behaved as an ideal gas the 
value at 100 lbs. would be B/aP or 0-010706. The actual value at 
200° C. by the formula BjaP -h ncjT is 0-012051, taking n = 10/3, 
and c = 0-1909 at 200°. 

Formula for Small Bifferences. When the coefficient {dVldT)p 
is known at any particular temperature and pressure, the change 
of volume V- V" for any small change of temperature T'- T" 
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at constant pressure may be found with considerable accuracy 
from the formula (dV/dT)p {T'— T"), which may be written 
{dVldT)p dT, and is mathematically exact in the limit when the 
change dT is infinitesimal. The result would be exact for any 
change of temperature, however great, if the coefficient were 
constant. In general the coefficient is so nearly constant that the 
relation may be applied in practice without material error for a 
range of 5° or 10°. Thus to find V at 205° and 100 lbs. we have only 
to add 5 X 0-01200 to V = 4-8901 at 200°; giving the result 
V = 4-9501, correct to the last figure with very little trouble. 

Interpolation. The above example illustrates the method of 
interpolation by simple proportion, which corresponds exactly 
with the formula for small differences, since it rests on the same 
fundamental assumption, namely that the change of V is pro- 
portional to the change in t when the difference is small. The smaller 
the difference, the greater the accuracy of this assumption, but for 
experimental purposes there is no advantage in reducing the 
differences between the tabulated values below the point which 
permits an accuracy of interpolation equivalent to the last figure 
tabulated. With the aid of a small slide-rule, it is much less trouble 
to obtain intermediate values at any required point from a table 
by interpolation than to calculate them with equal accuracy from 
a formula. There is also leSs liability to serious error since the 
differences involved are relatively small. 

The differential coefficient (dv/dt)^ may be regarded as the 
coefficient of proportionality by which the difference in t must be 
multiplied in order to find the corresponding differenee in v, when 
the pressure is eonstant. It is called a partial differential coefficient 
because it gives only that part of the change of volume which is 
due to change of temperature. 

The formula for the change due to temperature remains equally 
valid if the pressure changes in addition to the temperature, but 
in order to find the total change of volume due to the combined 
effects of temperature and pressure, it is necessary to add the 
separate effects which each would produce if the other remained 
constant. Provided that the changes considered are small, the two 
effects may be treated, both mathematically and experimentally, 
as though they were independent of each other. 

172. The Compressibility. The effect of pressure in 
changing the volume may similarly be expressed in terms of a 
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coefficient, called the compressibility, which is measured by ob- 
serving the change of volume dv produced by a change of pressure 
dp, and taking the limiting value of the ratio dv/dp. If the com- 
pressibility is required free from any effect due to change of tem- 
perature, it is necessary to perform the experiment under the 
condition of constant temperature. The compressibility so measured 
is called the isothermar compressibility, and is denoted by 

— {dv[dp)i per unit mass, where the suffix t indicates that the 
temperature is supposed to remain constant during the measiire- 
ment. The algebraic sign of the compressibility is taken as negative, 
because an increase of pressure invariably produces a diminution 
of volume. It is easy in practice to determine the isothermal 
compressibility by allowing time for the temperature to regain 
its original value when the rise produced by compression has 
disappeared. But it is also possible, by taking instantaneous 
readings and in other ways, to determine the value of the “ adiabatic ” 
compressibility, denoted by — {dvjdp)Q under the condition that 
Q is constant, or that no heat is allowed to escape. The value so 
found is materially different from the isothermal compressibility, 
because the rise of temperature tends to reduce the diminution of 
volume. 

When the isothermal coefficient {dvjdp))i is known, the change 
of volume dv due to any small change of pressure dp at constant 
temperature is given by the expression {dvldp)^ dp, which is exact 
in the limit when the change is infinitesimal. The value of this 
coefficient for steam, obtained by differentiating the expression 
for V with respect to P at constant T, is — RTjaP'^, the same in 
form as for a perfect gas obeying Boyle’s law. 

Example 2. Find from the tables the value of {dVIdP),,, for 
steam at 200° C. and 95 lbs. Compare the result with the formula 

— RT/aP^, and deduce the value of V, where T = 473-1°, 
Rla = 1-0706 (F.P.C.). 

The difference between the tabular values of V at 90 and 100 lbs. 
is found to be — -5628, which gives — -05628 for the mean co- 
efficient per lb. over this range. The formula gives 

- 1-0706 X 473 - 1 / 952 , 

or — *05612 for the coefficient at 95 lbs., which differs by nearly 
3 in 1000 from 0-05628, because the mean coefficient is not exactly 
equal to the coefficient at the mean point, when the pressure dih 
ference is 10 per cent., as in this example. The volume at 95, 
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found by adding' — -05628 X 5 m- .osi/i +47 

r r 1 • 1 ■ ^ 0, OI 2S14, to tho VolumO at QO TO 

S-1715, which IS similarly inexact. “ 

of expansion, is most 
tten tabulated m terms of unit volume in place of unit mass The 

a ue per umt volume is obtained by dividing - (dF/dP) by F 
the volume of unit mass. The reciprocal of the 00102^"^^ 
pei unit volume is called the “elasticity," and is given by the 
expression - F (dP/dF),„ being taken with the negaUve “ivn 1 ke 
the compressibility, because the iinmerieal value of dPjdF is “atavs 
ygativm. The adiabatic elasticity is defined by the same cxplston 
the isothermal elasticity, except that the ratio {dP/dF)„ is to 
be talceu under the condition that no heat is allowed to cseane 
It IS aJways greater than the isothermal elasticity, except af a 
point of maximum density, when the two elasticities Lcomc eouar 

Zlel ir PF "T ^ substance obeyiS 

Hoyle s law, IV = K, we have the simple relation ^ 

- F(dP/dF)j, = + P. 

at constant temperatm-e. In the case of steam, the isothermal 
elasticity akes the form P (aPFIRT), which is a little less than P 
on account of the deviation from Boyle’s law. 

Hie value of a partial dilferential coefficient, sueh as (dV/dP) 
epends essentially on the condition under which the ratio is taken 
- Ill the case of idV/dP), and (dV/dP),, which are different 
given substance at the same temperature and pressure, but are 
1 dated in a symmetrical manner, as explained in § 175. 

idvJdP)^ ‘uTd quantity, such as 

{dVIdl. )y and {dVldl\^, are taken under the same condition the 
usual relation ’ 

{dPldl\ == {dVldl\/{dV/dP)g = {dPldV)Q {dVldT)Q 
applies to the ratio, since the change of V is taken under the same 
condition of adiabatic compression in both cases, and can be 
e miinated. But this relation no longer applies when the chamie 
TnJi rZ conditions, as in (dVldP),, and 

; ' (wMch is zero), 

01 {dl jdl )^, (which IS infinite), but has the value - (dPIdT) 
as shown in § 174. ' 


173. Formula for the Mean Coefficient of Compressi- 
bility. Ihe accurate interpolation of V has always been a difficulty 
owing to the rapid variation of the coefficient of compressibility 
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with pressure, namely as l/P^, for a substance obeying Boyle’s 
law. For this reason values of the volume are often tabulated for 
each single pound of pressure. But this is not really necessary in 
the case of superheated steam, because the formula for the mean 
coefficient of compressibility between finite limits is very simple, 
and exact values at intermediate points are readily obtained when 
required even for large pressure differences. 

If V', V" are any two values of the volume at different pressures 
P' and P", but at the same temperature T, it follows from the 
characteristic equation that the difference of the volumes V— V" 
is equal to RTIaP'~ RTlaP". Dividing the difference of the 
volumes by the difference of the pressures, we accordingly obtain 
the following simple and exact expression for the mean coefficient 
between P' and P", 

V")J{P'~ P") = - RTjaP'P" (1) 

The mean coefficient between P' and any other pressure P, is 
similarly given by — RTjaP'P, and is P" jP of that between P' 
and P", which is directly obtained from the tables if V and V" 
are tabulated values. The coefficient between P' and P, required 
for finding any intermediate value V of the volume at P, is obtained 
by simply reducing the tabular coefficient in the ratio P"IP. We 
thus obtain the following ecoact rule for interpolation. 

Exact Rule for Interpolation of Volumes at. Constant Temperature. 
If V, V" are tabular values of the volume at T corresponding to 
pressures P' and P" (of which P" is the greater), to find the volume 
V at any intermediate pressure P, find the difference V— F by 
simple proportion, increase it in the ratio P"IP, and subtract it 
from V'. 

This operation is very easily performed with a slide-rule, and 
the result is theoretically exact however great the difference. 
Applying the rule to the previous example, 2, the difference V'— V 
found by simple proportion was 0-2814. This difference is to be 
increased in the ratio P" jP or 100/95, which is most easily done by 
adding -2814 x 5/95 or -0148, giving -2962, which is subtracted 
from the volume at 90 lbs., giving V — 5-1567 as the correct result 
for the volume at 95 lbs., in place of the approximate result 5-1715 
found by simple proportion. 

174. The Pressure Coefficient. The pressure coefficient 
{dPldT)y at constant volume may be determined, in the case of a 
gas or vapour, by observing the increase of pressure dP for a rise 
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of temperature dT when the fluid is enclosed in a non-expansive 
envelope, such as a silica bulb. It is easy in the case of a gas to allow 
for the expansion of the bulb if necessary by making a small correc- 
tion to the observed change of pressure. But in the case of a solid 
or liquid, the correction would be so large and uncertain, that the 
direct measurement of {dPldT)y may be regarded as impracticable. 
The required value can however be deduced from those of the 
expansmn coefficient and the compressibility (which can always be 
determined directly) by means of a simple relation between the 
partial differential coefficients, which follows immediately from 
the general expression for the total change of volume in terms of 
P and T 

dV = {dVldT)p dT + {dVldP)p dP (2) 

This relation expresses the obvious fact that any desired change 
of volume may be made in two steps, first by raising the temperature 
through the given range dT at constant pressure, and secondly by 
raising the pressure while the temperature is kept constant. The 
final result is independent of the order of the operations, and is the 
same as if both pressure and temperature were changed simul- 
taneously. 

If the expansion due to increase of temperature in the first 
opeiation is equal to the compression due to increase of pressure in 
the second, we have {dVldT)p dT = - {dVIdP)^ dP, and the total 
change of volume dV = 0. In other words, when dF = 0, the 
1 elation (2) gives the ratio of dP to dT under the condition that 
V remains constant, or the value of the coefficient {dPldT)y, thus 

{dPldT)y = - {dVldT)pl{dVldP)p = - {dPldV)p X {dVldT)p....{S) 

A similar relation holds in all cases between the partial differen- 
tial coefficients of three quantities, such as P, V, and T, if any 
one of the quantities may be regarded as a function of the other 
two. The relation is purely mathematical or formal, depending 
simply on the definition of the coefficients, and not on the pro- 
perties of the substance, or on the laws of thermodynamics. But 
such relations are often very useful in deducing the value of a 
coefficient like {dPldT)y when it cannot be determined by direct 
experiment. 

175. Relations between the Partial Differential Co- 
efficients. If we take only the six quantities P, V, T, E, H, Q, 
there are 20 relations of this type between the partial differential 
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coefficients, being the number of possible combinations of 6 letters 
taken 3 at a time. The student need not be dismayed by this, 
because very few of these relations are commonly required, and 
any one may be deduced from any other by the simple process of 
irrterchanging the letters. Thus if we take the expressiorr for the 
isothermal elasticity 

- V {dPldV)j, = V {dPldT)y/{dVldT)p, (4) 

and substitrrte the letter Q for T throughoirt the relatiorr, we 
obtain _ y {dPldV)Q = V {dPldQ)y/{dVldQ)p, (5) 

which is the corresponding expression for the adiabatic elasticity. 

Taking the ratio of the two elasticities, we obtain the well krrowrr 
result 

{dPldV)nl{dPldV)p - {dQldV)p {dVldT)pl{dQldP)y {dPldT)y 

= {dQldT)pl{dQldT)y, (6) 

discovered by Laplace, that for any substarrce the ratio ol the 
adiabatic to the isothermal elasticity is the same as the ratio of 
the specific heat {dQldT)p at constant pressure, to the specific 
heat {dQldT)y at constant volume. Between the partial coefficients 
of six quantities there are 45 relations of this type, which follow 
from the definition of the coefficierrts concerned, and are inde- 
pendent of the laws of thermodynamics. 

It follows from the last relation, in the case of a gas obeying 
Boyle’s law, for which {dP/dV)p = — PjV, that, if the ratio of the 
specific heats is constant and equal to y, the equation of the 
adiabatic is 

{dPldV)Q = - yP/V, which gives PV^ = Z (7) 

In the case of steam, according to the author’s equation, the 
ratio of the specific heats Sp/Sy is not constant, but is given by the 

expression ^ ^ RTjanP (V - b) (8) 

If however we substitute (dP/dF)^, = — aP^jRT in (6), the adia- 
batic equation becomes 

(dP/dF)Q = - yPI{V - h), which gives P (F - by = K, (9) 
where y = 1 + 1/n. 

If we substitute H and Q respectively for F in relation (3), we 
obtain two others which are often useful, namely, 

{dHldP)p = - {dHldT)p {dTldP)p = ~ SC, (10) 

(dQ/dP)y = - {dQldT)p {dTldP)Q = - STIin + 1) P....(ll) 
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These are more fully explained in the following section on the 
specific heats. 

Example 4. Find from Table Y the value of the pressure 
coefficient {dPjdT)y for steam at 200 ° C. and 100 lbs., and compare 
the result with the value for an ideal gas at the same T and P. 

The tables give {dVldT)p = 0-012055 at 200 ° and 100 lbs. The 
value of {dVIdP)^! is — RTjaP^, or 0-05065 at the same point. 
Whence {dPjdT)y = 0-2380 lb. per sq. in. per 1 ° C. For an ideal 
gas the value is P/T, or 0-2118 (F.P.C.). 

The cooling-effect {dTIdP)^ may be similarly found from 
Table IV, as explained in § 176. The adiabatic coefficient {dPIdT)^ 
may be found in the same way from Table VI. Its value for steam 
is (n -|- 1 ) P/P, where n -|- 1 is the value of the adiabatic index, 
which is one of the fundamental properties determined by direct 
experiment. 

Example 5. Find the two elasticities and their ratio for steam 
at 200 ° C. at pressures of 100 , 200 , and 500 lbs. 

Pressure Ibs./sq. in. 100 200 500 

Adiabatic Elasticity 130-42 261-77 662-4 

Isotbermal Elasticity 96-53 186-20 413-6 

Eatio, yRTlaP {V -h) 1-351 1 -406 1 -602 

The adiabatic elasticity is given by the expression yPVl{V — b), 
which is very nearly equal to yP, where y = 1 -b 1 /n = 1-800. But 
the isothermal elasticity given by the expression aPWjRT, is less 
than P. The values are easily found at any point from Table V. 
Those at 500 lbs. refer to the state of supersaturation which com- 
monly occurs in the discharge through a nozzle (Chap. X). The 
adiabatic elasticity is the coefficient which determines the dis- 
charge. 

176 . The Specific Heat. The specific heats are so im- 
portant from an experimental standpoint that they are commonly 
denoted by special symbols, such as S and s for the vapour and 
liquid at constant pressure. But they may have very different 
values under different conditions, and it is often convenient to 
employ the notation of partial differential coefficients to distin- 
guish other possible varieties of specific heat. 

The specific heat is measured theoretically by observing the 
quantity of heat dQ required per unit mass to raise the temperature 
through an interval dT, and taking the ratio dQ^jdT. If the heat 
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is supplied under the condition of constant pressure, the experiment 
gives the specific heat at constant pressure, which is denoted by 
{dQldT)p, and is equal to the rate of increase of the total heat H 
under the same condition, namely {dIifdT)p, as already explained 
in Chapter II. Similarly the specific heat measured under the 
condition of constant volume is denoted by {d(ljdT)y, and is equal 
to the rate of increase of the intrinsic energy E under the same 
condition, namely {dEldT)y. The quantity actually measured in 
a calorimetric experiment is generally either the change of total 
heat H, or the change of intrinsic energy E, between the given 
initial and final states. This is commonly divided by the range of 
temperature and called the mean specific heat over the range 
considered and under the given conditions. This method of state- 
ment is sufficiently precise for many practical purposes, especially 
when the experiments are not very accurate. But the relations 
{dQldT)p = {dHldT)p, and {dQldT)y = {dEldT)y, do not hold 
accurately except under the conditions of constant P and V re- 
spectively, and it is often necessary to consider more closely the 
exact relation between the specific heats and the rates of variation 
of the total heat and intrinsic energy. 

Variation of Total Heat. In the case of steam, by far the most 
important relations are those affecting the variation of the total 
heat H with pressure and temperature, which will be considered 
first as an example of the use of partial differential coefficients. The 
variation of H with T at constant P is fully determined by the 
specific heat S = {dH/dT')p. Conversely the value of the specific 
heat at any point defined by T and P, is easily obtained from 
Table IV of the values of H for superheated steam, by taking 
differences between any two values at the same pressure and dividing 
by the range of temperature. 

Example 6. Find S at 20, 100, and 500 lbs. and at 200° and 
300° C. Find also the mean values over the range 200° to 300° 
at the same pressures. 

The required values of S at 200° may be obtained to three places 
of decimals by taking the difference between the tabulated values 
of the total heat at 190° and 210° C. at the required pressures, 
and dividing by 20.. Similarly at 300°, and 250°, we obtain the 
following. 


Values at 200° C. 

^20 = -489 

^100 = -^537 

'Ssoo - -777 
„ •671 

„ 250° C. 

» -485 

„ -517 

„ 300° C. 

Mean 200°-300° C. 

„ -483 

„ -504 

„ -008 

„ -4853 

„ -5174 

„ -6780 
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It will be observed that the mean over the range from 200° to 
300° is nearly equal to the value at the mean point 250° C. even at 
high pressures. Values of II at temperatures intermediate between 
the tabulated values can be obtained by simple proportion from 
the relation dll = SdT at constant pressure, correct to two places 
of decimals when the temperature interval is 10° C. So high an 
order of accuracy of tabulation may appear at first sight super- 
fluous ; but many results depend on small differences of total heat, 
and require this order of accuracy in the relative values. It is 
also very convenient to be able to deduce the specific heat at any 
point to three significant figures. 

Variation with Pressure. The variation of the total heat with 
piessure at constant temperature, expressed by the relation 
dll = {dIIIdP)rj, dP, is even simpler in practice than the variation 
with temperature at constant pressure, because it appears that the 
coefficient (d/I/dP)^! is constant within the limits of experimental 
error over the required range at constant temperature. The values 
of this coefficient multiplied by 10 are given in the third column 
of Table IV under the heading lOSC, and show the diminution of 
II for 10 lbs. increase of pressure at each temperature. Since the 
coefficient is independent of the pressure, it is very easy to find 
exact values of the total heat at any pressure intermediate between 
tlie tabulated values by simple proportion. But the value of the 
coefficient {dII/dP)rj, cannot, like that of the specific heat, be deter- 
mined by direct experiment. It may however be deduced with 
equal certainty from observations of the cooling-effect C, and 
affords another instructive illustration of the relations between the 
partial differential coefficients. 

Emnvple 7. Find P and C from Table IV, when II = 680 at 
200° C. // = 681-41 at 100 lbs., and lO^C - 0-834 at 200° C. 
Therefore when II = 680, P = 100 + 1-41 x 10/0-834 = 116-9 lbs. 
Also = 0-538, == 0-549, whence = 0-547, which gives 

C = 0-834/10*9 = 0-1525°/ lb. 

177- The Cooling-Effect C. The cooling-effect C is defined 
as the ratio of the fall of temperature dT to the fall of pressure dP 
when the fluid is expanding under the condition of steady flow at 
constant total heat, which is approximately realised in practice by 
a throttling process. When expressed as a partial differential 
coefficient, C is accordingly represented by the notation {dTldP)jj. 
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In oi’der to find its relation to the partial derivatives of H when T 
and P are taken as coordinates, we take the general expression 

dll = {dHldT)p dT + {dHldP)p dP, (12) 

and apply the condition dll = 0, or II = constant, which gives 
C = {dTldP)jj; = - {dIIIdPy{dIIIdT)p (13) 

The coefficient (dP/dT)p is the specific heat at constant pressure, 
denoted by S, but the coefficient {dIIIdP)p would be very difficult 
to measure in practice. The coefficient C, on the other hand, is 
comparatively easy to measure experimentally by the methods 
already explained in Chapter III. But since the unknown coefficient 
(dllldP)p is equal to — AC, by the above relation, we are enabled 
to express the complete variation of II in terms of the known co- 
efficients S and C as follows, 

dll = SdT - SCdP (14) 

General expressions for dlljdT or dll/dP under any desired 
conditions are readily obtained by dividing this expression for dll 
by dT or dP respectively. The general expression for dlljdT-'- is 

dll/dT ^S-SC (dP/dT), (15) 

which has different values under different conditions depending 
on the relation between P and T or the value of dPjdT. Thus if we 
require to find {dllldT)^, or the rate of increase of II with T at 
constant volume, we have merely to substitute {dPldT)y for 
(dPjdT) in the above expression. Similarly to find (dllldT),, 
or the rate of increase of II for saturated steam, we must substitute 
for dPjdT the rate of increase of the saturation pressure, dpjdt, 
together with the proper values of S and C at saturation pressure 
and temperature. Since dpjdt is known with considerable accuracy, 
this relation is very useful in discussing the possible variations of 
the specific heat and the total heat in the neighbourhood of satura- 
tion (see III (7), IV (6), etc.). 

Example 8. Find the values of {dlljdT), from Table III (//) 
for saturated steam at 100°, 120°, etc. to 240° C. Verify the results 
by calculating S at saturation from the formula 

S, = 0-4772 + an {n + 1) cpjT, 

and SC (dpjdt) from the values of SC given in Table IV, taking 
(dpjdt) = LpjAWT from Table I. 

* It is important to remember that d'HlilT is 7iot the same as the specific heat 
dQjdT, except under the special condition of constant pressure, when dPldT = 0. 
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Thus at 100 ° C. 

S, = 0-4772 + 0-0246 = 0-5018, C, - 0-1861/0-5018 = 0-3708, 

SC (dpldt) = 0-1861 X 539-3 x 14-69/40-45 x 373-1 = 0-0977, 
whence (dH/dT), = 0-4041. 

The required values of {dTljdT), may also be obtained to three 
places of decimals from Table III {H), e.g. at 100° C., by taking 
the difference between the values of J/, at 90° and 110°, and dividing 
by 20, giving 8-07/20 = 0-404, 

These quantities are seldom, required in practice, but are of 
considerable theoretical interest. The same remark applies to the 
specific heat at constant volume, which is given as a further illus- 
tration. 

1 he Specific Heat at Constant V olwne, 6*^7 , is so seldom required 
in the theory of the steam-engine that the letter S, without a 
suffix, will always be used to denote the specific heat at constant 
pressure. The suffix P may be added for constant pressure, if desired, 
in case there is any possibility of confusion, or in expressions where 
both specific heats occur. But the suffix P is unnecessary, even 
in this ease, provided that the suffix V is employed for constant 
volume. 

Tlie value of the specific heat at constant voliune Sy is readily 
deduced from that at constant pressure when required by means 
of the following relations. 

In order to find {dH.ldT)y at constant volume at any given 
point defined by P and T, we have merely to put {dPldT)y in the 
last relation (15), thus, 

idnidT)y - S - SC {dPjdT)y = {dEldT)y + a,V {dPldT)y,...{l6) 

since // == E + aPV. Thus {dEldT)y, the specific heat at constant 
V, is given by 

Sy - {dEldT)y = S- {SC + aV) {dPjdT)y. 

Exaniple 9. Verify the following expressions, if 
II = a (n + 1)P(V~ b) + ahP + B, 
and V = RTjaP - c + h, 

in the case of steam, according to the author’s equation. 

SC = a (w + 1 ) c + ab, 
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whence SC + aV = (1 + ancPjRT) RTjP = aT {dVldT)p, 

S = Sq + an {n + 1) cPjT = (w + 1) E (1 + ancPjRT) 

= 1 ) {dVldT)pPIT, 

Sy = nR (1 + ancPjRT) (1 - acP/RT), 

SjSy ^{n+l)ln{l- acPjRT), 

S - Sy==R{l + ancPjRT)^ = S {1 + ancPjRT) j{n + 1 ) 

= {SC + aV) {dPjdT)y. 

When it is required to find an exact value of S or SC or Sy 
at any particular point, given P and T, the calculation is most 
easily effected by using the expressions above given in terms of 
the coaggregation volume c, the values of which are tabulated in 
Table III (c). But when the value of S is given, it is better to use 
the formula for the difference in terms of S, namely, 

S-Sy = R{SjS,)\ (17) 

where R = 0-11012, and S^ = 0-4772. The ratio SjS^ is equal to 
1 + ancPjRT. Other useful formulae in terms of S are 

SC+aV = SSTjlBP, {dPjdT)y = SPjS^T, {dVjdT)p = BSjlBaP. 

( 18 ) 

Example 10. Given S -= 0-5373 at 200° C. and 100 lbs. pressure, 
find the ratio and difference of the specific heats. 

S-Sy^ 0-1396, Sy = 0-3977, SjSy - 1-3510, 

SC -h aV = 0-5866, {dPjdT)y = 0-2380, {dVjdT)p = 0-012053, 

all in (F.P.C.) units. 

178. General Expression for the First Law of Thermo- 
dynamics. By the principle of the conservation of energy as 
applied to heat exchanges, if a small quantity of heat energy dQ 
is supplied to a body, part remains in the body as an increase of 
intrinsic energy dE, while part is expended in the performance of 
external work dW. The increase of intrinsic energy dE is less than 
the heat supplied dQ by the thermal equivalent AdW of the 
external work done. This may be expressed by the familiar 
equation 

dQ = dE + AdW, ( 19 ) 

in which for convenience the separate terms are expressed in 
equivalent thermal units per unit mass of the working substance. 

In dealing with heat-engines, the only kind of externa] work 
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that need be considered is that done by expansion of the working 
fluid under a uniform hydrostatic pressure, P. The expression for 
dW ill this case is PdV, where dV is the corresponding increment 
of volume. In applying this formula to estimate the work done 
per revolution from an indicator diagram, P represents the effective 
pressure, or the excess of the forward pressure over the back 
pressure at any point of the stroke, while dV represents an appro- 
priate fraction of the volume swept by the piston. In thermo- 
dynamical formulae on the other hand, P represents the absolute 
pressure reckoned from zero, and V represents the volume of unit 
mass of the substance under the given conditions of temperature 
and pressure. The product PdV, representing the work done, is 
reduced to thermal units per unit mass by a numerical factor, 
denoted by a, depending on the units of pressure and volume. The 
expression of the first law becomes 

dQ = dE + aPdV (20) 

If unit mass of the substance is contained in a cylinder and is 
allowed to expand without supply of heat under the condition 
d,Q_ = 0, the expansion is said to be “adiabatic,” and is given by 
the equation dE -|- aPdV = 0. The relation between P and V 
in adiabatic expansion may be deduced from this condition if 
E is known in terms of P and V. Thus in the case of dry steam we 
have the expression E — anP {V — b) + B, where n, h, and B are 
constants. The expression of the first law in the case of adiabatic 
expansion may be written 

ndP {V - b) + (n + 1) PdV = 0, or P™ {V - &)«+i - Z,...(21) 

where n = 10/3, and K is a constant determined by the initial 
values of P and V. 

Ry the first law, when dQ = 0, we must have aPdV = — dE, 
or tlie tliermal equivalent of the work done in adiabatic expansion 
of unit mass in a cylinder from V' to V", must be equal to the 
diminution of intrinsic energy E'— E" . We accordingly obtain the 
following expression for the work from that already given for the 
energy, 

AW = cvriP' (V- h) - anP" {V"- b) = E'- E", ...(22) 

in which the final pressure P" must be calculated in terms of the 
initial i)ressure P' and the ratio of expansion V" jV from the 
adiabatic equation which gives the condition 

P"yP'= {V- 6)i-3/(F"- by-K 
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Example 11. Find the work done by unit mass of dry steam 
in adiabatic expansion from P'= 160 lbs., F'= 8-7501 cb. ft., to 
V"— 10*016 cb. ft. per lb. 

Here V— h = 3-7341, and V"— h = 10-000, whence 
P"jP'= 0-27787, P"= 44-46. 

The thermal equivalent of the work done is 52-41 cals. C. 

The expression given above is the work done during expansion 
after cut-off, and not the whole work done in the cylinder including 
admission and exhaust. The thermal equivalent of the work done 
during admission is aP'V\ that during exhaust is - aP"V", if 
the expansion is complete, or the final pressure P" is equal to the 
back pressure. When these two terms are included, we obtain the 
complete expression 

AW -h aP'V- aP"V'' = a{n+l)P' {V- h) 

-a{n+ 1) P" (V"- h) + ah {P'- P"),...{23) 
which is seen to be equal to the drop of total heat, H = E + aPV. 

Expression for the First Law in terms of li. For this reason 
among others, the total heat is more useful in steam-engine work 
than the intrinsic energy, especially in problems depending on 
steady flow, as previously explained in Chapter II. The general 
expression for the first law in terms of E is also more useful than 
that in terms of E. By substituting dH - aVdP - aPdV for dE 
we obtain the expression 

dq = dll - aVdP (24) 

which supplies a number of useful relations between the specific 
heat and the total heat, in addition to expressions for the work 
done and the heat absorbed under various conditions occurring 
in piactice. The equation in this form applies primarily to the case 
of steady flow, since - aV dP is the thermal equivalent of the 
kinetic energy generated in the fluid in steady flow for a drop of 
pressure - dP. It shows that when dQ = 0 (i.e. when no heat is 
supplied externally or generated by internal friction) the chano'c 
of total heat dH must be equal to aVdP. 

179- Effect of Friction. The expression for the first law 
m terms of R is seldom mentioned, and very little use is made of 
it in purely theoretical works. But it is most important for practical 
purposes, and it is most useful, in applying the equation in this 
form, to take account of friction by including heat so generated 
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in d(l. The condition dQ = 0 in steady flow is then equivalent to 
that of constant entropy, and the integral of dQ^jT along any path 
is the same as the increase of entropy, provided that dQ includes 
heat generated by internal friction, so that it is always equal 
to dll — aV dP. A great deal of argument has been spent on 
questions of this kind which appear to turn chiefly on the inter- 
pretation given to dQ. In many books on thermodynamics dQ 
is explicitly restricted to denote heat supplied from external 
sources, in which case the expression for the first law in the form 
dQ = dE + aPdV = dll — aVdP does not apply to cases in which 
heat is generated by internal friction. If part of the work PdV is 
converted into heat by internal friction, the heat so generated 
remains in the body and goes to increase the internal energy. The 
work actually done by the fluid in expanding is still represented 
by PdF, but is no longer equal to the work utilised externally. 
Since in experimental work it is always necessary to take the 
values of E, P, and V, as those corresponding to the actual or 
observed state of the fluid, the simplest method of extending the 
apifiication of the equation to include internal friction is to assume 
that dQ represents all heat supplied to the working substance 
wlicther by internal friction or from external sources. The pro- 
pcirtics of the substance are determined by experiments in which 
friction is either excluded, as in measuring the adiabatic index, 
or determinate, as in a throttling experiment; so that the extension 
here employed does not in any way invalidate the application of 
the equation by making dQ indeterminate, as might be supposed 
at first sight. On the contrary, the equation remains true, and 
becomes available for estimating work wasted in internal friction. 

The expression aVdP repi-esents the thermal equivalent of the 
work actually done by the pressure drop in generating kinetic 
energy in the working fluid. In the absence of friction, the whole 
of this work is theoretically available for driving a vane in a turbine, 
or generating velocity in a nozzle. But in practice part is necessarily 
wasted in friction and reconverted into heat. Neglecting external 
loss or gain of heat, which is often permissible in the case of large 
engines or turbines, dQ in the general equation represents work 
wasted in internal friction, and dll represents the work utilised, 
or remaining as kinetic energy of flow. 

In the extreme case of a simple throttling process without 
change of velocity, the whole of the available work is wasted in 
friction (represented by the generation of heat dQ ^ — aVdP) and 
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= ^5 01’ H remains constant. At the other extreme, when there 
is no friction, dQ^ ~ 0, and dH = aVdP, it being assumed in both 
cases that there is no external heat-loss or gain. 

The differential equation represents very closely the case of a 
reaction turbine in which the expansion is practically continuous. 
The efficiency of conversion at any stage is the ratio dlljaVdP 
of the work utilised to the whole work done, which is readily 
estimated when the expansion curve, or the relation between P 
and V, is given, or determined by observation. In an impulse 
tmbine a similar expression may be applied to each separate stage 
of the expansion, by observing the initial and final states in each. 
If P and P are the initial and final pressures in any stage, the 
available work of expansion is first converted into kinetic energy 
of flow in a nozzle. The kinetic energy generated in this case is 
nearly equivalent to the adiabatic drop of H since the expansion 
is extremely rapid. Part of the kinetic energy is subsequently 
wasted in friction, so that the actual drop of H corresponding to 
the observed final state at P" is less than the adiabatic drop due 
to the fall of pressure P'- P". The efficiency of the stage con- 
sidered IS the ratio of the actual drop of E to the adiabatic drop. 

Example 12. Neglecting h in the equation for dry steam, find 
the efficiency at any stage if the actual expansion curve is given by 
the equation PV^ = K. 

Since E = (13a/3) PF -f- P, neglecting 

dEjdP = (l3u,/3) (F + PdVIdP). 

But dV/dP = - VjyP, from the given curve, hence the efficiency 
dEjaVdP = (13/3) (1 - l/y). 

Since the effect of friction is always to generate heat at the 
expense of work, and never the reverse, the actual drop of total 
heat - dE can never exceed the equivalent of the available work 
- aVdP m any stage if no heat is lost externally. The two are 
equal in the limiting case of frictioiiless expansion, when y = 1-3. 

i8o. Application to Adiabatic Expansion and 
Throttling. It is difficult in practice to supply heat efficiently 
to the working fluid during rapid expansion. Moreover a quantity 
of heat supplied during expansion produces less useful effect than 
an^ equal quantity supplied before expansion. For both reasons 
adiabatic processes are most important in the operation of heat- 
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engines, since rapidity of working is an essential factor in the out- 
put of power. On the other hand, in experimental work on the 
properties of the fluid, slow processes are often required for the 
avoidance of friction and the attainment of equilibrium of 
temperature. They may also be postulated in theoretical work for 
similar reasons. If the condition of no external loss or gain of 
heat is not satisfied, it is always possible to make allowance for 
any actual loss or gain by including it in the fundamental equation, 
and making a suitable correction to the observed heat-drop. If it 
is desired to distinguish between external heat supply and 
internal friction the general equation may be written in the form 

dQx + dQf = dll — aVdP (25) 

The following examples are intended to illustrate the methods 
of integrating the equation for a finite range of expansion in a 
few ideal cases. 

Example 13. hind the work available in adiabatic flow from 
P — 160 lbs. at 300° C. to P"= 40 lbs. (The equations for dry 
steam apply to this case.) 

I he integral of aV dP is found from the adiabatic equation 
pn (y _ j)n+i _ which gives the expression 

a (w -I- 1 ) P' {V'~ h)-a{n^-l) P" {V"~ h) -H ab {P'- P"), 

for the integral, and {V"- h) = {V- h) {P'jP'Jolis^ for the final 
volume. From Table V, App. Ill, V'= 3-7501, whence V'- 6=3-7341, 
and V"- b = 10-848. Substituting these values, the integral is 
found to be 73-09 cals. C. 

The expression for the integral is obviously the same as that 
for the drop of II, by the formula II = a {n+l)P{V~b)+ abP + B. 
The result may be verified by finding the final value of II, corre- 
sponding to V"= 10-864 at 40 lbs., by interpolation in Table IV, 
which gives /!"= 657-47. The initial value of II at 300° C. and 
160 lbs. is 730-55, whence IF- 11"== 73-08 cals. C. 

As an alternative method, the final temperature may be found 
from the adiabatic equation in the form P/2’”+i = K, which gives 
T"= 416-25, or t"= 143-15° C. The corresponding values of H" 
and V" are then easily found by interpolation in Tables IV and V. 
But that of V" is not required for the solution of the problem. 

The easiest method of solving the problem is to find the final 
value of II" by interpolation in Table IV from the condition of 
constant entropy. The final value of H at 40 lbs. must divide the 
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interval to in the same ratio as the constant value of cp 
divides the same interval in Table VI; which gives the result 
H"= 657-47 as before. 

The advantage of using the condition of constant entropy is 
that it applies with slight modification if the final state of the steam 
is wet. Thus if the expansion had been continued to 10 lbs., we 
find from Table II, t"= 89-58° C., G"= 13-26, and the required 
value of E" follows from the formula, G", where 

(J>'= 1-69523. 

It is instructive as a mathematical exercise to verify the exact 
correspondence of the formulae, and the consistency of the nu- 
merical values given by the tables, when different methods of 
calculation are employed. But in practice when a numerical result 
is required, the easiest method would naturally be selected. 

Example 14. Find the heat generated by friction in a continuous 
throttling process at constant E between the same limits of P 
starting at 300° C. 

When E is constant, we may employ the expression for V in 
terms of E, namely aF = 3 {E - R)/13P -h 10a&/13, which gives 
for the integral of aVdP the exact formula 

3 {E - B) log, (P7P")/13 -1- IQah (P'~ P")/13. 

The constant value of JT is 730-55, and we find the result 85-42 cals. C. 
for the heat generated. If there were no friction, the same quantity 
of heat supplied externally would suffice to keep E constant during 
the expansion, and the external work realised would be the equi- 
valent of the heat supplied during expansion. It follows from the 
general equation that the work done is always exactly equivalent 
to the heat supplied in frictionless flow at constant E, but this 
condition cannot be realised in practice. 

In place of continuous throttling through a porous plug or 
long thin tube, the fluid might first be expanded through an 
aperture or nozzle with very little friction, and the resulting kinetic 
energy subsequently converted into heat. The friction in this case 
would be approximately equivalent to 73-09 cals. C, as calculated 
in the previous example (13) and would exactly suffice to raise E 
to its initial value at the final pressure. The final state is the same, 
but the friction depends on the process employed, and may have 
any value between the limits 73-09 and 85-42 cals. C., if no heat is 
externally supplied. 
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Example 15. Find the heat absorbed and the external work 
done in frictionless flow at constant temperature, t = 300° C., for 
the same limits of pressure. 

Since V = RTj aP ~ c + b, the expression for the integral of 
aVdP at constant T is RT log^ {P'jP") - a {c ~ b) {P'~ P"), 
which gives 86*44 cals. C. for the thermal equivalent of the work 
done, taking c~h ^ 0*0847 at 300° C. 

Since the work done in frictionless flow at constant temperature 
is equivalent to the increase of the potential G, the same result 
may be more easily obtained by taking the difference of the values 
of G from Table VII, which gives the result 86*45 cals. C. 

To find the heat absorbed, it is necessary by the general equa- 
tion (25) to add the increase of II to the integral of - aVdP. The 
increase of II taken from Table IV is 5*19 cals. C., which gives 
91*63 cals. C. for the heat absorbed. 

The heat absorbed at constant temperature is also equal to the 
inciease of entropy O multiplied by the absolute temperature T. 
Ihis is easily verified by taking the increase of entropy, namely 
0*15988 from Table VI, and multiplying it by 573*1, which gives 
the result 91*62 cals. C. 

Weddle's Rule. When the process of expansion can be defined 
by an exact equation for V , as in the preceding examples, accurate 
results for the work done can always be obtained by integrating 
aVdP. But in experimental work the observations may give an 
arbitrary curve which cannot easily be represented by any simple 
formula, or merely a series of isolated points representing inter- 
mediate states. In cases of this kind it is necessary to perform the 
integration by a numerical process in the same way as in finding 
the mean effective pressure from an indicator diagram. One of 
the simplest and most accurate numerical methods is that 
known as Weddle’s rule, having been discovered by Thomas 
Weddle in 1854. 

To find the integral of aVdP (or any similar integral) by this 
rule, the pressure difference is divided into 6 equal parts. The 
values of the volume Fq to Fg are read from the curve at the points 
of division, and the integral is given by the formula 

« (^0 - P,) (Po + 5Fi + K,+ 6V, + V, + 5V, + V,)/20. 

Example 16. In order to test the accuracy of the rule, take the 
values of the volume at 300° C. from Table V, at 160, 140, 120, 100, 
80, 60, and 40 lbs., and apply the formula. The result found is 
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86*46 cals. C., which agrees with that found by direct integration, 
showing that Weddle’s rule is very accurate in a case of this kind. 

Example 17. As a further illustration of Weddle’s rule (in- 
cluding a useful exercise in interpolation) find the required values 
of V at the same pressures under the conditions li constant, and 
<I> constant, respectively, starting from 300° C., and deduce the 
value of the integral of aVdP. Thus to find the value of V at 
P = 40 lbs. and <D'= 1*69523, take the ratio <D' — (Ih^o ~ 

namely 390/1239 from Table VI, and multiply it by the difference 
Fiao — Fi 4 o, namely 0*290, from Table V. Add the result, namely 
0*091 to Fi4o, giving V = 10*864. Proceeding in this way we find 
the following values of V at constant (h, 

P = 160 140 120 100 80 60 40 

3*7501 4*1540 4*6753 5*3765 6*3808 7*9574 10*864 

which on applying Weddle’s rule give the integral of aVdP as 
73*09 cals. C. as in Ex. 13, Similarly at constant H we find the 
following values of V at the same pressures, 

3*7501 4*2840 4*9961 5*9927 7*4877 9*9797 14*964 
which give 85*44 cals. C. for the integral of aVdP at constant H. 
Both of these verify the previous results of direct integration so 
exactly that it is evident that Weddle’s rule may be applied with 
confidence in cases where analytical integration is impossible. 

In the majority of tables of the properties of steam, the values 
of H and 0 are deduced from experimental values of the specific 
heat by a numerical process of integration, and those of V are 
based on independent observations of the volume. The results 
are necessarily to some extent inconsistent owing to experimental 
errors, which lead to material discrepancies in the practical use 
of the tables, especially in applying the laws of thermodynamics 
to experimental tests. The fundamental relation dll = aVdP, 
expressing the application of the first law to adiabatic flow, cannot 
be satisfied with any approach to accuracy. For example, Peabody’s 
Tables* (1912) are among the best known, and have been recently 

* The tables of Marks and Davis are based on the same methods as those of 
Peabody, and show similar discrepancies. If derivatives, such as the specific heat 8, 
are compared in place of comparing integrals or primitives, such as H, tlic discre- 
pancies from the laws of thermodynamics may exceed 20 pjer cent, especially near 
the limits of the experimental range. Prof. H. JST. Davis (Engineering, vol. 102, 
p. 233, Sept. 8, 1916) has recently argued that such discrepancies cannot be avoided 
because they arise from the old difficulty of reconciling the expressions for 11 and V. 
Taldng the author’s expressions for H and F, he has endeavoured to sliow that the 
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revised in accordance with the latest German experiments. The 
value of the adiabatic heat-drop from 160 to 40 lbs. at (I) = 1-69, 
taken from Peabody’s Tables, is 131-5 B.Th.U. or 78-05 cals. C.[ 
■which agrees closely with that above given, Ex. 13. But the inte- 
gral of aVdP over the same range is 132-8 B.Th.U. by Weddle’s 
rule, showmg a discrepancy of 1 per cent. In many cases the 
discrepancies are much larger, and lead to serious trouble in 
practice (see Engineering, June 9th, 1916). 

Example 18. Find the efficiency / of conversion at any stage 
for dry steam if the expansion curve is given by the formula 
P{V—hY'^ = K. Find the efficiency for each 20 lbs. drop of 
pressure from 160 to 40 lbs., starting at 300° C., and deduce the 
overall relative efficiency F in terms of the adiabatic heat-drop. 

I he actual efficiency / at any point, given by the formula 
clHIaVdP (see Ex. 12 above), is (13/3) (2/12) + 5i/18F, and is 
constant throughout the expansion if b is neglected. The values of 
II at each point may be obtained from those of V by interpolation 
m Tables IV and V, or directly from the expression for H. The 
integral of aVdP between any limits, when the index is 1-2, is 
obtained from the formula 

QaP' (F'_ h) - 6aP" {¥"- h) + ah (P'~ P"). 

resulting values of tho second derivative {d^VldT\ cannot be reconciled with the 
cxpiession for the variation of ^ deduced from H. This method, depending op. second 
( erivatives, would bo admirably adapted to exaggerate the apparent importance 
of small discrepancies in a vivid fashion. Unfortunately (as the editor of Engineering 
points out in a footnote), Prof. .Davis has omitted to notice that his first expression 
foi aS deduced from V gives the result for the variation of aS in mechanical units, 
wheieas that deduced from H is naturally expressed in thermal units. The omission 
of the numerical reduction factor from mechanical to thermal units inevitably 
leads to the discovery of discrepancies which have no real existence. In reality the 
cigi cement of the author s expressions for H and V with both laws of thermodynamics 
is mathematically exact, so that no discrepancies of the kind suggested can possibly 
aiise in any mathematical manipulation provided that the work is correctly per- 
formed. Ihe agreement necessarily extends to all the thermodynamical relations 
between the derivatives, and numerical results for the same quantity deduced from 
different relations must always inevitably agree within the limits of error imposed 
by the number of significant figures employed in the calculation. Seeing that the 
old difficulty of reconciling the expressions for H and V with the laws of thermo- 
dynamics has been completely solved by the author’s method, which was fully 
explained in 1900, it would appear to be a very retrograde step at the present time 
to revert to the inconsistent empirical expressions employed by Prof. Davis. The 
employment of consistent thermodynamical expressions has the further advantage 
of smoothing out most of the purely experimental errors in the observations on 
which the numerical results are based. 
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The ratio of the heat-drop for each 20 lbs. to the corresponding 
value of the integral is nearly constant, agreeing with the ratio 
dHjaVdP within the limits of numerical error of calculation, as 
shown in the following table. But the overall relative efficiency F, 
obtained by taking the ratio of the actual heat-drop to the adia- 
batic heat-drop 73-09, is appreciably higher, because the work 
obtainable in frictionless expansion is less than that actually done 
by the fluid along the assumed path including work done against 
friction. Part of the heat generated by friction in the early stages 
is utilised in the later stages, so that the whole of the work expended 
in friction is not completely wasted. The advantage thus gained 
by subdivision of the expansion into stages is more marked the 
lower the efficiency of a single stage, and the greater the range of 
expansion. 

The results are summarised in the following table. 

P 160 140 120 100 80 60 40 

V 3-7601 4-190 4-762 5-540 6-670 8-471 11-870 

dHjaVdP 0-7234 0-7233 0-7231 0-7230 0-7229 0-7227 0-7226 

H 730-55 724-63 717-98 710-34 701-35 690-20 676-40 

P-drop 6-92 6-66 7-64 8-99 11-15 14-80 

jaVdP 8-17 9-20 10-58 12-41 15-46 20-49 

Ratio 0-724 0-723 0-722 0-724 0-722 0-722 

Mean efficiency/, 160 to 40 lbs. = 55-15/76-30 = 0-7228. 

Overall relative efiSciency P = 55-15/73-09 = 0-7546. 

The above is an ideal example intended to illustrate the 
theoretical relations. In practice the efficiency is usually lower, 
especially in the early stages, and is not so nearly constant during 
the expansion. For additional examples, especially in the case 
of wet steam, see Chapter XII. 

i8i. General Expression for the Specific Heat. The 

fundamental relation S = {dHldT)p, for the specific heat at constant 
pressure {d(ljdT)p , is a special case of a more general expression 
for the specific heat under any condition in terms of the variation 
of the total heat dllldT taken under the same condition. The 
required expression follows directly from the general equation for 
the first law in terms of H, by dividing the equation by dT, thus 

dQjdT = dHIdT ~ aVdP I dT, (26) 

in which it is understood that both dllldT and dPjdT must be 
taken under the same condition as that for which dQjdT is required. 
For the specific heat at constant pressure dPjdT = 0, and 
{dQldT)p = {dHjdT)p. 
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Similarly for the specific heat at constant volume we obtain 

{dq!dT)y = {dIIIdT)y - aV {dPldT)y (27) 

Unless the value of (dH/dT) under the required condition is known, 
it is necessary to make a further substitution for dHjdT from (15) 
in terms of A and C. The value of {dHldT)y, for instance, is 
S — SC {dPjdT)y, which gives finally 

{dQldT)y = S-{SC + aV) {dPldT)y (28) 

S dtuTcition Specific Tlecit of Stecitn. The most interesting applica- 
tion of the general formula (26) is to the case of saturation, for 
which dpjdt is known from observation of the saturation pressure p, 
filie value of dHjdP is generally taken from some empirical formula 
foi the total heat at saturation, such as that of Regnault, which 
gives {dHjdT), = 0-305; but better results may be obtained by 
calculating the value in terms of S and C from S - SC {dpjdt), as 
already explained, § 177. The specific heat in question represents 
the quantity of heat required per degree rise of temperature to 
maintain unit mass of steam in the dry saturated state when the 
pressure is increased simultaneously with the temperature at the 
rate dpjdt. The specific heat measured under this condition is 
called for brevity, the saturation specific heat, and denoted by 
{dQjclT),. The required value of V in the formula is the volume of 
dry saturated steam V, at the temperature considered. The foi’mula 
becomes 

{dQjdT), =■- {dHjdT), - aV, {dpjdt) (29) 

Taking the numerical values from the tables at 100° C., namely, 
{dHjdT), - 0-404, F, = 20-79, dpjdt = 0-525, a = 144/1400 in 
E.P.C. units, we find the curious result 

{dQjdT), = 0-404 - 1-447 = - 1-043, 

or the specific heat of steam at 100° C., when maintained in the 
state of saturation, is negative and numerically greater than that 
of water. This is interesting historically as being the first and most 
important new result obtained by Rankine and Clausius in 1850 
by tlie ai)plication of the mechanical theory to steam. 

Tlie meaning of this result may be explained as follows. When 
saturated steam is expanding under the condition of steady flow, 
the term aV, {dpjdt), representing the thermal equivalent of the 
external work done per degree fall, will be equal to the drop of 
total heat dHjdT per degree, if no heat is supplied by friction or 
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otherwise. But its numerical value 1-447 at 100° C. is much greater 
than the drop of total heat 0-404 for dry saturated steam per degree 
fall. The steam will therefore become wet, or partiall}^ condense, 
unless heat is supplied at the rate + 1-043 cals, per degree fall. 
Conversely, if dry saturated steam at 100° C. is compressed, heat 
must be abstracted from it at the rate — 1-043 cals, per degree rise 
to keep it saturated, otherwise it will become superheated. 

182. Specific Heat of Water. The specific heat of water 
when heated under an increasing pressure equal to that of satura- 
tion, is commonly taken as being equal to the specific heat at 
constant pressure {dJildt)^,, or else to the rate of increase of the 
total heat /^ under saturation pressure {dhldt)^. Neither of these 
assumptions is strictly correct. The exact expression for the specific 
heat of water {dqjdt)g in the state of saturation is the same in form 
as that for steam, and is deduced in the same way with the sub- 
stitution of V and /^ for V and H, thus 

{dqjdt)g = {dhjdt)g — aVg (dpjdt) (30) 

The quantity most easily measured by Regnault’s method in 
the case of water above 100° C. is kg, the total heat under saturation 
pressure, from which the value of {dhldt)^ may be deduced by 
differentiation. The required value of the specific heat {dqjdt)^ 
may then be obtained by subtracting aVg (dpldt), which is accurately 
known. Taking Vg = -01671 cu. ft. per lb., the value of this term is 
only -00090 at 100° C., which is an almost negligible fraction of 
the specific heat, but it becomes more important at high pressures, 
amounting to -0089 at 200° C. It must also be taken into account 
in order to render the formulae thermodynamically consistent, 
especially in the deduction of the entropy of the liquid, where it is 
commonly neglected (see Chap. VII, § 66). 

If we take the difference between the two equations for the 
saturation specific heats of steam and water, observing tliat 

— K = L, the latent heat of vaporisation, and substituting LjT 
for a{V - v)g {dpjdt) by Clapeyron’s equation (Second Law) wc 
obtain the equation as originally given by Clausius 

{dqidT)g - {dqldt)g = dLjdT - LjT, (31) 

which is commonly employed in estimating the saturation specific 
heat of steam, and may be directly deduced by applying tlie first 
and second laws to a simple cycle of infinitesimal range dt. But the 
equation in this form does not afford any clue to the saturation 
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specific heat of the liquid, and the separate expressions for the 
saturation specific heats (though not given by Clausius) are in 
other ways more instructive, because they follow quite simply from 
the first law, and are independent of the second. 

_ From the expression (20) for the first law in terms of the 
mtrinsic energy, we may also obtain a general expression for dOldT 
m terms of dEjdT, thus 

dQjdT = dEJdT + aPdVIdT (32) 

Bnt this is less useful than the corresponding expression in terms 
of dHjdT, especially in the case of steam, because it involves 
coefficients which are seldom required, and difficult to measure. 

183. General Expression for dQ in terms of P and T. 

If we write down the general expression for the variation of Q in 
terms of P and T, namely, 

dq = {dqidT)p dT + {dqidP)p dP ( 33 ) 

we observe that the first coefficient is simply the specific heat S at 
constant pressure, but the second coefficient {dQIdP)^, representing 
the heat absorbed per unit increase of pressure at constant tem- 
perature, or more briefly the latent heat of compression, is less 
familiar and more difficult to measure experimentally. If, however, 
we substitute from (14) for dll in terms of S and C in the expression 
dQ = dll. ~ aV dP for the first law, we find 

dq = SdT - (SC + aV) dP (34) 

Comparing this with the first expression for dq, we observe that 
the latent heat of compression (dqidP)p must be equal to 
- (SC + aV), and is easily found from the known values of S and 
C. The negative sign implies that heat will in general be evolved 
in isothermal compression, unless SC is negative and greater than 
aV , as is the case for water at temperatures below 4° C. 

It will be observed that although both E and Q are quantities 
of energy measurable in calories per unit mass, there is a most 
essential difference in their definition. The intrinsic energy E is 
the quantity of energy actually existing in a body per unit mass in 
a given state reckoned from a standard state taken as defining 
the zero of E. The value of E reckoned in this way is a property 
oj the substance, which has a definite value for every state of the 
substance, and is always the same for any given state. The change 
of E in passing from any given state to any other given state depends 
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only on the initial and final states and is independent of the process 
of transformation from one state to the other. On the other hand, 
the quantity of heat-energy Q supplied per unit mass in any trans- 
formation from one state to another depends essentially on the 
process by which the transformation is effected, since it includes 
the external work done in addition to the change of intrinsic eneigy. 
The external work done in transforming a substance from a state 
defined by P'V, to a state P"V" will have different values if the 
transformation is effected in different ways. Thus if the substance 
is first heated at constant volume until the pressure is raised fiom 
P' to P", and then expanded at constant pressure P" from V to 
V", the work done will be given by the expression P" (V"- V')- 
But if it is first expanded at constant pressure P from V to V , 
and then heated at constant volume V" to the same final pressure 
P", the work done will be P' (V"— F'). There is an infinite variety 
of possible cases, each giving different values of Q. 

184. Condition for an Exact Differential. The 
mathematical distinction between E and Q is equally definite. 
Since E has a definite value in every state of the substance, it is 
theoretically capable of expression as a function of any two co- 
ordinates, such as P and T, defining the state. The same is true of 
H, since it differs from E only by the term aPV , which also has a 
definite value in every state. Taking the case of li as an example, 
this implies a simple relation between the partial coefficients 
{dHldT)p and {dHIdP)^, both of which must be derivatives of the 
same function representing H. Since the order of partial differentia- 
tion is immaterial, we shall obtain identically the same result if 
we differentiate (dH jdT)p with regard to P at constant T, as if we 
differentiate {dHjdP)rp with regard to T at constant P. Denoting 
the partial coefficients of H by S and — SC respectively, as shown 
in (14), we obtain the simple and exact relation 

{dSldP)p = - {dSCIdT)p, (85) 

which is the necessary and sufficient condition that dTI should be 
an exact differential, or that 11 should be expressible as a function 
of the coordinates P and T defining the state, and should be a 
property of the substance depending only on the state and inde- 
pendent of the process by which the state has been reached. 

Even if we cannot find an exact expression for H itself in the 
case of any substance, the above relation between S and SC still 
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holds, and is capable of supplying useful information. Thus if S is 
independent of P, dSjdP = 0, and it follows that SC must be 
independent of T; or if S is constant, as assumed by Zeuner for 
steam, {dCldT)p must be zero, or C must be a function of the pres- 
sure only. Conversely, if SC varies with temperature at constant 
pressure, as was found to be the case for steam, it follows that S 
must show a corresponding variation with pressure at constant 
temperature. This deduction has been described by some writers 
as though it was purely a theoretical speculation, requiring experi- 
mental verification by direct measurement of S at various pressures. 
But it rests only on the first law of thermodynamics, so that, if 
it had not been verified by experiment, there would have been 
grave reason to suspect that the experiments were wong. 

Example 19. As a further example of the information obtainable 
from the condition that dll must be an exact differential, we may 
take the following relations quoted in Chapter IV (7), which 
determine the possible variation of the coefficients S and S C along 
a line of constant H. 

C {dSldl% = {dSldP)jj - {dSldP)p + C {dSldT)p == - S {dCldT)p . 

(36) 

The first of the above relations follows from the definition of C. 
The second follows from the general expression for the variation 
of S in terms of P and T. The third follows by substituting for 
{dSldP)rp its equivalent - (dSCIdT)p from the condition (85) that 
dll is an exact differential. The last expression shows that if 
{dC/dT)p = 0, or if C is a function of the pressure only, both dSjdT 
and dSjdP must also vanish when II is constant; in other words 
S must be constant along a line of constant II, or must be expres- 
sible as a function of II. 

Similarly if we take the corresponding relations for 6'C, namely, 

C(dSCIdT)rj^-{dSCIdP)j:j={dSCIdP)rp + C{dSCIdT)p = S {dCldP)p, 

(37) 

which are obtained exactly in the same way as those for S, we 
observe that if {dCldP)p == 0, or C is a function of T only, SC must 
be constant at constant II. This relation has many useful applica- 
tions in practice. 

A precisely similar relation holds between the partial derivatives 
of E, or V, or any property of a substance depending only on the 
state. But a relation of this kind cannot be satisfied by the deri- 


458 


PROPERTIES OF STEAM 


[app. 


vatives of Q, though they have definite values, •namely S and 
- (SC + aV) respectively, in any given state, because Q itself 
cannot be expressed as a function of the coordinates defining the 
initial and final states, unless the process of transformation from 
one state to the other is given. The general expression for clQ 
differs from dli by the term - aVdP, which cannot be integrated 
unless V is given as a function of P, i.e. unless the process of trans- 
formation is defined. This may be expressed by saying that dQ 
is not an exact differential, because the necessary condition 

idS/dP)j, = -{d {SC -1- aV)ldT)p 

cannot be satisfied if condition (85) holds in the case of H. But 
although dQ itself cannot be an exact differential, so that Q cannot 
be tabulated as a property of the substance, it is possible to find a 
closely related function called the Entropy, which serves the same 
purpose. 

185. Expression for the Entropy cfi. An expression of 
the form given for dQ by the first law, namely, 

dQ = SdT - {SC + aV) dP, (84) 

can always be converted into an exact differential by multiplication 
by an appropriate factor. If X is the required factor, the value of 
X is determined by the condition already given for an exact 
differential, which reduces in the present case, remembering that 
{dSldP)p = — {dSCIdT)p, to the form 

S {dX/dP)p -f {SC -h aV) {dX/dT)p + aX {dV/dT)p = 0. ...(38) 

Since it is essential that the differential XdQ of the new function 
should be simply related to dQ, we require only the simplest possible 
value of X satisfying this condition. Applying the condition to 
the case of an ideal gas, for which C = 0, and {dVjdT)p = VjT, we 
have the simple solution, X = IjT. It follows from Carnot’s 
principle that the integrating factor X must be the same :for all 
substances, and must be a function of the temperature only. 

Putting IjT for X in the above condition (38), we obtain the 
relation 

{dQjdP)p = - {SC -h aV) - - aT {dVldT)p, (39) 

as a general expression of Carnot’s j^rinciple, or tlie second law of 
thermodynamics, in a form applicable to all subdaticcs. The relation 
in this form is also the direet expression of the eondition that 
XdQ or dQ/T should be the exact dilferential of some function efi 
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of the coordinates P and T defining the state. The function €> is 
called the Entropy, and is a property of the substance capable of 
tabulation for any temperature and pressure, like the total heat. 
The entropy <D is the property which remains constant in an adia- 
batic transformation when no heat is supplied by friction or other- 
wise, and is therefore extremely useful in the theory of heat-engines, 
where adiabatic processes play such an important part. 

The general expression for the entropy of any substance is 
obtained by integrating the expression for d<D or clQjT, namely, 

del) = clQ/T = SdT/T - a {dVldT)p dP, (40) 

which is necessarily an exact differential if the expressions for 
S and {dV/d2')p are chosen to satisfy the two conditions given by 
the first and second laws. These conditions can be expressed in a 
great variety of ways in terms of other variables, such as V and T, 
or P and V. Some of the simplest and most useful of the resulting 
relations are collected in the following section. 

Example 20. Verify that the expression above given for dQ/T 
is an exact differential. 

We have evidently, {d^jdT)p = SjT, and 
{d(^ldP)rp = - a{dVldT)p. 

Tlicse must satisfy the condition 

(1/2’) {dSldP)p = ~a {dWldT^)p. 

But this is identical with the condition 

{dSldP)p = - aT {dWldT^)p 
obtained from the expression for dll by substituting 
aT {dVldT)p - aV 

for SC, from (39). 

Example 21. If 72 = « (w + 1) P (F - i) + abP + B, and 
V R'l'IaP — c + h, find the condition to be satisfied by the 
cx|)i’ession for c as a function of 2’. 

I^’rom the expression for 77, we have S — a {n + 1) P {dV/dT)p. 
But from that for V we obtain, {dVldT)p = B/aP — {dc/dt)p, so 
that S == {n + l)li~ a {n + 1) P {dcldt)p. If c is a function of 
2’ only, {dSldP)rp - - a {n + 1) {dcldt). But this must be equal to 
- aT {dWldT-)p or + aT (d^c/dC). Which gives for c the differ- 
ential equation 

T {dh/dT^) = ~(n + 1) (dcldt), (41) 

the solution of which is of the form c - kT-^ + b', where k and b' 
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are constant. This method* gives the right value of the index n 
representing the variation of c with temperature, but it leaves the 
constant h' undetermined. 

A more direct method is to substitute for V — & in the expression 
for H, which gives for {dH/dP)r 2 i the expression — a {n + 1) c + ah. 
But this must be equal to — aT {dVldT)p + aV , which gives the 
condition T (dc/dt) — — nc, showing that the only solution possible 
is c = kT~”', if c is a function of T only. 

If c may be a function of both P and T, the condition to be 
satisfied, as explained in Chapter III, § 26, is that cP/2’ must be 
some function of P/P»^+h but the form of the function remains 
indeterminate. 

Exam.ple 22. Integrate the expression for d<E) with the values 
of S and V, given by the condition c = 

The expression for cb is given in Chapter VII, equation (13). 
That for d® may be verified by differentiation of (b. 

i86. Integration of the Expressions for fJ, (I>, and E. 
The values of li and V at any temperature and pressure can be 
determined by direct observation, but those of the entropy 0 
can be deduced only by calculation. The method usually employed 
in tabulating values of O is a numerical process of integrafing 
(S/T) dT at each constant pressure, starting from assumed values 
at the saturation point. This process necessarily gives results for 
<b consistent with those for II if the same tables of S are employed 
for both. But since no account is taken of the term a(dV/dT) 23 dP 
in the expression (40) for d<b, the values of <b obtained are very 
likely to be inconsistent with those of V, and may not satisfy the 
fundamental relation — {d^hjdP)^ = a{dVldT)p required by the 
second law. 

In the Tables of Marks and Davis for instance, the values of 
II and 0 reckoned from saturation appear to be based solely on 
tables assumed to represent the variation of the specific heat, 
without direct reference to Linde’s equation, which is assumed for 
the volume. Thus the difference at 200° C. between the values of 0 
tabulated by Marks and Davis at SO and 200 lbs. is 0-1177 wliicli 

This is merely the inverse of the method adopted { R. 8., 1900) in deducing the 
expression for H from that for V on the assumption that c was of the form 
Prof. Davis {loc. cAi.) recently adopted the same method in the endeavour to show 
that the two expressions for H and F were inconsistent. He would naturally have 
failed to find any inconsistency but for his mistake in omitting a numerical factor. 


I] 


THEEMODYNAMICAL RELATIONS 


461 


agrees closely with the difference 0-1175 given by the author’s 
equation. But the value of the same difference obtained by inte- 
grating a {dVldT)pdP from Linde’s equation is 0-1239, showing a 
discrepancy of 5 per cent. Similarly at 250° C. the difference 
between the tabulated values of <!> at 200 and 500 lbs. is 0-121, but 
the value calculated from Linde’s equation is 0-1578, showing a 
discrepancy of 30 per cent. So large a discrepancy, obtained by 
extrapolating Linde’s formula beyond the experimental range, 
would no doubt be excusable if there were no laws of thermo- 
dynamics, and if Prof. Davis had not employed the same extra- 
polation of Linde’s formula (Chapter VI, § 57) by an erroneous 
method to demonstrate that his extrapolated values of the specific 
heat in the neighbourhood of 500 lbs. were more reliable than the 
experimental values directly measured by Thomas. 

The simplest analytical method of deducing an expression for 
d) consistent with the second law, is to assume ( 1 ) an expression 
for 6*0 specific heat at some convenient standard pressure Pq) 
as a, function of T, and ( 2 ) a suitable form of characteristic equation 
for V in terms of P and T. The value of (h at any point P, 1\ is 
then easily obtained in terms of the standard value (D^ at Pq, Tq, 
by integrating (^Sq/T) dT from Tq to T at constant pressure Pq, 
and adding the integral of - a {dVldT)p dP at constant temperature 
T from Pq to P. This method may appear at first sight to neglect 
the variation of S with pressure, but in reality it takes exact 
account of this variation in a manner consistent with the funda- 
mental relation {dSldP)rp = - aT {dWldT^)p, because it is tacitly 
assumed in the process that dd) is an exact differential. A con- 
sistent expression for H is readily obtained by integrating the 
expression for dH on the same assumptions. The values of the 
constants in the expressions for and V may then be determined 
to satisfy all the experimental data, sueh as those for S, and C, 
and II , and V, and ;p, and L, as closely as possible over the experi- 
mental range. If this cannot be done satisfactorily, the forms of 
tlie expressions chosen for Sq and V must be modified. It is theoreti- 
cally possible to represent any experimental data within the limits 
of error of observation by making the expressions sufficiently 
corajdicated, but it is most important in practice to keep the 
relations as simple as possible by choosing expressions of a suitable 
form. Except in the neighbourhood of the critical point, very 
simple expressions for Sq and V will generally suffice. In many 
cases, complications which have been introduced with the object 
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of representing a particular series of experiments with extreme 
accuracy, are found on further investigation to be irreconcilable 
with other properties of the substance, and to be due to experi- 
mental errors in the original observations. 

If an expression of the form V = F (P, T), giving V explicitly 
as a function of P and T, cannot be found to fit the observations, 
the procedure next in point of simplicity is to express P in the 
form F {V,T) as a function of V and T. The corresponding ex- 
pressions for dE and d<E> in terms of and {dPldT)y may then be 
employed; but the expressions obtained for li, S, C, and {dVjdT) 
are much less convenient than in the previous case. No form of 
characteristic equation has yet been found capable of representing 
all the properties of both liquid and vapour. Many of the equations 
which have been proposed cannot be integrated for both II and fj) 
in finite terms, and are otherwise objectionable even when 
apparently simple. But it is generally possible to find simple 
integrable expressions to satisfy the experimental data with 
sufficient accuracy over the limited range required in practice. 

The following table contains some of the assumptions which 
have been made for S and V, together with the corresponding 
terms in the expressions for H, and E. The various terms in 
the first column may be combined in many different ways. The 
corresponding expressions for II, <l>, and E, are obtained by adding 
the corresponding terms in the other columns, together with a 
constant of integration, which is determined by substituting the 
known value of the quantity required at some standard temperature 
and pressure. It is convenient to take as the limiting value of 
S at zero pressure, which gives S^ — R for the specific heat at 
constant volume. The letter k stands for any constant, and c for 
a volume varying as T"”. 


Table. Expressions for II, O, and E, on various assumptions. 


Assumed 

H 

4 

E 

8q— constant 

8,T 

So log« T 

{So- R) T 

+ IcT 

lcTy2 

+ kT 

+ kTy2 

+ ¥IT 

+ k'log.T 

- FjT 

+ k' log, T 

V = ETjaP 

0 

- F log, P 

0 

& 

+ abP 

0 

0 

- c 

- a {n + 1)gP 

- ancPjT 

- micP 

- 

- a {n+ 1) ck''P‘^‘'lm 

- anck''P‘^lmT 

- ack" P’'^ {71 -\- 1 - ?«,) 

aP^ RTHV - h) 

+ bRT/{V - b) 

+ Rlog,{V - b) 

0 

- cRTjV^ 

-in+ l)cRTIV 

-(»-!) cRjV 

- ncRT/V 
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Example 23. Find expressions for H, ^>5 and E, from Zeuner’s 
equation. 

In this case, Sq = 0-4805, a = 1/424, ck"= 192-5, n = 0, and 
m = 1/4. II - 0-4805T - l-816Pi/4 + B, and 

<1) = 0-4805 loge T - 0-1201 log^ P + Oq. 

Example 24. Find corresponding expressions from Linde’s 
equation. 

In this case, n = S, m = 2 , k"= 0-02 (K.M.C.), h = 0-0052, 
c = 0-031 at 100 ° C., a = 10,000/427, R = 0-1103, and may be 
taken as desired (VI (16)). 

Example 25. Find an expression for C from Rankine’s equation 
for CO 2 , namely, aPV = RT — cRTjV, taking Sq constant and 
n = 2 (VIII (16)). 

The required expressions for S and SC are obtained by differ- 
entiating the expression for H given by the above table. 

Example 26. Find //, <3), and E from Van der Waals’ equation, 
VIII (27). 

187. Thermodynamical Relations depending on the 
Second Law. From the expression (39) above given for SC + aV 
or {dQ/clP)rji, we obtain immediately the following, 

{dl-IIdP)^ = -SC = -a{T {dVldT)p - V) (42) 

{dSldP)p =: - {dSCldT)p = - aT {dWldT% (43) 

Sp = + {dqidT)p = - (dQ/dP)p {dP/dT\„ 

= + aT {dVldT)p (dP/dT),,, ...(44) 
Sj, - Sy = {SC + aV) {dPldT)y = a.T {dV/dT)p {dPldT)y. ...(45) 

Similarly by substitution from the relation 

{dVldT)p = - {dVldP)p {dPldT)y, 
and oi lier relations of the same type, we obtain, in terms of V and 
2' as coordinates, 

{dqidV)p = {dQldP)p {dPldV)p = + aT {dPldT)y = T {d^/dV)p, 

(46) 

{dEJdV)p = {dQ/dV)rp -aP =^aT {dP/dT)y - aP, ...(47) 

{dSyldV)p = aT {d^PldT^)y, (48) 

Sy = {dQldT)y = - {dqidV)p{dVldT\, = - aT{dPldT)y {dVjdT^. 

(49) 

Clapeyron’s equation may be regarded as a special case of the 
general relation {dQ/dV)p = aT {dP/dT)y, as applied to a mixture 
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of the two states of liquid and vapour, since the general relation 
must hold for any state of the substance. The value of {dQjdV)^ 
for the mixture is evidently the ratio of the latent heat L to the 
change of volume V - v in. the vaporisation of unit mass at con- 
stant T. The value of (dPjdT)y is the same as the rate of increase 
of saturation pressure, dpjdt, so long as both liquid and vapour 


remain present. We thus obtain 

LI{V — v) = aT (dp/dt) (50) 

From the two relations, {d(!>jdV)j, = a {dPldT)y, and 
(dO/dP)^, = - a {dVldT)p, 

already given, it is easy to deduce two similar relations, 

(dT/dF),, = -a {dPldO)y, (51) 

by substituting (dd>/dF)y = — {d<bjdT)y (dT/dF),j„ 

{dTfdP\, = a (dF/dcI))p, (52) 

by substituting {d^ldP)p = — {d^jdT)p {dTjdP),p 


These four simple and symmetrical relations are often called 
“The Four Thermodynamical Relations.” 

It would not be difficult to make out a list of a hundred or more 
thermodynamical relations between the various coefficients. But 
there are only two laws of thermodynamics, and only two inde- 
pendent thermodynamical relations, namely (24) and (39), or their 
equivalents, from which all the others are readily deduced by 
purely formal transformations. In the maze of possible combina- 
tions, it is important to keep this fundamental fact in mind. 

Example 27. Verify the general relation 

{dVldT)p {dP/dTl,, + {dPldT)y {dVldT\, 

= {dPldT)y{dVldT)p. ...(53) 

Either side of this equation when multiplied by aT is an ex- 
pression for the difference of the specific heats at constant pressure 
and volume. 

Dividing the equation by the right hand side we obtain 

(dP/dP),, (dP/dP)p + (dF/dP),, (dP/dF)p = 1. ...(54) 

There are several symmetrical relations of this type which may be 
deduced by suitable permutations of the symbols, but such relations 
are of little use except as mathematical exercises. 

Example 28. Verify the general relation, 

{dTldP\ - {dT/dP)p = aV/S. 


(55) 
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This relation follows by the substitution of 
ciT {dVldT)p = S {dTldP\, 

(44), in the expression for SC. It shows that the cooling-effect in 
expansion at constant II, which is denoted by C, can never exceed 
the cooling-effect in isentropic expansion, at constant O, since V 
and S are always positive. The two become nearly equal in the 
neighbourhood of the critical point when V is small and S large, 
and coincide with dp/dt at the critical point, where S is infinite. 

Example 29. Verify the relation 

{dII/dT)p = aT {dVldT)p {dPjdT^ 

for steam, according to the author’s equations, and numerically 
from Tables IV and V. 

The expression for II gives {dll/dl')p = a {n + 1) P (dVldT)p. 
The adiabatic equation = K, gives {dPjdT\p = (w + 1) P/T. 

The relation may be verified numerically from the tables at any 
point by taking {dIIIdT)p from Table IV, and {dVJdT)p from 
Table V, and multiplying the latter by the factor a (n -f 1) P. 

Example 30. Verify from Tables V and VI the relation 

- {d(^ldP)rp = + a {dVJdT)p. 

The mean values of these coefficients taken from SO to 100 lbs. at 
200° C., and from 190° to 210° C. at 90 lbs. respectively are 
0-001366 and 0-001362. The mean values will not agree exactly 
over such a large range of pressure and temperature. The exact 
value of either at any point is given by the formula P/P + aficjT, 
which gives 0-0013618 at 200° C. and 90 lbs. 

i88. Direct Deduction from Carnot’s Principle. It is 

of historical interest to remark that the general expressions for 
the latent heats of expansion and compression were first given by 
Clapeyron {Journal de lEcole Polytechnique, xiv, p. 153, 1834. 
Translated in Taylor’s Scientific Memoirs, vol. i, part III, p. 347, 
1837) in terms of Carnot’s function, and were deduced directly 
from Carnot’s principle before the first law of thermodynamics 
had been discovered or formulated. The method adopted by 
Clapeyron was as follows. 

According to Carnot, if a quantity of heat dQ is supplied to 
any working substance in a heat-engine at a temperature t, the 
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quantity of work obtainable in a cycle of range dt is given by the 
equation ^ dt, (56) 

where F' {t) is a function of the temperature only (commonly 
known as Carnot’s function), and is the same for all substances 
at the same temperature. 

The heat supplied per unit mass of any working substance for 
a small expansion dV at constant temperature t, when expressed 


in terms of the latent heat of expansion, is by definition 

dQ = {dQ,ldV)^dV (57) 

The work done in the cycle is measured on the indicator diagram 
by the product of the expansion dV by the mean effective pressure 
{dPldT)ydT. Hence 

dW = {dP/dT)y dTdV (58) 

Substituting in Carnot’s equation, -and dividing by the common 
factor dVdT, we obtain the relation 

{dP/dT)y = F' (t) {dQldV)rj-., (59) 


which takes the form {dQ/dV)ry = T {dP/dT)y, if heat is measured 
in mechanical units and absolute temperature T is defined as the 
reciprocal of F' {t). 

Clapeyron deduced the corresponding expression for {dQ/dP) 2 ^ 
by the substitution already given. He also obtained another of 
the most commonly quoted relations in the form of a general 
expression for F' {t), namely, 

l/F' {t) = {dQ/dV)p {dT/dP)y - {dQ/dP)y {dTldV)p, ...(60) 
which follows immediately by substituting 

{dQldV)p = {dQldV)p + {dqjdP)y {dPldV)rp (61) 

in the first relation (59). 

It would appear that the first two thermodynamical relations 
might just as well be called Clapeyron’s relations, as the general 
expression for the latent heat of a vapour which he gave at the 
same time. Carnot had previously employed equivalent methods 
for calculating the numerical values of his function, but he had 
not given the corresponding analytical expressions in terms of the 
partial differential coefficients. 

W. Thomson (Lord Kelvin) adopted the first of Clapeyron’s 
relations as the general expression of Carnot’s principle in his 
development of the differential equations of thermodynamics 
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{Phil. Mag., 1852), He assumed that Carnot’s function might be 
approximately represented by the reciprocal of the temperature 
measured from the zero of the gas thermometer, but he retained 
the symbol for Carnot’s function in most of the relations for 
greater generality, because it was at that time uncertain how far 
the temperature by ■ gas thermometer could be identified with 
the reciprocal of Carnot’s function. Kelvin appears to have been 
the first to give the general expression (45) for the difference of 
the specific heats, and to have been the first to show how the 
variation of specific heat with pressure (48) could be deduced from 
the consideration that dE was an exact differential {Phil. Mag., 
1852, vol, IV, p. 170). These relations are commonly attributed 
to Clausius, who gave them some years later in his paper {Pogg. 
Ann., 125, p. 367, 1865) on the general equations of the mechanical 
theory of heat, in which he refers to the previous work of Kelvin. 
The identity of Carnot’s function with the reciprocal of T had 
by that time been established by the experiments of Joule and 
Thomson, and the general adoption of Kelvin’s absolute scale. 
Clausius was thereby enabled to give the relations in greater variety 
in their modern form. But some credit is due to Clapeyron and 
Kelvin for having been the first to work out the general principles 
involved in these relations. When once the method has been ex- 
plained, it is comparatively easy to put the fundamental relations 
in a variety of different forms by purely mathematical manipula- 
tion. It is most important from the experimental standpoint to 
realise that the multiplication of mathematical transformations 
cannot lead to any fresh development of physical knowledge, 
although the choice of suitable expressions may be a matter of 
convenience in the treatment of any special problem. 

189. Thermodynamical Potential G. The potential G may 
be defined for the present purpose as the function T<D — H, and 
its value is readily deduced from those of II and <1). It provides 
a convenient method of expression in many cases, and is a useful 
quantity to tabulate, especially for wet steam, but it cannot give 
any information which is not otherwise obtainable from II and cD. 

The equation of saturation pressure corresponding to any given 
assumptions employed in deducing the expressions for II and €>, is 
readily found by equating G for the vapour to G for the liquid. 
The simplest type of expression for G in the case of the liquid is 
that already given for water. 
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Example 31. Find the expression for G from Van der Waals’ 
equation, and show that it gives the same equation of saturation 
pressure as Maxwell’s theorem, if Aq is the same for the liquid and 
vapour. 

Since by the first law, dll = Td® + aVdP, we have evidently 
dG = mX - aVdP (62) 

The fundamental relation {d^/dP)ji = — a [dV jdl )p, is often 
deduced from the consideration that dG is an exact differential, 
but this is a circular method. 

Example 32. Verify from the tables that (dG/d2 )p and 
{dGjdP)p = -aV. 

It folio w^s from the expression for dG, that the thermal equi- 
valent, - aVdP, of the work done in isothermal flow is equal to the 
increase of G. Similarly the work done in adiabatie flow is equivalent 
to the increase of G diminished by O times the increase of 1 , or 
to fl) times the drop of temperature minus the drop of G. These 
expressions are often useful, especially in finding the adiabatic 
drop of H for wet steam. 

From the expression assumed for G in the case of the liquid 
under saturation pressure, we have the following simple relations 


(dGIdn = s log, {TIT,) - 0-003/To (63) 

T {dG/dT), -Gs = st- 0-003, (64) 


in which the small constants are practically negligible. These are 
useful in considering the flow of wet steam. 

By equating the values of dG/dT for the liquid and vapour at 
saturation we obtain Clapeyron’s equation in the form 

(D - </. = a (F - t)) {dpidt) = LIT (65) 

The foregoing summary, together with the examples and 
equations given in the body of the work, sufficiently illustrates 
the application of the laws of, thermodynamics to the properties 
of a simple fluid such as steam. There are many other thermo- 
dynamical relations which may be required in other branches of 
physics, but the general principles remain the same, so that when 
the application to a simple case has once been mastered, the student 
should have less difficulty in following the development of more 
complicated relations. An index of coefficients, alphabetically 
arranged, is given at the end of Appendix III, pp. 521-526. 


APPENDIX II 


ON THE USE OF THE DIAGRAM 

190. On the Choice of a Diagram. Many problems con- 
nected with the properties of steam can be readily solved by 
graphic methods with a degree of approximation sufficient for 
practical purposes. The kind of diagram best suited for any par- 
ticular purpose naturally depends to some extent on the nature 
of the problem to be solved, but foi; general , use it is desirable to 
employ a single diagram on which all the required properties may 
be adequately represented in a manner suitable for exact measure- 
ment. The diagram issued in connection with this book has been 
selected with the special object of illustrating the properties of 
steam, and facilitating the measurements required in practical 
calculations. It will be well, however, to eonsider briefly some of 
the other diagrams commonly employed, in order to explain more 
clearly the requirements to be satisfied and the conditions on which 
the choice depends. 

The Indicator or PV Diagram is primarily required for measuring 
the work done in the cylinder of a reciprocating engine, for which 
purpose it is the only method available. It is also appropriate for 
exhibiting the results of experiment over a limited range when the 
observed, quantities are the pressure and volume, and has been 
employed most frequently in theoretical works as a graphic method 
of illustrating the principles of thermodynamics. Work, heat, and 
energy, are naturally represented by areas, which are troublesome to 
measure, but otherwise afford the most ajipropriate representation. 
The state of tlie substance with regard to temperature and entropy 
may be represented by drawing families of isothermal and adiabatic 
curves. These curves are instructive in relation to the actual 
expansion curves obtained by tlie use of the indicator, but arc 
difficult to construct accurately, and intersect at inconveniently 
sharp angles, even in the best part of the diagram. The indicator 
diagram is essential to the scientific study of the steam-engine, 
but is in many ways most unsuitable for the rcpix'sentation of the 
properties of the working substance. Except Ibr a limited range. 
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if any two coordinates are given defining the state, and the object 
is to determine with a fair degree of accuracy the numerical values 
of the remaining quantities, the indicator diagram is one of the 
most inappropriate that could possibly be devised. The uniform 
scales of pressrue and volume, which are essential for the measure- 
ment of work in terms of area, involve excessive inequality of scale 
for all the other properties required, and preclude the attainment 
of uniform proportionate accuracy — the chief desideratum in experi- 
mental measurement — even in the case of pressure and volume. The 
isothermals and adiabatics become inextricably confused at high 
pressures and large volumes, and it is praetically impossible to 
distinguish the lines of constant total heat from the isothermals 
in the dry region. The difficulty of scale is avoided in the praetical 
use of the indicator by using many different springs with different 
scales, but such a procediue would evidently be impracticable in 
using the diagram for representing the properties of steam over 
an extended range. 

The Temperature Entropy, or TO, Diagram is also most in- 
structive for theoretical purposes, but probably owes much of its 
popularity in practice to its great superiority over the indicator 
diagram in point of suitability of scale over an extended range for 
most of the quantities required. The areas representing quantities 
of heat are of a convenient shape, and the drop of total heat, 
required in so many problems, is often estimated by measuring the 
appropriate area on the diagram. The inconvenience of having to 
measure areas is commonly avoided by drawing lines of constant II 
on the diagram. This is easily done in the wet region, but the lines 
are peculiar in shape, and change their direction abruptly in crossing 
the border curve. The same is true of the lines of constant pressure 
and volume, which intersect at sharp angles and are difficult to 
distinguish in the dry region. There is no simple scale for either 
pressure or volume, so that, although the small volumes and the 
low pressures are not so crowded as in the PV diagram, it is difficult 
to read either accurately owing to the variability of scale in different 
parts of the diagram. The only uniform scales are those of tem- 
perature and entropy, but the numerical value of the latter is rarely 
required. The chief advantage of the diagram is the ease of following 
adiabatic expansion, since the lines of constant entropy are 
straight. 

The Mollier Diagram. A great practical improvement is 
effected by taking II as the ordinate in place of T, which makes it 
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possible to measure the adiabatic heat-drop in the simplest way 
on a scale of equal parts. An additional advantage is that the lines 
of constant pressure cross the saturation line without any abrupt 
change of direction, in virtue of the fundamental relation dHjd^^T 
at constant pressure. But the scale of pressure varies considerably 
from one end of the diagram to the other, which makes it necessary 
to rule the lines somewhat closely, and precludes accuracy of 
measurement in locating the state-point unless the pressure is a 
round number. The chief defect of the //O diagram is that the 
lines of constant volume (the other quantity most often required) 
cannot be inserted without risk of confusion with the lines of 
constant pressure. For this reason, a separate diagram is often 
employed for the volume. Mollier takes H and P as coordinates 
for this purpose, but the adoption of a scale of equal parts for the 
pressure involves the consequence that the scales of volume, tem- 
perature, and dryness, are so minute in the region of low pressures 
that the diagram is useless where it is most required. 

The II log P Diagram. In the diagram issued with the Steam 
Tables the logarithm of the pressure is taken as abscissa with II as 
ordinate. This has the advantage that equal ratios of expansion, 
which are of equal importance in practice, are represented by equal 
intervals. It also gives a more open scale for the pressure than the 
Mollier diagram, and makes it possible to read the values on a 
simple logarithmic scale with uniform proportionate accuracy in 
all parts of the diagram. The lines of constant volume are readily 
shown on the same diagram, and the volumes can be read on the 
same logarithmic scale with almost equal ease. The adiabatics are 
no longer straight, but their curvature is slight, and they cross the 
saturation line without any abrupt change of direction, in virtue 
of the fundamental relation dlljdP = aV at constant (D. It is 
almost as easy to follow adiabatic expansion as in the entropy 
diagram. The essential point, however, is that all the required 
quantities are accurately measurable on scales which do not vary 
materially in different parts of the diagram. 

191. Description of the Diagram. The scale of pressure 
employed is the familiar logarithmic scale of the 25 cm, slide- 
rule, which every student possesses, in which the ratio 100/1 is 
represented by 25 cms., and other ratios in proportion to their 
logarithms. The lines of constant pressure, the fundamental co- 
ordinate in the case of the steam-engine, are vertical straight lines. 
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of which very few need be drawn, since the pressures are read off 
with the slide-rule seale as easily as with a scale of equal parts, but 
with the additional advantage of uniform proportionate aceuracy. 

The lines of constant volume are slightly curved and inclined 
to the vertical, but the scale of volumes is so nearly the same as 
that of pressures in all parts of the diagram that the volumes can 
be read on the same logarithmic scale with nearly equal ease. 

The saturation line, dividing the wet from the dry region, is 
nearly straight, and but slightly inclined to the horizontal. 

The adiabatics, or lines of constant entropy, are diagonal 
curves (dotted) of nearly equal curvature and spacing, and are 
inclined at a favourable angle to the lines of constant pressure, 
temperature, volume, and total heat. In virtue of the fundamental 
relation (dH/dP) = aV at constant entropy, the adiabatics cross 
the saturation line without any abrupt change of direction, since 
the change of volume is continuous. By using a set-square with 
a curved diagonal, as described below, it is almost as easy to 
follow adiabatic expansion as in the entropy diagram, but the 
new diagram has the advantage that the initial and final pressures 
can be more accurately located. 

The lines of constant dryness are easily drawn in the wet 
region, but a few only are inserted, because they are very seldom 
required when the volume and, all the other quantities are shown 
on one diagram. 

Lines of constant temperature are vertical straight lines in 
the wet region, but are not drawn, because it is easy to read the 
temperature, if required, from the scale of saturation temperature 
and pressure at the base of the diagram. 

It should be observed that the horizontal lines of constant 
total heat and the vertical lines of constant pressure, are not 
closely ruled (as is customary) throughout the whole length and 
breadth of the diagram, but a few only are inserted as reference 
lines. The reason of this is that it is more expeditious and accurate 
in practice to read the values from the nearest reference line with 
a millimetre or logarithmic scale placed on the diagram than to 
refer continually to finely divided scales at the side. The constant 
volume lines are ruled about twice as closely as the pressure lines, 
because the scale of volumes is not so accurately logarithmic. The 
temperature lines are ruled for each 20° in the dry region, to 
facilitate the use of a millimetre scale for interpolation, as the scale 
is very nearly 2° per mm. The entropy scale is T mms. per unit 
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along a vertical in any part of the diagram, and is uniform along 
each vertical in the wet region. 

Auxiliary Curves. A curve of Latent Heat, L, is drawn in the 
wet region, from which the values of the latent heat at any pressure 
may be read on the total heat scale. This curve is useful in solving 
problems involving latent heat without reference to the tables. 
The heat of the liquid h, if required, may be found very accurately 
by adding to t the ordinate of the water-heat curve, given in the 
lower right-hand corner of the diagram. The curve of the thermo- 
dynamic potential of water G = T(^ — A, shown in the same region 
of the diagram, affords the most expeditious method of calculating 
the total heat of wet steam in any state by the formula H = G, 

when the temperature and entropy are given. 

192. Method of Using the Diagram with Divided Set- 
Square. Values sufficiently close for many purposes may be 
obtained by simple inspection, but in order to obtain accurate 
results from the diagram, it is most convenient to fix it on a drawing- 
board, adjusting it carefully so that the straight edge of the 
T-square is parallel to the horizontal lines of constant total heat. 
The T-square may be used to refer the reading of total heat at any 
point to a scale at the side, and a set-square may be employed to 
give the corresponding value of the pressure by the scale at the 
top. Or the distances on the diagram may be measured with a 
pair of dividers from the nearest reference lines, and read off on the 
millimetre and logarithmic scales of an ordinary 25 cm, slide-rule. 
But a more accurate and expeditious method is to employ a special 
set-square of transparent material, with a millimetre scale divided 
on its under side along the vertical edge, and a log. scale similarly 
divided along the horizontal edge. The millimetre scale serves for 
temperature and total heat, and the log. scale for pressure and 
volume. The diagonal edge of the set-square is curved to fit the 
mean adiabatic, and is useful for following adiabatic expansion, 
or finding the entropy. 

To read the Entropy. The only scale that is materially variable 
in different parts of the diagram is that of entropy. In order to 
meet this, without confusing the diagram by drawing too many 
lines, the isentropics or adiabatics are drawn only for each tenth 
of a unit of entropy from 1-4 to 2-1, and the scale of entropy is 
divided to hundredths along each of the vertical reference lines 
of the pressure seale. To find the numerical value of the entropy 
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corresponding to any given point on the diagram, mark the required 
point with a fine pencil, find the part of the curved edge of the 
set-square (or of a paper template traced and cut to fit the mean 
adiabatic 1*7) which corresponds most nearly in curvature with the 
nearest adiabatic, set the curve to pass through the pencil dot and 
divide the entropy scales equally on either side. By estimating 
tenths of a division, the required value of the entropy can be found 
to 1, in the third place of decimals. 

To read the Total Heat at any Point. Read the vertical distance 
in mms. and tenths above the nearest reference line, and add the 
reading to the value marked on the reference line. 

To measure the Heat-Drop between two ypven Points. Adjust the 
T-square to pass through the lower point, and slide the set-square 
until its vertical edge meets the upper point. The drop is given by 
the vertical scale reading in mms.; but unless the T-square and 
drawing board are very perfect, it is usually better to measure each 
value of H from the nearest reference line, and take the difference. 

To read the Pressure at any Point on the Diagram. Place the 
set-square on the diagram with its vertical edge to the right, and 
the log. scale reading backwards from right to left, the divisions 
being on the under side. Slide the set-square along the T-square 
until its vertical edge passes through the required point. The 
pressure is then read on the log. scale at the point where it is 
crossed by the 1, 10, or 100 lb. reference lines of pressure. Thus if 
the pressure is 157 lbs., the 100 line will cross the scale at 1*57, 
or the 10 line at 15-7. Similarly, to mark a vertical line on the 
diagram for any given pressure, say 157 lbs., slide the set-square 
horizontally along the T-square to the right till the division 1-57 
of the log. scale meets the edge of the 100 lb. line, and rule a short 
vertical line with a fine pencil along the vertical edge of the set- 
square near the required temperature or entropy. Since it is 
generally necessary to mark the pressure in this way with a short 
vertical line, it is most convenient to have the log. scale reading 
backwards from right to left, which also suits best for reading- 
volumes. 

To read the Volume. Lay the log. scale across the lines of 
constant volume so that the numbers correspond. Thus, if the 
volume is between 50 and 70, set the divisions 50 and 70, or 5 and 7, 
on the log. scale to fit as nearly as possible with the 50 and 70 lines 
of constant volume. The fit can usually be made exact by sloping 
the scale. If not, adjust the errors at either end of the 50 to 70 
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interval by estimation in the same proportion as the whole interval 
is divided by the required point. Read the required point on the 
scale, estimating tenths of a division as usual. 

To read the Temperature for Superheated Steam. Place the mm. 
scale across the lines of constant temperature so that the cm. 
divisions nearly fit. Adjust the small errors at either end, if any, 
proportionately to the division of the interval by the required 
point. Read the point in mms. and tenths. Multiply by 2, and add 
the result to the temperature marked on the lower line. 

To mark the State-point, given P and T for Superheated Steam. 
Set the vertical edge of the set-square for the required pressure, 
slide the square vertically till the cm. divisions fit the lines of 
constant temperature near the required point, mark the required 
temperature with a fine pencil dot by the aid of the mm. scale. 

To mark the Final State-Point, given P and <I>. Rule a short 
vertical for the final P to cross the adiabatic. Adjust the curved 
edge of the set-square to the value of <E) as previously explained, 
and mark the required point with a dot, or by ruling a short piece 
of the adiabatic. Or conversely, rule a short piece of the adiabatic, 
and mark the required pressure on it. 

To find P and H, when V and O are given. Rule a short piece 
of the adiabatic, adjust the log. scale to fit the lines of constant 
volume, and cross the adiabatic at the given value of V. Hold a 
pencil or a divider point at the crossing while shifting the set-square 
so that its vertical edge rests against the point and its horizontal 
edge fits the nearest reference line of II. Read the vertical scale for 
II at the point, and the log. scale for P where it crosses the 1, 10, 
or 100 line. 

To read the Temperature for Saturated Steam at any Pressure. 
Reverse the log. scale to read from left to right, and lay it along 
the temperature scale at the base of the diagram. To find h for the 
liquid, add the ordinate of the h — t curve to the value of t. 

193. To find the Heat-Drop in Adiabatic Expansion. 

The commonest use of the diagram is to find the values of any one 
of the properties P, T, II, V, or fi), when any other two are given 
defining the state. The solution of almost any problem may be 
worked out in this way to a fair degree of approximation without 
using the tables, by reading the required values at suitably selected 
points according to the data and conditions assumed in the problem. 

One of the most familiar examples is to find the efficiency of the 
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Rankine cycle, or the heat-drop in adiabatic expansion, which will 
be considered in detail as affording a good illustration of the use 
of the diagram in following adiabatic expansion. Since the adiabatic 
heat-drop depends only on the properties of the working substance, 
the result can be worked out theoretically to a high order of accuracy 
from the tables or equations; the accuracy obtainable with the 
diagram is necessarily limited, but is greater than might at first 
sight be supposed, on account of the use of the logarithmic scale 
for the pressure and volume. F or instance, in the following example, 
the initial value of TI can be found to the limit of accuracy of 
reading the millimetre scale for H, since the data for P and T are 
given. The error should not exceed a fifth of a mm. or 0-2 cal. For 
the final state the pressure is only 1-76 lbs., and it might be thought 
that the decimals could be neglected, since the initial pressure 
cannot be read closer than about half a lb. But an error of a 
hundredth of a lb. in the final pressure is as important as an error 
of half a lb. in the initial pressure. Both correspond nearly in fact 
to an error of a fifth of a calorie in the heat-drop, as is easily 
estimated from the fundamental relation {dHjdP)^ = aF, which 
gives 0T7 cal. for the error in H due to an error 0-01 lb. in P, 
under the condition constant. The advantage of the log. scale 
of pressure is that it is just as easy to read to 0-01 lb. at the final 
pressure as to 1 lb. at the initial pressure. The resulting error in 
the measurement of the heat-drop (182-5 cals, in the present 
example) is seen to be of the order of 1 in 1000 only for an error 
1 in 176 in the final pressure. In general the results obtainable by 
the use of the log. scale are much more accurate than might appear 
to be the case at first sight. But it will readily be understood that 
this order of accuracy could not be attained without the use of 
finely divided scales, rendered possible by a proper choice of 
coordinates for the diagram. 

Example. Find the heat-drop in adiabatic expansion, and the 
efficiency of the Rankine cycle, for the following experimental data. 

Initial temperature, 283° C., pressure, 142-5 lbs. (gauge), 
vacuum, 25-9 inches, barometer, 29-5 inches (14-5 lbs.). Whence 
P'~ 157 lbs. abs., P"= 1-76 lbs. abs. 

To locate the Initial State-point. Lay the set-square ABC on 
the diagram, as shown in the annexed figure on a reduced scale, 
so that the division 1-57 of the log. scale lies on the 100 lb. reference 
line. The vertical edge then corresponds to 157 lbs. Mark a fine 
pencil dot on this vertical for t at 1-5 mms. above the 280° line 
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of constant t, which gives the initial state-point, (1) at 283 C. 
This point is found to be 21-8 mms. above the 700 reference line 
of H, whence IT = 721-8. 

Read O' with the curved edge of the set-square, whence 0'= 1-682. 

Read V on the log. scale between divisions 3 and 4, whence 
V'= 3-69. 

To locate the Final State-point. Set the square so that the 
division 1-76 of the log. scale lies on the 1 lb. reference line. Rule 
a short line along the vertical edge at P = 1-76 to cross the adia- 
batic O = 1-682. Mark the exact point of crossing by ruling a 
short piece of the adiabatic with the curved edge. This gives the 
final state-point, 46, in the figure. The required heat-drop can be 
read off directly on the vertical scale by setting the T-square to 
pass through the final state-point and sliding the set-square into 
the position ABC in the figure, to meet the initial state-point. But 
a more accurate result may be obtained by measuring H" from the 
500 reference line, which gives J/"= 539-3. Read V"= 169 
(expansion ratio 46) on the log. scale, and t"= h" = 49-6, on the 
scale at the base. 

The required heat-drop is, IT — M"— 721-8 — 539-3 = 182-5. 

The work done by the feed-pump is a (P'- P") u"= 0-26. 

The heat supplied is, E'- h"= 721-8 - 49-6 = 672-2. 

The efficiency of the Rankine cycle is 182-2/672-2 = -2710. 

The velocity due to reversible adiabatic expansion is found from 
the heat-drop by the formula, U = 300-2 H"), which gives 
U = 4055 ft./sec. A velocity scale is often given on the diagram, 
but the scale is no use for changes of velocity, and it is usually best 
to work the result on the slide-rule. 

The initial and final volumes are not required in the above 
example, but are useful for other purposes, e.g. in the case of in- 
complete expansion, or for finding the appropriate dimensions of 
a cylinder or turbine, or the final section of a nozzle. 

194. Incomplete Expansion. The expansion in the ideal 
Rankine cycle is supposed to be continued down to the condenser 
pressure. In practice this would require cylinders of an excessive 
size, and would give very low mechanical efficiency. It is therefore 
of interest to investigate the necessary loss of efficiency due to 
incomplete expansion, and to compare it with the actual gain of 
mechanical efficiency. There are other sources of loss in practice, 
such as leakage and cylinder condensation, but the loss due to 
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incomplete expansion can be separately investigated, and affords 
a good illustration of the use of the TI log P diagram, because such 
problems are difficult to solve with the tables, or the Mollier diagram. 
In order to find the thermal equivalent AW of the work done by the 
steam in the cylinder, when the expansion ratio is given, and the 
steam is released at the end of the stroke at a pressure P" greater 
than the condenser pressure Pg, we have simply to add to the heat- 
drop ir — II" in adiabatic expansion from P' to P", the thermal 
equivalent aV" {P"— Pg), of the work due to the excess of the 
release pressure over the back-pressure, thus, 

AW = IP- H"+ aV" {P"- Pg). 

The heat-drop H'— H" for a given expansion ratio V"jV', and 
the release pressure P", are easily found by observing the inter- 
section of the adiabatic with the volume line V", but it is essential 
for this purpose that volume and entropy should be shown on the 
same diagram as the pressure and total heat. 

Taking steam in the initial state given in the preceding example, 
namely, (!>'== 1-682, V'= 8-69 and referring to the same Fig. 36, 
the pressures corresponding to 2, 4, 6, 10, and 20 expansions are 
marked by short vertical lines on the adiabatic = 1-682. The 
values of the pressure P" and total heat H" are read off as already 
explained, and the remainder of the calculation proceeds very 
simply as indicated in the following table. The first line gives the 
expansion ratio, or the reciprocal of the cut-off. The second line 
gives the volume at release. The third line gives the pressure at 
release, and the fourth the total heat. Adding the product 
aV" (P"— Pg) to the heat-drop IP— II" we obtain the thermal 
equivalent AW of the maximum work indicated, or obtainable in 
the cylinder per lb, of steam, given in line 7. The quotient 14<14</AW 
gives the theoretical minimum consumption in lbs. per I.FI.P.-hour, 
line 8, which reaches the limit 7-8 for the ideal Rankine cycle when 
the expansion is complete, but does not at all represent the efh- 
ciencies obtainable in practice, when the power is regulated by 
varying the expansion ratio. 

Some idea of the necessity of incomplete expansion (even if 
clearance and other losses are neglected) is given by working out 
the brake efficiencies for a single cylinder of given volume. The 
volume is taken as 3-69 cubic feet, requiring 1 lb. of steam per 
cycle, under the initial conditions when the expansion ratio is 
unity. The equivalent AW of the indicated work per cycle is then 
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Table showing effect of incomplete expansion. 

Initial state, t'== 283°, P'= 157 lbs., V'= 3-69 ft.®, II'= 721-8, 
0'= 1-682. 

Condenser pressure, Pq — 1-76, cylinder volume taken as 
3-69 cubic feet. 


Expansions 

1 

2 

4 

6 

10 

20 

46-3 

{V" 

3-69 

7-38 

14-76 

22-14 

36-9 

73-8 

169 

Eiiial state i P" 

167 

63-9 

27-3 

17-2 

9-76 

4-66 

1-76 

\h" 

721-8 

673-4 

636-2 

617-8 

596-0 

568-5 

539-3 

H'- H" 

0 

48-4 

85-6 

104-0 

125-8 

153-3 

182-5 

aV"(P"- Po) 

58-4 

46-6 

38-4 

34-9 

30-1 

21-8 

0 

I. AW/lb. 

58-4 

95-0 

124-0 

138-9 

155-9 

175-1 

182-5 

Lbs./I.H.P.H. 

24-2 

14-9 

11-4 

10-2 

9-1 

8-1 

7-8 

Actual lbs./I.H.P.H. 

26-6 

17-9 

16-0 

16-3 

18-2 

24-3 

44-0 

I. AW/ovole 

68-4 

47-5 

31-0 

23-2 

15-59 

8-76 

3-94 

Brake APF/lb. 

54 

86 

106 

111 

109-5 

82-5 

Nes. 

Lbs./B.H.P.H. 

26-2 

16-5 

13-4 

12-7 

12-9 

17-2 

Inf. 

Actual Ibs./B.H.P.H. 

28-8 

19-8 

18-8 

20-3 

25-8 

51-6 

5? 


found by dividing the indicated AW per lb. by the expansion ratio. 
The figures for the I. AW per cycle are proportional to the I.H.P. 
at a given speed. The mechanical losses per cycle may be taken as 
being independent of the load, and as equivalent to 4-6 cals., which 
gives a mechanical efficiency of 80 per cent, at 6 expansions. 
Deducting this constant loss from the values of the indicated AW 
per cycle, and dividing by the lbs. per cycle in each case, we obtain 
the figures given in the next line for the equivalent of the work 
done on the brake per lb. of steam. This reaches a maximum at 
about 7 expansions, but becomes negative before the expansion is 
complete. The figures given for the consumption in lbs. of steam 
per brake horse-power-hour, are much better than those attainable 
in practice with a single cylinder, owing to the neglect of other 
losses, but suffice to show the necessity of incomplete expansion in 
practice. The indicated efficiency would vary with expansion ratio 
in a similar manner to the brake efficiency for a single cylinder, if 
account were taken of losses due to leakage and condensation, as 
indicated by the values given in the line representing “actual” 
Ibs./I.H.P.H,, calculated by the method explained below, in the 
section on condensation and leakage. 

195- Regulation by Throttling. Another common method 
of regulation is by simple throttling, with a fixed boiler pressure and 
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expansion-ratio. In this case the initial value of the total heat S' 

ahie of P the initial volinne V is read off on the line H' or 

H ; Th t ?T " ^ of 

. The final volume V" is found by multiplying V by the 
given expansion-ratio. The final pressure P” is 'Gained on the 

diagram from the intersection of the adiabatic through ff'P' with 
the volume line V". a ^ wiui 

The equivalent AW of the indicated work per lb. is given by 
same formula as in the previous example. When H‘ and V" IV’ 
are given, it will be found that the heat-drop IF- B." is nearly 

efam:fam n “ ‘>>0 follo,:!:!^ 

‘ 

Table showing effect of regulation by throttling. 

Initial state //'= 700. Expansion ratio V"/V'= 5 
2 “““ Conden'ser pressure. 

Initial state | y', 

Final state 


aV"{P"~ PA 
H'- H" 
l.AWfih. 
Lbs./I.H.P.H. 


I.dlF/cyclc 
B.dIF/cycle 
B.^lF/lb. 
Lbs./B.H.P.H. 
Actual Ibs./B.H.P.H. 


500 

300 

200 

150 

100 

50 

20 

P070 

1-78 

2-66 

3-54 

5-30 

10-60 

26-5 

5-35 

74-0 

8-90 

43-7 

13-3 

28-9 

17-7 

21-4 

26-5 

14-1 

53-0 

6-8 

132-5 

2-62 

39-6 

38-2 

36-7 

35-3 

32-9 

26-3 

8-6 

88-8 

128-4 

11-0 

88-2 

126-4 

11-2 

88-0 

124-9 

11-3 

87-9 

123-2 

11-5 

87-8 

120-7 

11-7 

88-0 

114-3 

12-4 

88-7 
97-2 
14-6 ' 

88-3 

52-2 

34-6 

25-7 

16-9 

7-9 

9.7 

83-7 

47-6 

30-0 

21-1 

12-3 

3-3 


121 

11-7 

17-3 

115 

12-3 

18-3 

108 

13-1 

19-4 

101 

14-0 

20-7 

88-2 

15-0 

23-6 

47-4 

30-0 

44-5 

( 0 ) 

Inf. 


It will be seen that there is little loss of indicated effieiency by 

would 1? '"''"I the variation 

would generally be less owing to increase of condensation and 

leakage with increase of pressure. The throttling method has the 

a vantage over the variable expansion method that these losses 

D fl!!dT low loads. On the other hand, if the expansion ratio 
is fixed to give a fair degree of efflcieney at normal loads, the engine 

blrprltre! “ corresponding increase of 
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^ nf rondensation and Leakage. Losses due 

196. Effect of Londensacio on the type 

to clearance, condensation, a o . properties of the working 

and arrangement of the engine conditions of initial 

fluid. For a given engine, working undei ve 

and final pressure and ! mltity to the con- 

represented roughly by the “missing quantity” 

sumption per hour. For c ^ P > The “actual” 

M„ measured in 'b=-/oyok. J 

rre^/F'-f where F^is the cylinder volume, and ^the 

i^ or It. at release The “actual” consumption per I.II. . . 

:f“rRH.PHtc:nhe;stimatedonthisbaa 

theoretical consunrption already gwenb^^^^^ “ o' ^ 

-Rut it is better to reverse the procedure, and to calculate the ym 
of M, for different engines by comparing the ' 

obseiW performance. Tlm^^^^y of very 

vS irdrtSl for different types of engine that 

Sn of aeS ilfd* Sr^ivTi; the above 
tables for the “actual” consumption m a single cylinder engine 
hoSd re ttded merely as a^ illustration of the effect of as- 
suming (1) a constant value 0-10 lb. for U, in the case rf va ah 
expansion, and (2) a value F'iima, proportional to P m the 
throttling table, where the initial pressure is var able L 
ditailed discussion of experimental and theoretical “othod of 
estimating the student may refer to thy Paper 
“On the Law of Condensation of Steam” (Proe. Imt. C- F-. 1898 ). 
A general account of the theory is also given in many textboors, 

e.ff! Dalby, Steam-Power, p. 232. 

Losses due to condensation and leakage cannot easi y 
represented on a diagram. The method is most appropriate for 
representing continuous expansion, with or without friction, as i 
a turbine or nozzle, by curves drawn on the diagram as 
and 32. The single copy of the diagram supplied with these Tables 
would be inadequate for long-continued use, and its accuracy is 
• somewhat impaired by folding. Arrangements have accordingly 
been made by the Publishers for supplying additional copies of 
the diagram at a moderate price. 
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Special scales for reading the diagram have been constructed. 
A set-square with finely divided scales in transparent celluloid may 
be obtained from Mr W. TI. Harling, 47, Finsbury Pavement, 
London, E.C., price 5s., and a short millimetre and logarithmic 
scale in celluloid, price l5. Prints of the set-square and scale, on 
paper similar to the diagram, may be had from Mr Harling for 
temporary use or Examination purposes. 

The steam tables contained in the following Appendix III are 
published separately, including an explanation of the diagram. 
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197. Units and Constants. Systems of Units. Values are 
tabulated on the following three systems: 

F.P.C., or Foot-Pound-Centigracle, with pressure in pounds 
per square inch, volume in cubic feet per pound, and tcmpeiatme 
on the Centigrade scale. 

F.P.F., or Foot-Pound-Fahrenheit, with the same units of 
pressure and volume, but with temperature on the Fahrenheit 
scale. 

K.M.C., or Kilogram-Metre-Centigrade, with pressure in kilos 
per sq. cm., volume in cubic metres per kilo, and temperature on 
the Centigrade scale. 

Reduction Factors. The following reduction factors are assumed 
for metric units : 

One Foot = 0-304800 Metre. One Pound = 0-453592 Kilogram, 
which give the following factors for the derived units: 

Density: 1 pound per cubic foot = 16-0184 kilograms per cubic 
metre. 

Pressure: 1 pound per square inch = 0-070307 kilo per square 
centimetre. 

Work: 1 Foot-Pound = 0-138255 Kilogram-Metre. 

The Intensity of Gravity in London at sea-level is taken as the 
standard for the tables, and is assumed to be 1 in 2000 greater 
than the conventional value of the mean intensity in latitude 45°, 
namely 980-665 C.G.S., which gives 

g = 9-8116 metres/sec.2 or 32-190 ft./sec.^ at London. 

The Boiling-Point of Water, 100° C. or 212° F., is defined as 
the temperature of steam condensing under a pressure of one 
standard atmosphere, equivalent to 760 mm. of mercury at 0° C. 
at a place where g == 980-665 C.G.S. 

1 atmo. = 14-6890 pounds per sq. in., or 1-03274 kilos per 
sq. cm. (London). 

Units of Heat. The unit of heat on the F.P.C. system, with 
the pound as unit of mass, is the Pound- Calorie ; on the K.M.C. 
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system, the Kilo-Calorie, But the numbers representing Total 
Heat, etc., in pound-calories per pound are the same as those 
representing the same quantities in kilo-calories per kilogram. The 
total heat of water at 100° C. may be stated as 100 mean calories 
centigrade on either system, reckoned from 0° C, 

The Mean Thermal Unit is adopted in these tables as the unit 
of heat. The mean thermal unit on the centigrade scale is 1/lOOth 
part of the change of total heat of unit mass of water under satura- 
tion pressure from 0° C. to 100° C. Similarly the unit of heat on the 
F.P.F. system is taken as the Mean British Thermal Unit, or 

B. Th.U., which is l/180th part of the quantity of heat required 
to raise 1 lb. of water from 32° F. to 212° F. 

Fundamental Constants for Water and Steam. The following 
values, expressed in terms of the mean specific heat of water 
between the freezing- and boiling-points taken as unity, are the 
same in all three systems of units ; 

Minimum specific heat of water, s = 0-99666. 

Gas constant for steam per unit mass, R = 0-11012, 

Specific heat of steam at zero pressure, Sq — 0-47719. 

Ratio, SfR = n -\- 1 = 13/3. Index, n = 10/3. 

The following fundamental constants depend on the tempera- 
ture scale : 

Latent heat of steam at B.P., L = 539-30 C. = 970-74 F. 
Absolute temperature, T = t + 273-10° C. = i5 -f 459-58° F. 

Values of the Mechanical Equivalent. The absolute value of 
the mean gram-calorie C. is taken as 4-1868 joules, or 4-1868 x 10^ 

C. G.S., from the results of experiments on the total heat h of water 
by the continuous electric and continuous mixture methods {Phil. 
Trans., A, 199, pp. 57-148, 1902; A, 212, pp. 1-32, 1912). 

The corresponding values of the equivalent J of the mean 
thermal unit in gravitational units of work for gravity at London 
are as follows: 

J = 1400-00 (F.P.C.), J = 777-8 (F.P.F.), J = 426-7 (K.M.C.), 

which must be increased by 1 in 2000 for gravity in latitude 45°. 

The reciprocal of J is denoted by A. The factor for reducing 
a product of dimensions PV to thermal units is denoted by a, and 
has the following values : 

a = 144/1400 (F.P.C.), a = 144/777-8 (F.P.F.), 
a = 10000/426-7 (K.M.C.). 
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198. Summary of Equations. Expression for the Total Heat 
of Water h. The effect of the ice molecules on the total heat near 
the freezing-point may be neglected in steam-engine work. The 
effect of the steam molecules in the liquid is most simply repre- 
sented for water under saturation pressure by the equation 

h=:st + vLfiV, -v)- 0-003 == St + {H, - St) vjV, - 0-003 ^If-L 

where v and Eg are the volumes of water and dry saturated steam 
at t. H, and L the total and latent heats. 

The entropy of water under saturation pressure, 

f = s logg (T/To) + (Eg -v)- 0 - 000010 . 

Expression for the Total Heat of Steam H. The general expression, 
deduced from experiments on the specific heat S and the Joule- 
Thomson “cooling-effect,” C = {dT/dP)^ for dry steam in any 
state, is as follows : 

H = SoT- SCP + B, 

where S =- Sq + an{n + 1) cPjT, and SC = a{n -{■ 1) c - ab, 

jS is a constant deduced from L = 589-30 at 100 ° C., giving 
B = 464-00 cals. C., or 835-20 B.Th.U./lb. F. 

Characteristic Equation for Dry Steam giving V in terms of P 

andT. 7 _ j _ BT/aP - c, where c = Cj_ (TJT)^^lK 

B/a = 1-07061, Ti = 373-10°, Cj = 0-4213, b = 0-01602 (F.P.C.), 
Bla = 0-59479, Tj = 671-58°, Cj = 0-4213, b - 0-01602 (F.P.F.), 
Bla = 0-004699, Tj = 373-10°, Cj = 0-02630, b = 0-00100 (K.M.C.). 

The “co-volume” b is taken as the volume of unit mass of 
water at 0 ° C,, or 32° F. 

The “co-aggregation volume” c is deduced from the cooling- 
effect C, and expresses the diminution of volume from the ideal value 
BTjaP due to co-aggregation or pairing of molecules. Values of 
c and Eg in cubic feet per pound are tabulated for each 1 ° C. in 
Table III. Values of E for dry steam in terms of T and P are given 
in Table V. 

Expressions for E and H in terms of P and V for Dry Steam. 

E = (10/3) aP (E - &) + B, 

H = E+ aPV = (13/3) aP {V - b) + abP -H B, 
which gives for E in terms of H and P, 

V = 3 {H - B)llBaP + lObjlB, 
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whence V = 2-2436 {H - 464)/P + 0-0123 (F.P.C.), 

V = 1-2464 {H - 835-2)/P + 0-0123 (E.P.F.), 

V = 0-009847 {H - 464)/P + 0-00077 (K.M.C.). 

General Expression for the Entropy O of Dry Steam at P and T . 

O - 1-09876 log (T/Tj) - -25356 log (P/Pi) - ancPIT + 1-76300, 

where T^, P^ are the values of T and P at the boiling-point. 

The Entropy is the same in all three systems of units. 

Adiabatic or Isentropic Expansion of Dry Steam. Adiabatic 
equation, 

P (F — = constant, or P (F — b)IT = constant, 

or = constant, or (F — b) = constant. 

Heat-drop from Hq, Pq, Fq, Tq, in Isentropic Expansion oj Dry 

Steam. 

(//„ - H)„ = (18/8) aP„ (F„ 6) (1 - (P/Po)^/^) + oh (P„ - P) 

= (E„ - B - abP„) (1 - TIT„) + ab (P„ - P). 

General Expression for Velocity U due to Heat-drop. 

U = (2Jg)i/2 (f/o - Hfl^ 

which gives U = 800-2 {Hq — H)V^ ft./sec. (F.P.C.), 

or U = 223-8 {Hq - Hfl^ ft./sec. (F.P.F.), 

or U = 91-51 {Hq - m./sec. (K.M.C.). 

Cross-section X of a Nozzle for Discharge of Mass M per second. 

X (in.2) 144MF/C7 (F.P.C. or F.), 

A (cm.2) = 10000MF/t7, (K.M.C.). 

Discharge MjX^ through a Nozzle per Unit Area of Throat X^for 
Dry Steam. 

MIX, (Ibs./sec. in.2) == 0-3155 (1 + 0-274&/Fo) (Po/Fo)^^ (F.P.C. 

orF.) 

MIX, (kg./sec. cm.a) = 0-02090 (1 + 0-274&/Fo) {PqIVq^I^ (K.M.C.). 
Throat Pressure, Pj/Pq = 0-5457 — 0-139&/Fo. 

(The b terms may be omitted in all the above formulae unless 
F is small.) 

Approximate Formula for Volume V^ of Dry Saturated Steam. 
pyiGli5 490 (F.P.C. or F.), pF = 1-786 (K.M.C.), 
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whence Discharge of Steam, initially dry and saturated, without 
condensation in the supersaturated state, 

MIXt = 0-01780Po3i/32 (F.P.C. or F.), 

MjX, = 0-01598Po3i/32 (K.M.C.). 

Approximate Equation iZeuner) for Adiabatics of Wet Steam. 
ppa.oss+o.icr = constant, where q = initial dryness fraction, 
whence Discharge of Steam initially dry, but with reversible 
condensation, according to the above formula, 

P^/Po = 0-577, M/Xf = 0-01646 Po3i/ 32 (F.P.C. or F.),- 
M/Zf = 0-01516Po3i/22 (K.M.C.). 

Gibbs' Function or Potential, G = TO - H,for Steam in any State. 
For water or wet steam at t, 

G,=^Tf-h = m,-H, = sT log, (P/Po) -St- 0-008 tjT^, 

a function of the temperature only, tabulated in Table III, for 
each 1° C. 

The equation T<^ — H = Gg, with H and <D for dry steam, 
determines the saturation pressure p. 

The relation H = PO — Gg is the exact equation for the adia- 
batics of wet steam when O is constant, giving H directly in terms 
of t and 0. It may also be written in the forms, 

- P = P(a),- (D) = (1 - g)P = (1 - g) {Eg- St) (1 - v/Vg) 
=^{Hg-st){Vg-V)/Vg, 

where Eg, Oj, F,, are for dry steam at t, and E, $, F, for wet 
steam. The expressions in terms of q are not required unless the 
hypothetical value of q is one of the given data, or unless a diagram 
is employed which gives q only in place of giving F directly. The 
expression for the adiabatic heat-drop {E' — E")^,, is obtained by 
taking the difference between the initial and final values of E, 

{E'- E'% = {f- t") O'- {G'- G") = E'- Eg"+ T" (O/'- O'). 

The first expression is general, and is most convenient for wet 
steam. The second applies only when the final state is wet. 

Rankine Cycle and Relative Efficiency F. Thermal Equivalent 
AW of the work done in the cycle between limits p' and p" 

AW = {E'- E'%- a ip'- p") v"= {f- t") O'- {G'- G") - Aw. 

Heat supplied, E'— h"— Aw. Efficiency, AWfE'- h"- Aw), 
where Am = a{p'— p")v". The “Efficiency Ratio” is the ratio 
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of the indicated efficiency of the actual engine to that of the 
Rankine cycle between the same limits of t and p. 

The “Relative Efficiency” F may be defined as the ratio of the 
indicated work per unit mass to the available work J {IF— 
in isentropic flow with the same limits of t and p, which gives for 
the power and the consumption. 

Indicated horse-power = 2-545ME {IF- IF\ (F.P.C.), 

{M = mass-flow per sec.) 1-414ME {IF- IF% (F.P.F.). 

Indicated kilowatts = 1-548MF {H'- IF% (K.M.C.). 

Pounds per I.H.P. hour = 1414-3/F {IF- IF'),„ (F.P.C.). 

» „ „ = 2546/F (JF- (F.P.F.). 

Kg. per kilowatt hour = 860-0/F {H'- H"\„ (K.M.C.). 

1 kilowatt = 1-3403 horse-power (London) = 1-3597 cheval- 
vapeur (lat. 45°). 

199. Description of the Tables. Table I contains those 
properties of steam which are comparatively seldom required, and 
are tabulated only for each 10° C. of temperature in F.P.C. units. 
The quantities most often required, namely p, (logp), V, //, and G, 
are separately tabulated for each degree centigrade (or Fahr.) in 
Table III, and are also given, together with the entropy <I>, 
in Table II, where the pressure is taken as argument, in all three 
systems of units. The use of the potential, G = T(f) — h, makes it 
unnecessary to employ h, v, L, and LjT for finding the volume 
and the heat-drop in adiabatic expansion, and will be found to 
save a good deal of trouble in calculation. 

If values of L are required for any other purpose, they may be 
found by interpolation, or may be direetly calculated with less 
trouble from the formula, L = {II — st) (1 — vjV). 

The ratio vjV^, whieh oecurs as a small correction in the formula 
for the latent heat, L, and the heat of the liquid, h, may be taken 
for this purpose as p/25000, Avhere p is the saturation pressure in 
lbs. per sq. in. 

The wetness fraction, (1 — q), if required very accurately, may 
be deduced by dividing the defect of total heat, II ^ — II, from the 
saturation value by J/,. — st, and adding the fraction u/Fg, or 
0-00004P, of the result. 

The quantity actually required in most cases is not the wetness, 
but the volume of the wet mixture, which is accurately deduced 
from II, ^ by the formula V,j = V,,{II,j — st)l{IIg - st), without 
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calculating q or making any correction for v, or for the variation 
of the specific heat. 

The external work of vaporisation, ap {V — v), and the in- 
trinsic energy E, are very seldom required, but are easily found 
from the tables of p, V, and H. 

The auxiliary quantities SC and Z = ancfT are useful in 
calculating E and C, or 0 and S, respectively, but are also easily 
obtained from Table III (c), giving c for each 1° C., so that it 
is unnecessary to tabulate them more fully. The specific heat S, 
and the cooling-effect C, are so easily found from the table of 
total heat, that it is unnecessary to tabulate them separately, 
especially as their chief use is for calculating H. 

Table II contains the most important properties of saturated 
steam tabulated in terms of pressure for all three systems of units, 
and will be found the most useful table for general purposes. 
Except for pressures below 1 lb. per sq. in. (which are alto- 
gether omitted in many steam tables) the intervals of pressure are 
graduated so that the corresponding intervals of temperature shall 
never exceed 2° C. or fall below 1° C., which affords the most 
convenient scale for interpolation. The corresponding values of the 
pressure in kilos per sq. cm. in the second column are the exact 
equivalents to five significant figures of the pressures in lbs. per 
sq. in. in the first column. The values in both cases are for the 
latitude of London, and must be increased by 1 in 2000 if it is 
required to express them in terms of the conventional value of 
gravity in latitude 45°. This eorrection may generally be neglected, 
since it does not affeet the relative values, and is beyond the limit 
of accuracy of most observations. It should not in any case be 
applied to individual observations, but only as a final correction 
to the results of a series. 

The values of the volume in the third and fourth columns are 
given to four significant figures, i.e. with a minimum accuracy of 
1 in 2000, corresponding to about 0-01° C. of temperature. More 
accurate values may be obtained, if required for small differences, 
from Table III (F), for each 1° C. Owing to the great range of 
variation of the pressure and the volume, it is impossible to secure 
a uniform degree of proportionate accuracy in tabulating these 
quantities, except in the table of logp. 

The values of the entropy in the fifth column are the same in 
all three systems of units. They are seldom required for small 
differences, and are often tabulated to three places of decimals only. 
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The values of t, H, and G, for saturated steam are tabulated in 
both Fahrenheit and Centigrade systems, to save the trouble of 
reduction to or from the Fahrenheit scale, which is the most 
annoying feature of the British system of units. The values are 
given to 0-01° of temperature and 0-01 of a heat unit respectively, 
because t, H, and G are most often required for small differences, 
especially in deducing the heat-drop and velocity. It would for 
this reason be inconsistent to tabulate them (as in many other 
steam tables) with an order of accuracy inferior to that employed 
for the entropy. 

The case of saturated steam is most completely covered for 
practical purposes by Table II, but the supplementary tables of 
p, logp, F, c, II, and G for each 1° C. will be found useful in cases 
where it is desired to solve, to the limit of accuracy, problems in 
which the elimination cannot be effected so that it is necessary to 
proceed by trial and interpolation, as is generally the case in the 
solution of transcendental equations. Quadratic and cubic em- 
pirical formulae are often employed in preference to logarithmic 
with the idea of avoiding this difficulty; but the advantage gained 
is fictitious, because it is generally much easier to solve a logarithmic 
formula by interpolation, than to find the solution, even of a 
quadratic, without the aid of logarithms. 

With the exception of the formulae for the saturation pressure 
and entropy, which cannot possibly be put in any form except the 
logarithmic if they are to satisfy the second law of thermodynamics, 
the equations expressing the relations between the various pro- 
perties of saturated steam are of the simplest possible algebraic 
type, involving no powers or roots, and exceptionally convenient 
for practical calculations as compared with the ordinary type of 
empirical formula involving powers of the temperature. 

200. Tables for Superheated Steam. The simplicity of the 
characteristic equation and the adiabatic equation for dry steam, 
makes it possible to solve the majority of problems for super- 
heated or supersaturated steam as easily as for a perfect gas. Tabu- 
lation is superseded for many purposes by direct solution of the 
equations. The variation of specific heat is too large to neglect 
even in rough work, and it is a great advantage to be able to take 
exact account of the variation in so simple and consistent a manner. 
It is also possible to tabulate the values of the required quantities 
to a higher order of accuracy than is attainable with empirical 
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formulae without risk of introducing inconsistencies in any of the 
thermodynamical relations. The tabulated values are useful chiefly 
in finding the initial state, when the final state is wet and the 
simple adiabatic for dry steam does not apply to the whole range of 
expansion. They are also useful in reducing experiments on the 
cooling-effect, and other relations of superheated steam. 

The majority of problems relating to superheated steam may 
be solved with sufficient approximation for practical purposes by 
the aid of the diagram. The tables serve chiefly as a method of 
verification, and supply more accurate values in problems where 
small differences are involved. The arrangement of the tables, with 
the scale of temperature on the left, and pressure along the top, is 
intended to correspond with the diagram. The practical limit of 
temperature in the use of superheated steam is in the neighbourhood 
of 400° C., which is comparatively seldom reached in the engine. 
The values tabulated for 450° and 500° C. are of theoretical rather 
than practical interest. Initial pressures below 50 lbs. are so un- 
common, and below 20 lbs. so extremely rare, that close tabulation 
by steps of 1 lb. down to the lowest pressures (adopted in many 
steam tables) is quite superfluous in the case of superheated steam. 
The accuracy of the interpolation formulae given below makes it 
unnecessary to tabulate the values for intervals of less than 10 lbs. 
in any part of the range. Intervals of 50 lbs. suffice at the upper 
limit of pressure. 

Owing to the comparatively limited utility of tables for super- 
heated steam, it has not been considered worth while to duplicate 
them in terms of the Fahrenheit scale and metric units of pressure. 
Values on either of these systems can be obtained very readily, 
if required, by the aid of the Fahrenheit scale of temperature on 
the left, and the kilogram scale of pressure at the top of each table. 
This arrangement has been found more convenient in practice 
than duplicating the tables. 

In experimental tests, the practical datum is always the tem- 
perature and not the superheat. If the superheat only is given, the 
actual temperature of the steam must be found by adding the 
saturation temperature which is given for each pressure at the 
bottom of the column. The saturation line in each table is indicated 
by a zigzag rule. Values below this line represent the state of 
supersaturation, which is of great theoretical interest, though not 
permanently stable. These values cannot occur as initial states, 
but only as transition states; and are useful chiefly for the purpose 
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of estimating possible losses due to irreversible condensation, or 
changes of volume in rapid expansion which materially affect the 
discharge through orifices. 


201. Table IV. Total Heat of Superheated Steam. 
The most useful table for superheated steam is that of total heat II, 
which is the chief factor in determining the heat supply per unit 
mass of fluid. It is very easy to obtain accurate values of U by 
interpolation because the variation with pressure at constant 
temperature is small, and is accurately represented by the constant 
difference tabulated for 10 lbs. of pressure in the third column of 
the table. If the exact value of H is required at some intermediate 
pressure and temperature, it is generally best, for this reason, to 
find (1) two values of II at the given pressure for tabulated values 
of the temperature immediately above and below the required 
point, and (2) to interpolate between these for the required tem- 
perature. But for most purposes ample accuracy is secured by 
adding simultaneously the appropriate fractions of the pressure 
and temperature differences to the nearest tabulated value of H. 

The table of II affords the most convenient method of finding 
the specific heat S at any point, or the mean specific heat over any 
range. Values of the mean specific heat for various ranges are often 
tabulated for calculating II when the superheat is given, but the 
opposite procedure is more accurate and convenient. The difference 
between any two adjacent values of H in the same vertical column 
is 10 times the specific heat S at the mean point, which is directly 
obtained to 3 significant figures. Thus the value of S at 500 lbs. 
and 245° C. is (684-01 - 677-22)/10 = 0-679, and the mean value 
at the same pressure from 240° C. to 340° C. is 

(739-46 - 677-22)/100 = 0-6224. 

Another useful application of the table is to find the cooling- 
effect C at any point, which is obtained by dividing the difference 
SC per pound, by the corresponding value of S obtained as already 
described. Thus to find C at 500 lbs. and 245° C., we have 
SC = 0-06122 by interpolation from the difference column, S = 0-679 
already found, whence C = 0-0902°/lb. Similarly at 50 lbs. and 
150° C., S = 0-526, SC = 0-1218, C = 0-232°/lb. 

The drop of temperature for a large drop of pressure at constant 
total heat, may be obtained by finding the temperature by inter- 
polation at the lower pressure required to give the initial value of 
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the total heat. Thus H at 200° and 200 lbs. is 678-07, which is the 
value given by interpolation at 170° and 22-69 lbs., or at 20 lbs. 
and 169-43°. It is very easy to trace lines of constant total heat 
in this way. 

202 . Tables V, VI, and VI 1. Interpolation for V, 

CD, and G. When the final state in adiabatic expansion is dry, 
T, H, and V are easily calculated from the adiabatie equation in 
the same way as for a perfect gas, but the required result may 
often be obtained with less trouble from the tables by inter- 
polation, if exact values are required. When the final pressure 
P" is given, find T" by interpolation in Table VI at P". Thence 
find H" by interpolation in Table IV, and deduce V" from H" 
and P", or by interpolation in Table V. 

Aceurate values at any point intermediate between the tabu- 
lated values may generally be obtained with a small slide-rule by 
simple proportion in the usual way, provided that the differences 
involved are small, but this rule is insufficiently exact for some 
purposes in the case of V, O, and G, when the pressure differences 
are considerable. The following rule is exact in the case of V at 
constant temperature, for any pressure difference, however large. 

If V, V" are tabulated values of the volume at the same 
temperature T, corresponding to pressures P', P" (of which P" 
is the larger) to find the value of V at any pressure P intermediate 
between P' and P", find the value of the difference 

V- V - {V- V") {P - P'){{P"-~ P') 

by simple proportion in the usual way, increase it by the fraction 
{P"— P)IP of itself, and subtract the result from F'. 

In the case of 0 and G a similar rule applies, but the corre- 
sponding difference, O'- 0, or G'- G, found by simple proportion, 
must be increased by the fraction (P"- P)/2P of itself (with 2P 
in the denominator in place of P) before subtraction from O' or G'. 

Table VI 11. Adiabatic Heat-Drop to i lb. This table is 
fully explained and illustrated in Chapter IX, § 92, but has been 
placed with the other tables to facilitate reference. 
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TABLES I— IX 


TABLE I.-AUXILIABY TABLE FOR SATURATED STEAM OF QUANTIT 
SELDOM REQUIRED, IN TERMS OF TEMPERATURE CENTIGRADE 
FOOT-POUND UNITS. (F.P.G.) 


t 

h 1 

L 

AW 

E 


<I> 1 

1) 

SO 

0-5295 

0-4695 

0-4181 

0-3736 

0-3351 

0-3016 

0-2723 

0-2466 

0-2240 

0-2039 

0-1861 

0-1703 

0-1561 

0-1435 

0-1321 

0-1219 

0-1126 

0-1042 

0-0966 

0-0897 

0-0834 

0-0777 

0-0725 

0-0677 

0-0633 

0-0592 

1000 ^ 

0 

10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

110 

120 

130 

140 

150 

160 

170 

180 

190 

200 

210 

220 

230 

240 

250 

0 

9-98 

19-94 

29-91 

39-89 

49-88 

59-87 

69-88 

79-90 

89-94 

100-00 

110-09 

120-22 

130-40 

140-62 

150-91 

161-26 

171-69 

182-21 

192-83 

203-55 

214-40 

225-37 

236-49 

247-74 

259-16 

594-27 

589-03 

583-78 

578-49 

573-15 

567-75 

562-29 

556-72 

551-05 

545-25 

539-30 

533-17 

526-85 

520-32 

513-57 

506-56 

499-29 

491-75 

483-93 

475-82 

467-41 

458-69 

449-69 

440-38 

430-81 

420-96 

30- 063 

31- 156 

32- 243 

33- 324 

34- 395 

35- 455 

36- 498 

37- 523 

38- 526 

39- 502 

40- 448 

41- 361 

42- 236 

43- 072 

43- 864 

44- 611 

45- 311 

45- 962 

46- 564 

47- 115 

47- 617 

48- 070 
48-474 

48- 831 

49- 147 
49-419 

564-21 

567-85 

571-48 

575-07 

578-64 

582-17 

585-66 

589-07 

592-41 

595-67 

598-83 

601-86 

604-78 

607-58 

610-23 

612-73 

615-08 

617-27 

619-30 

621- 19 

622- 91 

624- 48 

625- 93 

627- 23 

628- 43 

629- 53 

0 

0-03585 

0-07046 

0-10393 

0-13631 

0-16770 

0-19815 

0-22774 

0-25652 

0-28454 

0-31186 

0-33853 

0-36460 

0-39011 

0-41511 

0-43963 

0-46373 

0-48743 

0-51078 

0-53381 

0-55654 

0-57904 

0-60128 

0-62332 

0-64517 

0-66687 

2-17602 

2-11649 

2-06221 

2-01247 

1-96688 

1-92490 

1-88621 

1-85039 

1-81712 

1-78619 

1-75732 

1-73027 

1-70485 

1-68092 

1-65831 

1-63689 

1-61657 

1-59724 

1-57884 

1-56128 

1-54453 
1-52851 
1-51326 
1-49868 
i -48480 
1-47161 

0-01602 

0-01603 

0-01605 

0-01609 

0-01614 

0-01621 

0-01629 

0-01638 

0-01648 

0-01659 

0-01671 

0-01684 

0-01698 

0-01713 

0-01729 

0-01746 

0-01765 

0-01785 

0-01807 

0-01831 

0-01856 

0-01885 

0-01914 

0-01946 

0-01980 

0-02016 

1-496 

1-280 

1-102 

0-9526 

0-8275 

0-7221 

0-6327 

0-5566 

0-4914 

0-4354 

0-3871 

0-3452 

0-3087 

0-2768 

0-2489 

0-2245 

0-2029 

0-1838 

0-1668 

0-1517 

0-1383 

0-1263 

0-1156 

0-1060 

0-0973 

0-0895 


Notation and Formula for the Various Quantities in Table I. 

h = Total Heat of Water under saturation pressure p, in mean calories Centigrade. 

= st + 'oL/{y—v) = si d- [H— st)v/V=E—L, in which the symbols denote : — 

H = Total Heat of Dry Steam at p, in mean calories Centigrade = 8qT — SCp 464. 
s = Minimum Specific Heat of Water = 0'99666. st — t f/300. 

V = Volume of Water, V= Volume of Dry Steam, atp in cubic feet per pound. 

The Ratio v/V= p/25000 (nearly) if p is in pounds per sq. inch absolute. 

L = Latent Heat of Steam in mean calories Centigrade == (E — si)(l — v/ V). 

^ ']Y= Thermal Equivalent in mean calories Centigrade of External Work of Vaporisation W. 
= ap(y-v), where A = 1/J = 1/1400, and a = 144/1400, for (F.P.G.) units. 

H = Intrinsic Energy of Dry Steam at p in mean cals. G. = JET — ap7= aRp( 7— b)+ 464. 
fj) = Entropy of Water at p in cals./deg. = s logg(T/273-l) -f vL/T(y — v). 

^ = Entropy of Dry Steam at p in cals./deg. == ^ + L/T. 

SC = Product of Specific Heat S of Steam and Cooling Effect G, in cals, per lb. pressure. 
= a{n -f- l)c — ah, where h = nQ=0‘01602, c=0'4213(373T/T)^, and n = 10/3. 

X = am/T. S = Sq + (?i -f l)Zp. /So=0-47719 = («.-!- 1)B. R=0T1012 mean cals./deg. 
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TABLE II.— PEOPERTIES OP SATUEATBD STEAM IN TEEMS OP PRESSURE {p) 
POR KILOGRAMMBTRE AND POOT-POUND UNITS, CENTIGRADE AND 
PAHRBNHBIT. (K.M.O.), (P.P.O.), and (P.P.P.) 


Pressure p. 

Volume V. 

Entropy 

0 

C. or E. 

Temperature t, Total heat H, and Potential Q. 

Centigrade uni 



renheit units. 

Pounds 

Kilos 1 

Cu. ft. 

Cu. m. 

,ts. 

Eah 

Sq. in. 

Sq. cm. 

Pound 

KUo. 

t 

H 

0 

t 

H 

G 

0-08922 

0-00627 

3276 

204-5 

2-1760 

— Oo 

594-27 

0 

o 

CO 

1069-70 

0 

0-1 

0-00703 

2940 

183-5 

2-1662 

1-59 

595-03 

0-005 

34-86 

1071-06 

0-009 

0-2 

0-01406 

1524 

95-17 

2-1068 

11-69 

599-81 

0-246 

53-04 

1079-66 

0-443 

0-3 

0-02109 

1038 

64-78 

2-0727 

17-99 

602-77 

0-58 

64-38 

1084-99 

1-04 

0-4 

0-02812 

790-7 

49-36 

2-0482 

22-66 

604-97 

0-91 

72-79 

1088-95 

1-64 

0-5 

0-03515 

640-6 

40-61 

2-0299 

26-41 

606-73 

1-23 

79-54 

1092-12 

2-21 

0-6 

0-04218 

539-1 

33-66 

2-0148 

29-54 

608-19 

1-53 

85-17 

1094-74 

2-75 

0-7 

0 04921 

466-2 

29-11 

2-0018 

32-25 

609-44 

1-82 

90-05 

1096-99 

3-28 

0-8 

0-05625 

411-1 

•15-66 

1 9906 

34-65 

610-55 

2-10 

94-36 

1098-99 

3-78 

0-9 

0-06328 

367-9 

22-97 

1-9810 

36-83 

611-58 

2-37 

98-30 

1100-84 

4-27 

1-0 

0-07031 

333-1 

20-79 

1-9724 

38-74 

612-46 

2-61 

101-74 

1102-43 

470 

1-1 

0-07734 

304-6 

19-01 

1-9646 

40-52 

613-28 

2-85 

104-94 

1103-90 

5-13 

1-2 

0-08437 

280-6 

17-52 

1-9575 

42-17 

614-04 

3-08 

107-91 

1105-27 

5-54 

1-3 

0-09140 

260-2 

16-24 

1-9509 

43-71 

614-75 

3-31 

110-68 

1106-55 

5-96 

1 - 4 - 

0-09843 

242-7 

15-15 

1-9449 

45-14 

615-41 

3-52 

113-25 

1107-74 

6-33 

1-5 

0-10546 

227-4 

14-19 

1-9392 

46-49 

616-02 

3-73 

115-69 

1108-84 

6-71 

1-6 

0-11249 

214-0 

13-36 

1-9339 

47-77 

616-61 

3-93 

117-98 

1109-90 

7-08 

1-7 

0-11952 

202-2 

12-63 

1-9290 

48-98 

617-16 

4-13 

120-17 

1110-89 

7-44 

1-8 

0-12655 

191-6 

11-96 

1-9244 

50-13 

617-69 

4-32 

122-23 

1111-85 

7-78 

1-9 

0-13368 

182-1 

11-37 

1-9200 

51-22 

618-19 

4-51 

124-20 

1112-74 

8-12 

2-0 

0-14061 

173-5 

10-83 

,1-9169 

52-27 

618-67 

4-69 

126-08 

1113-61 

8-45 

2-2 

0-15468 

158-7 

9-906 

1-9081 

54-24 

619-55 

5-03 

129-64 

1115-20 

9-06 

2-4 

0 16874 

146-4 

9-140 

1-9010 

56-06 

620-36 

5-37 

132-92 

1116-65 

9-67 

2-6 

0-18280 

135-6 

8-466 

1 -8947 

67-75 

621-14 

5-69 

135-94 

1118-05 

10-24 

2-8 

0-19686 

126-6 

7-897 

1-8888 

59-34 

621-86 

6-00 

138-82 

1119-35 

10-80 

3-0 

0-21092 

118-6 

7-401 

1-8833 

60-83 

622-53 

6-30 

141-50 

1120-66 

11-34 

3-2 

0-22498 

111-6 

6-967 

1-8780 

62-24 

623-16 

6-58 

144-04 

1121-69 

11-84 

3-4 

0-23904 

105-4 

6-582 

1-8731 

63-58 

623-76 

6-86 

146-44 

1122-77 

12-35 

3-6 

0-25311 

99-93 

6-238 

1-8685 

64-85 

624-32 

7-13 

1 148-73 

1123-78 

12-83 

3-8 

0-26717 

95-00 

5-930 

1-8641 

66-07 

624-87 

7-39 

150-92 

1124-77 

13-30 

4-0 

0-28123 

90-64 

5-652 

1-8600 

67-23 

625-38 

7-64 

153-01 

1125-69 

13-75 


T=t + 273'10° Centigrade. T = t + 459-58° Pahrenheit. G = T0 — H. 

Adiabatic Heat-Drop. H' — H" = {f — t")0' (G\—iO ' ) = {H H s) + ^ (0 s~0 )• 

The suffix jin JUj, 7^, or 0^ denotes the tabulated saturation value at t or p. 

To find H and 7 for wet steam, given 0, and t or p, 

T{0, - 0), or H=T0-G, 

Vs-y= 7s(H‘s - H)/(Hs - st) Cent. = 7s(j3's - E)/(Hg - s(f - 32)) Pahr. 
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TABLE II.— PEOPEETIES OP SATUE^ 
FOE KILOGEAMMETEE AND 1 
' PAHEENHEIT. 

Pressure p. 

-Volume V. 

Entropy 

0 

C. or E. 

Pounds 

Kilos 

Cu. ft. 
Pound 

Cu. m. 
"Kilo 

Sq. in. 

Sq. om. 

4.-0 

0-28123 

90-54 

5-652 

1-8600 

4-2 

0-29529 

86-60 

5-400 

1-8561 

4-4 

0-30935 

82-80 

5-169 

1-8524 

4-6 

0-32341 

79-42 

4-958 

1-8489 

4-8 

0-33747 

76-31 

4-764 

1-8455 

5-0 

0-35154 

73-44 

4-585 

1-8422 

5-2 

0-36560 

70-80 

4-420 

1-8391 

5*4 

0-37966 

68-34 

4-266 

1-8361 

5*6 

0-39372 

66-05 

4-123 

1-8331 

5*8 

0-40778 

63-91 

3-990 

1-8303 

6-0 

0-42184 

61-91 

3-865 

1-8277 

6-5 

0-45700 

57-44 

3-586 

1-8214 

7-0 

0-49215 

63-59 

3-346 

1-8156 

7-5 

0-62730 

60-24 

3-136 

1-8101 

8-0 

0-56246 

47-30 

2-953 

1-8049 

8-5 

0-59761 

44-69 

2-790 

1-8001 

9-0 

0-63278 

42-36 

2-644 

1-7956 

9-5 

0-66792 

40-27 

2*620 

1-7914 

10*0 

0-70307 

38-39 

2-397 

1-7874 

10-5 

0-73822 

36-68 

2-290 

1-7836 

11*0 

0-77338 

35-11 

2*192 

1-7799 

11*5 

0-80853 

33-68 

2-103 

1-7765 

12*0 

0-84368 

32-37 

2-021 

1-7731 

12*5 

0-87884 

31-15 

1-945 

1-7699 

13*0 

0-91399 

30-03 

1-875 

1-7669 

13*5 

0-94914 

28-99 

1-810 

1-7640 

14*0 

0-98430 

28-02 

1-749 

1-7611 

14*5 

1-0195 

27-11 

1-693 

1-7584 

14*689 

1-0327 

26-79 

1-672 

1-7573 

15*0 

1-0546 

26-27 

1-640 

1-7557 

16*0 

1-1249 

24-73 

1544 

1-7506 

17*0 

1-1952 

23-37 

1-459 

1-7458 

18*0 

1-2655 

22-16 

1-383 

1-7414 

19-0 

1-3358 

21-06 

1-315 

1-7373 

20*0 

1-406] 

20-08 

1-253 

1-7333 


Temperature t, Total heat H, and Potential 0. 


Centigrade units. 

t 

E 

Q 

67-23 

625-38 

7-64 

68-34 

625-87 

7-89 

69-40 

626-34 

8-12 

70-43 

626-79 

8-36 

71-42 

627-22 

8-59 

72-38 

627-64 

8-81 

73 -.30 

628-03 

9-03 

74-19 

628 42 

9-25 

75-06. 

628-81 

9-46 

75-90 

629-17 

9-66 

76-72 

629-52 

9-86 

78-67 

630-37 

10-34 

80-49 

631-15 

10-81 

82-21 

631-88 

11-25 

83-84 

632-57 

11-69 

85*38 

633-23 

12-10 

86-84 

633-85 

12-50 

88*24 

634-44 

12-89 

89*58 

635-01 

13-26 

90-87 

636-54 

13-63 

92-10 

636-05 

13-99 

93-29 

636-55 

14-33 

94-44 

637-02 

14-67 

95-55 

637-47 

15-00 

96-62 

637-91 

15-32 

97-66 

638-35 

15-63 

98-66 

638-77 

15-94 

99-64 

639-16 

16-25 

100° 

639-30 

16-36 

100-58 

639-53 

16-54 

102-41 

640-26 

17-12 

104-14 

640-95 

17-68 

105-79 

641-60 

18-20 

107-36 

642-22 

18-72 

108-87 

642-82 

19-22 


Pahrenheit units. 


153-01 

156-01 

156-92 

158-77 

160-65 

162-28 

163-94 

165-54 

167- 11 

168- 62 

170-09 

173-60 

176-88 

179-98 

182-91 

185-68 

188-31 

190-84 

193-25 

195-57 

197-78 

199-92 

201-99 

203-99 

205-92 

207-78 

209-59 

211-34 

212 ° 

213-05 

216-34 

219-46 

222-42 

225-24 

227-97 


H G 

1125-69 

13-75 

1126-57 

14-20 

1127-41 

14-62 

1128-23 

15-05 

1129-00 

15-46 

1129-75 

15-86 

1130-46 

16-25 

1131-16 

16-65 

1131-86 

17-03 

1132-51 

17-39 

1133-15 

17-75 

1134-67 

18-61 

1136-07 

19-46 

1137-38 

20-25 

1138-63 

21-04 

1139-82 

21-78 

1140-94 

22-50 

1141-99 

23-20 

1143-02 

23*87 

1143-98 

24-54 

1144-89 

25-18 

1145-79 

25-79 

1146-64 

26-40 

1147-45 

27-00 

1148-24 

27 -.57 

1149-03 

28-13 

1149-80 

28-69 

1150-49 

29-25 

1150-74 

29-45 

1151-16 

29-77 

11.52-48 

30-82 

11.53-72 

31-82 

1154-88 

32-76 

1156-00 

33-69 

1157-08 

34-59 


y ^ 273-10° Centigrade. T=t + 459-58° Fahrenheit. G = T0 — E. 

Adiabatic Heat-Drop. E' — E" — (t' — t") 0' — {G'— G") = {E' — E''^) + ^"{0"s ~ 0')- 
The suffix g in Fg, or 0^ denotes the tabulated saturation value at t or y. 

500 


TABLE II.— PROPERTIES OP SATURATED STEAM IN TERMS OP PRESSURE (p) 
POR KILOGRAMMETRE AND POOT-POUND UNITS, CENTIGRADE AND 


PAHRENHEIT. 


Pressure p . 

Volume V . 

Entropy 

0 

C. or P. 

Temperatui-e f 

Total beat E , and Potential &. 

Centigrade uni 



enheit units. 

Pounds 

Kilns 

Cu. ft. 
Pound 

Cu. m. 

ts. 

Fain 

Sq. in. 

Sq. cm. 

Kilo 

t 1 ir 1 

0 

t 

H 

G 

20 

1-4061 

20-08 

1-253 

1-7333 

108-87 

642-82 

19-22 

227-97 

1157-08 

34-59 

21 

1-4764 

19-18 

1-197 

1-7294 

110-32 

643-39 

19-71 

230-58 

1158-10 

35-48 

22 

1-5468 

18-37 

1-147 

1-7258 

111-71 

643-92 

20-18 

233-08 

1159-06 

36-32 

23 

1-6171 

17-62 

1-100 

1-7223 

113-05 

644-43 

20-64 

235-49 

1159-98 

37-15 

24. 

1-6874 

16-93 

1-057 

1-7189 

114-34 

644-93 

21-09 

237-81 

1160-88 

37-96 

25 

1-7577 

16-29 

1-017 

1-7157 

115-59 

645-39 

21-53 

240-06 

1161-70 

38-75 

26 

1-8280 

16-71 

0-9801 

1-7126 

116-80 

645-85 

21-95 

242-24 

1162-53 

39-61 

27 

1-8983 

15-16 

0-9464 

1-7097 

117-97 

646-32 

22-37 

244-35 

1163-38 

40-27 

28 

1-9686 

14-66 

0-9149 

1-7069 

119-11 

646-74 

22-78 

246-40 

1164-14 

41-00 

29 

2-0389 

14-18 

0-8854 

1-7042 

120-21 

647-15 

23-18 

248-38 

1164-88 

41-72 

30 

2-1092 

13-74 

0-8577 

1-7016 

121-28 

647-54 

23-56 

250-30 

1165-58 

42-41 

31 

2-1795 

13-33 

0-8319 

1 6991 

122-33 

647-92 

23-95 

252-19 

1166-26 

43-11 

32 

2-2498 

12-94 

0-8076 

1-6966 

123-35 

648-30 

24-33 

254-03 

1166-94 

43-79 

33 

2-3201 

12-57 

0-7847 

1-6943 

124-33 

648-66 

24-69 

255-79 

1167-60 

44-44 

34. 

2-3904 

12-22 

0-7631 

1-6919 

125-31 

649-02 

25-07 

257-56 

1168-24 

45-12 

35 

2-4607 

11-90 

0-7426 

1-6897 

126-25 

649-36 

25-43 

269-25 

1168-86 

45-77 

36 

2-5311 

11-59 

0-7234 

1-6874 

127-17 

649-69 

25-77 

260-91 

1169-44 

46-38 

37 

2-6014 

11-29 

0-7051 

1-6852 

128-07 

650-02 

26-12 

262-52 

1170-04 

47-01 

38 

2-6717 

11-02 

0-6876 

1-6831 

128-96 

650-34 

26-45 

264-13 

1170-61 

47-61 

39 

2-7420 

10-76 

0-6711 

1-6811 

129-82 

650-65 

26-79 

265-67 

1171-17 

48-22 

40 

2-8123 

10-50 

0-6554 

1-6792 

130-67 

650-95 

27-12 

267-21 

1171-71 

48-81 

42 

2-9529 

10-03 

0-6261 

1-6754 

132-31 

651-53 

27-76 

270-16 

1172-76 

49 97 

44 

3-0935 

9-603 

0-5994 

1-6719 

133-89 

652-08 

28-40 

273-00 

1173 74 

51-12 

46 

3-2341 

9-212 

0-5750 

1-6685 

135-41 

652-61 

29-00 

275-74 

1174-70 

52-20 

48 

3-3747 

8-853 

0-5527 

1-6651 

136-88 

653-12 

29-59 

278-38 

1175-62 

63-26 

60 

3 - 51.54 

8-520 

0-5319 

1-6620 

138-30 

653-60 

30-16 

280-94 

1176-48 

64-29 

52 

3-0560 

8-213 

0-5127 

1-6589 

139-67 

654-08 

30-72 

283-41 

1177-35 

65-29 

54 

3-7906 

7-928 

0-4949 

1-6561 

141-01 

654-53 

31-27 

285-82 

1178-15 

58-28 

56 

3-9372 

7-603 

0-4784 

1-6533 

142-31 

654-95 

31-81 

288-16 

1178-91 

57-26 

58 

4-0778 

7-415 

0-4629 

1-6506 

143-57 

655-37 

32-34 

290-42 

1179-67 

58-21 

60 

4-2184 

7-184 

0-4485 

1-6479 

144 79 

655-77 

32-85 

292-61 

1180-39 

69-13 

62 

4-3590 

0-966 

0-4348 

1-6453 

145-98 

656-16 

33-36 

294-76 

1181-08 

60-05 

64 

4-4996 

6-761 

0-4221 

1-6429 

147-14 

656-55 

33-86 

296-85 

1181-79 

60-95 

66 

4-6402 

6-571 

0-4102 

1-6405 

148-27 

656-91 

34-34 

298-88 

1182-44 

61-81 

68 

4-7809 

6-388 

0-3988 

1-6382 

149 38 

657-26 

34-82 

300-88 

1183-07 

62-68 

70 

4-9215 

6-218 

0*3882 

1-6359 

150-46 

657-61 

35-30 

302-83 

1183-70 

63-54 


To find H and V for wet steam, given (p, and t or 
II- — H = T{0s — 0)' ^0 ■" 

V,-V:= VsiHs - SyiSs - - H)/{E, - s(t ~ 32)) Pahr. 
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table n._PBOEEBTIEE 

FOB BILOGEAMMETBE AND FOOT-POUND urnxxo, 

FAHBENHEIT. 


Pressure p. Volume V. Entropy 

■ 0 I 

Pounds Kilos Cu. ft. Cu- u^- 
Sq. in. Sq. cm. Pound Kilo 0. or i! . 


5-6246 5-487 0-3425 

5-7652 5-362 0-3348 

5- 9058 5-241 0-3272 

6- 0464 5-127 0-3201 

6-1870 5-018 0-3133 


Temperature t, Total lieat H, and Potential G. 


Centigrade units. 


Fahrenheit units. 


1183- 70 

1184- 29 

1184- 90 

1185- 46 

1186- 03 

1186- 56 

1187- 08 

1187- 59 

1188- 11 
1188 60 

I 1189-06 

1189- 53 

1190- 00 
1190-43 

1190- 86 

1191- 28 

1192- 29 

1193- 27 
1194 19 

1195-06 


8- 7884 3-609 

9- 1399 3-479 


1195- 92 

1196- 69 

1197- 49 
1198 24 

1198- 98 


1199- 68 89-80 

1200- 35 91-12 

1200- 99 92-41 

1201- 61 93-69 

1202- 22 94-95 

1202- 79 96-17 

1203- 35 97-38 

1203- 89 98-59 

1204- 44 99-76 

1204- 94 100-93 

1205- 44 102-04 


jT _ ^ 273-10° Centigrade. T = ^ + 459-58° Fahrenheit. G. — T0 H. 

Adiabatic Heat-Drop. H' - H" = (t' - t'W - {G' - G") = {S' - H"s) + T'\0' 
The suffix s in Es, Ej. 0^ denotes the tabulated saturation value at t or p. 
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TABLE II.-PEOPEETIES OP SATUEATBD STEAM IN TEEMS OP 

POE EILOGEAMMETEE AND POOT-POUND UNITS, CENTIGEADE AND 

PAHEENHEIT. 


Pressure p. 


Pounds 
Sq. in. 


Kilos 
Sq. cm. 


200 

205 

210 

215 

220 

225 

230 

235 

240 

245 

250 

260 

270 

280 

290 

300 

310 

320 

330 

340 

350 

360 

370 

380 

390 

400 

410 

420 

430 

440 

450 

460 

470 

480 

490 

500 


Volume V. 


14-061 

14-413 

14- 764 

15- 116 
15-468 

15- 819 

16- 171 
16-522 

16- 874 

17- 225 


Entropy 

. <P 

Cu. m. 

TiUP 8 C. or E. 


17- 577 

18- 280 

18- 983 

19- 686 

20- 389 

21- 092 

21- 795 

22- 498 

23- 201 

23- 904 

24- 607 

25- 311 

26- 014 

26- 717 

27- 420 


2-320 

2-266 

2-216 

2-167 

2-120 

2-076 

2-034 

1-993 

1-954 

1-916 

1-880 

T811 

1-748 

1-689 

1-634 

1-683 

1-534 

1-489 

1-446 

1-406 

1-368 

1-333 

1-298 

1-266 

1-235 


Temperature t. Total heat H, and Potential G. 


Centigrade units. 


Fahrenheit units. 


28- 123 
28-826 

29- 529 

30- 232 

30- 935 

31- 638 

32- 341 

33- 044 

33- 747 

34- 450 

35- 154 


0-1448 
0-1415 
0-1383 
0-1353 
0 1324 

0-1296 

0-1270 

0-1244 

0-1220 

0-1196 

0-1173 
0-1131 
0-1091 
0-1055 
0 1020 

0-0988 

0-0968 

0-0930 

0-0903 

0-0878 

0-0854 

0-0832 

0-0811 

0-0790 

0-0771 

0-0753 

0-0736 

0-0719 

0-0703 

0-0688 


1-5538 

1-5520 

1-5502 

1-5483 

1-5465 

1-5447 
1-5429 
1-5412 
1-5395 
1 5379 

1-5362 

1-5332 

1-5303 

1-5274 

1-5246 

1-5219 

1-5192 

1-5167 

1-5142 

1-5109 

1-5096 
1 5074 
1-5053 
1-5032 
1-5012 

1-4991 
1-4971 
1-4952 
1-4933 
1-4915 


0-0674 
0-0660 
0-0647 
0-0634 
0-0622 
I 0-0610 


194- 35 

195- 52 

196- 66 

197- 77 

198- 87 

199- 95 
201-02 
202-06 

203- 09 

204- 10 

205- 10 

207- 04 

208- 93 
210-77 
212-57 

214-32 

216-02 

217-68 

219- 30 

220- 89 

222- 45 

223- 97 

225- 45 

226- 91 

228- 34 

229- 75 

231- 13 

232- 49 

233- 82 
235-13 


G 


t 


669-69 

669- 95 

670- 20 
670-46 
670-70 

670- 95 

671- 19 
671-42 
671-64 

671- 86 

672- 07 
672-48 

672- 88 

673- 25 
673-61 

673- 96 

674- 29 
674-62 

674- 93 

675- 23 

675-52 

675- 80 

676- 07 
676-34 
676-59 

676- 84 

677- 07 
677-30 
677-53 
677-76 


56- 69 

57- 32 

57- 94 

58- 53 

59- 13 

59- 72 

60- 31 
60-88 

61- 45 

62- 02 


1-4897 

1-4880 

1-4863 

1-4846 

1-4830 

1-4814 


236- 42 

237- 69 

238- 93 

240- 16 

241- 37 

242- 57 


67- 80 

68- 79 

69- 75 

70- 70 

71- 64 

72- 57 

73- 47 

74- 36 

75- 24 

76- 09 

76- 96 

77- 80 

78- 03 

79- 44 

80- 26 


381-83 

383-94 

385-98 

387-98 

389-97 

391-91 

393-84 

395-71 

397-56 

399-38 

401-18 
I 404-67 
1 408-08 
411-39 
414-63 

417-78 

420-84 

423-82 

426-74 

429-60 


G 


445-55 

448-04 

450-49 

452-88 

455-23 


1205-44 

1205- 91 

1206- 36 

1206- 83 

1207- 26 

1207- 71 

1208- 14 
1208-56 

1208- 95 

1209- 35 

1209-73 
I 1210-47 
1 1211-18 

1211- 85 

1212- 50 

1213- 13 

1213- 72 

1214- 32 

1214- 88 

1215- 41 

1215- 94 

1216- 44 

1216- 93 

1217- 41 

1217- 86 

1218- 32 

1218- 73 

1219- 14 
1219-55 
1219-97 


677- 97 

678- 18 
678-38 
678-58 
678-78 
678-97 


457-55 
459-84 
462-08 
464-29 
466-47 
468 63 


102- 04 

103- 18 

104- 29 

105- 35 

106- 43 

107- 60 

108- 56 

109- 58 

110- 61 

111- 63 

112- 64 
114-59 
116-49 
118-38 
120-22 

122- 04 

123- 82 
125 55 

127- 26 

128- 96 

130-63 

132- 24 

133- 85 

135- 43 

136- 96 

138-53 

140- 04 

141- 63 

142- 99 
144-46 


1220-35 

1220- 73 

1221- 09 

1221- 44 
1221-80 

1222- 15 


145-90 

147- 33 

148- 73 

150- 12 

151- 48 

152- 86 


To find II and V for -wet steam, given 0, and t or p, 

jj E=T{Cps^0), or .if_3211Pahr 

_ 7 = V,{Hs - S)AEs - St) Cent. = 7,{IIs - - At 32 )) 
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table in.-PEOPIlETIBS OP SATUBATED STEAM IN TEEMS OE TEMPEEATOEE. 

in. (ri.-SiTnKmOK PkKSBHB. P OB S.BIK ^ 

^ Degbee G. ebom 0° TO 259 0. 


Temperature. 

0. 

0° 

1° 

2° j 

3° 

4° 

5° 

6° 

7° 

8° 

9° 

0 32 

10 50 

20 08 
so 86 

40 104: 

50 122 
60 UO 
70 158 

80 176 

90 194 

100 212 
110 230 

120 248 

130 266 
140 284 

150 302 

160 820 
170 838 
180 866 
190 374 

200 392 
210 410 
220 428 
230 446 

240 464 
250 482 

0-08922 

0-17883 

0- 33993 
0-61618 

1- 0703 

1- 7888 

2- 8873 
4-5156 
6-8627 
10-161 

14-689 

20-777 

28-808 

39-213 

.52-482 

69-150 

89-800 

115-06 

145-69 

182-08 

225-24 

275-78 

334-38 

401-89 

478-74 

565-63 

0-09689 

0-19112 

0-36157 

0- 65236 

1- 1286 

1-8793 

3- 0234 

4- 7144 
7-1451 
10-553 

15-222 

21-486 

29-733 

40-403 

53-986 

71-025 

92-106 

117-86 

148-95 

186-08 

229-95 

281-26 

340-71 

409-12 

486-95 

574-87 

0-10299 

0-20415 

0-38433 

0- 69037 

1- 1896 

1-9738 

3- 1651 

4- 9205 
7-4377 
10-958 

15-770 

22-214 

30-683 

41-621 

55-525 

72-941 

94-460 

120-72 

152-38 

190-16 

234-73 

286-82 

347-14 

416-46 

495-27 

684-22 

0-11056 

0-21797 

0-40834 

0- 73030 

1- 2534 

2- 0723 

3- 3123 
5-1343 
Tim2 
11-375 

16-335 

22-964 

31-658 

42-869 

57-098 

74-898 

96-861 

123-63 

155-87 

194-29 

239-59 

292-47 

353-66 

423-89 

503-69 

593-69 

0-11862 

0-23260 

0-43366 

0- 77222 

1- 3202 

2- 1750 

3- 4653 
5-3560 
8-0525 
11-806 

16-916 

23-733 

32-658 

44-147 

58-709 

76-897 

99-314 

126-60 

159-43 

198-50 

'244-52 

298-20 

360-26 

431-01 

512-21 

603-26 

0-12720 

0-24810 

0-46034 

0- 81624 

1- 3900 

2- 2820 
3-6243 
5-5857 
8-3763 
12-252 

17-515 

24-523 

33-684 

45-456 

60-355 

78-939 

101-81 

129-62 

163-04 

202-78 

249-53 

304-01 

366-96 

439-06 

520-85 

612-96. 

0-13632 

0-26449 

0-48844 

0- 86234 

1- 4631 

2- 3935 

3- 7896 
5-8236 
8-7100 
12-710 

18-131 

25-336 

34-735 

46-797 

62-038 

81-021 

104-36 

132-70 

166-72 

207-12 

254-62 

309-91 

373-76 

440-79 

529-59 

622-74 

0-14601 

0-28182 

0-51804 

0- 91075 

1- 5393 

2- 5096 

3- 9611 
6-0700 
9-0554 
13-182 

18-765 

26'-il70 

35-813 

48-169 

63-759 

83-150 

106-96 

135-83 

170-46 

211-55 

259-79 

315-90 

380-64 

454-62 

538-43 

632-67 

0-15631 

0-30014 

0-54915 

0- 96150 

1- 6187 

2- 6305 
4-1392 
6-3253 
9-4122 
13-670 

19-417 

27-027 

36-920 

49-574 

65-516 

85-322 

109-61 

139-03 

174-27 

216-04 

265-05 

321-97 

387-63 

462-56 

547-38 

642-70 

0-16724 

0-31949 

0- 58190 

1- 0147 

1- 7020 

2- 7564 
4-3240 
6-5893 
9-7805 
14-172 

20-088 

27-906 

38-052 

51-011 

67-313 

87-639 

112-31 

142-28 

178-14 

220-60 

270-38 
328-13 
394-70 
470 60 
556-46 
652-84 


0 

rs 

3-6 

5-4 

7-2 

9-0 

10-8 

12-6 

14-4 

16-2 


Equivalent Dbgbees and Decimals Fahrenheit. 


To reduce to kg/sq. cm, (London) multiply by 0-070307. 

To reduce to Latitude 45° add l/2000th. part. 

To reduce to mms. of mercury (Lat. 45°) multiply by 760/14 689. ^ 

Beduotion is best effected by tbe aid of the table of logarithms of the pressure given on the 

°^^Tbe values of p are calculated from the thermodynamical equation T^-h^^Cp - H, to be 
consistent with those of S and 0. They agree very closely with experiment from 0° to 200 G. 
Beyond 200° G. the experimental results become less certain, but the error of the formula is 
certainly less than 1° G. at 250° G. 
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TABLE III.— PROPERTIES OF SATURATED STEAM IN TERMS OF 
TEMPERATURE. 


III. (log p). — LoGjo P B'OB bach 1° 0. BEOM 0° TO 259° 0. 


Temperature. 

C. P. 

0° 

1° 

2° 

3° 

4° 

5° 

6° 

7° 

8° 

9° 

0 

32 

95046 

98175 

01280 

04359 

07416 

10449 

13456 

16440 

19399 

22333 

10 

50 

25244 

28130 

30995 

33839 

36661 

39462 

42241 

44997 

47733 

50446 

20 

68 

53139 

55819 

58471' 

61102 

63715 

66308 

68881 

71436 

73969 

76485 

30 

86 

78971 

81449 

83908 

86350 

88774 

91182 

93568 

95940 

98295 

00632 

40 

104 

02950 

05253 

07539 

09809 

12063 

14302 

16627 

18731 

20917 

23097 

50 

122 

25256 

27400 

29530 

31644 

33745 

35832 

37904 

39961 

42004 

44034 

60 

140 

46050 

48050 

50039 

52013 

63974 

65922 

57859 

69782 

61692 

63588 

70 

158 

65472 

67343 

69201 

71048 

72884 

74708 

76519 

78319 

80108 

81884 

80 

176 

83649 

85401 

87144 

88874 

90593 

92305 

94002 

95691 

97369 

99036 

90 

194 

00692 

02337 

03971 

05595 

07212 

08819 

10413 

11998 

13576 

15142 

100 

212 

16699 

18246 

19783 

21312 

22831 

24342 

25843 

27335 

28819 

30293 

110 

230 

31759 

33215 

34663 

36104 

37535 

38958 

40373 

41780 

43179 

44569 

120 

248 

45951 

47324 

48690 

50049 

51399 

52742 

64077 

55404 

56726 

58038 

130 

266 

59343 

60641 

61931 

63214 

64490 

65159 

67022 

68277 

69525 

70766 

140 

284 

72001 

73228 

74449 

75662 

76870 

78071 

79266 

80454 

81635 

82810 

150 

302 

83979 

85141 

86297 

87447 

88591 

89729 

90860 

91986 

93106 

94220 

160 

320 

95328 

96429 

97525 

98615 

99701 

00779 

01853 

02921 

03983 

05041 

170 

338 

06092 

07137 

08177 

09212 

10242 

11267 

12287 

13301 

14310 

15314 

180 

356 

16313 

17305 

18294 

19277 

20267 

21230 

22199 

23163 

24122 

25077 

190 

374 

26027 

26971 

27911 

28846 

29776 

30702 

31623 

32541 

33453 

34361 

200 

392 

35265 

36163 

37056 

37947 

38832 

39713 

40590 

41463 

42332 

43197 

210 

410 

44057 

44911 

45761 

46608 

47450 

48289 

49123 

49955 

50782 

61604 

220 

428 

52424 

53239 

54050 

64858 

65661 

66462 

57259 

58052 

68842 

69627 

230 

446 

60410 

61185 

61957 

62725 

63490 

64252 

65010 

65765 

66517 

67265 

240 

464 

68010 

68748 

69484 

70216 

70945 

71671 

72394 

73113 

73829 

74543 

250 

482 

75253 

75957 

76658 

77356 

78050 

78743 

79431 

80118 

80800 

81481 


0 

1-8 

3-6 

5'4 

7-2 

9-0 

10-8 

12-6 

14-4 

16-2 


Equivalent Degbees and Decimals Fahrenheit. 


Logp = 21'07449 - 2903-39/!r - 4-71734 log T_+ 0-4057(c - b)p/T. 

To reduce to kg/sg. cm. add log 0-070307 = 2-84696. To reduce to mms. of mercury 
(Lat. 45°) add 1-71382. 

The characteristic of the logarithm is omitted, and must be supplied by inspection > of the 
table of p on the opposite page. 

The logarithm of the pressure is the quantity directly given by calculation, and most 
often required for other purposes. It should bo used, -when possible, in preference to p itself, 
because this procedure permits a more uniform degree of proportionate accuracy. 
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32—6 


TABLE III.— PBOPEEiTIES OF SATURATED STEAM IN TERMS OF TEMPERATURE. 

Ill, (7). Volume oe Saturated Steam in Oubio Feet per Pound eoe each 

1° 0. FROM 0° TO 259° 0. 


Temperature. 

C. F. 

1 

0° 1 

1° 

2° 

3° 

4° 

5° - 

6° 

rjo 

8“ 

9° 

0 32 

3275-9 

3059 3 

2858-5 

2672-6 

2499-9 

2339-6 

2190-9 

2052-6 

1924-2 

1804-8 

10 50 

1693-8 

1590-5 

1494-1 

1404-3 

1320-4 

1242-2 

1169-2 

1101-1 

1037 3 

Qii-m 

20 68 

922-19 

869-92 

821-13 

775-45 

732-59 

692-41 

654-84 

619-36 

586-18 

554-98 

30 86 

525-81 

498-25 

472-33 

447-94 

424-99 

403-33 

382-98 

363-77 

345-64 

328-56 

40 104 

312-45 

297-24 

282-87 

269-28 

256-45 

244-30 

232-81 

221-96 

211-69 

201-93 

50 122 

192-72 

183-97 

175-65 

167-84 

160 37 

153-30 

146-58 

140-20 

134-15 

128-38 

60 140 

122-91 

117-72 

112-76 

108-06 

103-58 

99-307 

95-238 

91-364 

87-673 

84-156 

70 158 

80-804 

77-606 

74-558 

71-644 

68-861 

66-204 

63-669 

61-244 

58-926 

56-713 

80 178 

54-596 

52-573 

50-633 

48-781 

47-007 

45-303 

4'3-mi 

42-115 

40-620 

39-187 

90 194 

37-815 

36-498 

35-235 

34-024 

32-860 

31-743 

30-670 

29-642 

28-651 

27-702 

100 212 

26-789 

25-911 

25-067 

24-256 

23-476 

'22-724 

22-001 

21-306 

20-636 

19-992 

110 230 

19-370 

18-774 

18-197 

17-641 

17-105 

16-590 

16-092 

15-612 

15-149 

14-702 

120 248 

14-271 

13-855 

13-454 

13-066 

12-692 

12-330 

11-980 

11-643 

11-316 

11-001 

130 266 

10-696 

10-401 

10-116 

9-8404 

9-5737 

9-3156 

9-0654 

8-8236 

8-6894 

8-3627 

140 284 

8-1431 

7-9304 

7-7245 

7-5252 

7-3317 

7-1443 

6-9625 

6-7864 

6-6158 

6-4502 

150 302 

6-2895 

6-1339 

5-9828 

5-8361 

5-6939 

5-5559 

5-4218 

5-2916 

5-1652 

6-0424 

160 320 

4-9232 

4-8076 

4-6951 

4-5860 

4-4795 

4-3763 

4-2758 

4-1782 

4-0835 

3-991 1 

170 338 

3-9015 

3-8143 

3-7295 

3-6469 

3-5675 

3-4884 

3-4123 

3-3383 

3-2661 

3-1959 

180 356 

3-1275 

3-0611 

2-9962 

2-9331 

2-8714 

2-8115 

2.-7531 

2-6962 

2-6408 

2-5867 

190 374 

2-5339 

2-4826 

2-4324 

2-3838 

2-3362 

2-2896 

2-2444 

2-2001 

2-1670 

2-1148 

200 392 

2-0738 

2-0337 

1-9948 

1-9566 

1-9193 

1-8830 

1-8474 

1-8128 

1-7788 

1-7468 

210 410 

1-7134 

1-6819 

1-6511 

1-6210 

1-5916 

1-5629 

1-5348 

1-6073 

1-4804 

1-4642 

220 428 

1-4285 

1-4034 

1-3788 

1-3548 

1-3314 

1-3084 

1-2860 

1-2639 

1-2424 

1-2214 

230 446 

1-2007 

1-1807 

1-1611 

1-1419 

1-1230 

1-1046 

1-0864 

1-0688 

1-0556 

1-0344 

240 464 

1-0178 

1-0017 

0-9858 

0-9702 

0-9549 

0-9400 

0-9253 

0-9110 

0-8909 

0-8830 

250 482 

0-8695 

0-8564 

0-8434 

0-8306 

0-8183 

0-8060 

0-7940 

0-7822 

0-7707 

0-7594 


0 

1-8 

3-6 

5-4 

7-2 

9-0 

10-8 

12-6 

14-4 

16-2 


Equivalent Degrees and Decimals Fahrenheit. 


Formula = l-OTO&lT/p — (c — b). 

Where T=t + 273-10° 0., b = 0-0160, and c = 0-4213(373-l/T)W3. 
p in Ibs./sq. in. London, c and b in cubic feet per pound. 

To reduce to oubio metres per kilogramme divide by 16’0184 (or divide by 16 and subtract 
0-00115 of the result). 

To find V for -wet steam, given t, and H or 0, find Hs from Table III., p. 30 (and H 
from II=T0 — O, Table III., p. 31, if 0 only is given), and substitute in the formula 
7s-V = V,{H,-E)/{Rs~st). 
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table in.— peopeeties of saturated steam in terms op temperature. 

III. (c).- Co-AGGBBGATION VOLUME C IN CUBIG PeBT PER PoUND FOR BACH 
1° C. FROM 0° TO 259° G. 


Temperature. 

C. F. 

0“ 

10 

2" 

3° 

4° 

S° 

6° 

1 

70 

8^ 

9^ 

0 

32 

1-192 

1-177 

1-163 

1-149 

1-135 

1-122 

1-109 

1-096 

1-083 

1-070 

10 

50 

1-057 

1-045 

1-033 

1-021 

1-009 

0-9972 

0-9857 

0-9744 

0-9634 

0-9525 

20 

68 

0-9417 

0-9310 

0-9195 

0-9101 

0-9001 

0-8900 

0-8803 

0-8705 

0-8609 

0-8514 

30 

86 

0-8420 

0-8328 

0-8237 

0-8147 

0-8060 

0-7973 

0-7888 

0-7804 

0-7720 

0-7638 

40 

104 

0 7657 

0-7477 

0-7397 

0-7320 

0-7243 

0-7168 

0-7094 

0-7020 

0-6947 

0-6875 

50 

122 

0-6804 

0-6734 

0-6665 

0-6597 

0-6530 

0-6465 

0-6400 

0-6336 

0-6272 

0-6209 

60 

140 

0-6147 

0-6086 

0-0025 

0-5966 

0-6907 

0-5850 

0-5793 

0-5736 

0-5680 

0-5625 

70 

158 

0-5670 

0-5516 

0-5463 

0-5410 

0-5358 

0-5307 

0-5258 

0-5208 

0-5158 

0-5109 

80 

176 

0-5061 

0-5013 

0-4966 

0-4920 

0-4874 

0-4829 

0-4785 

0-4741 

0-4697 

0-4654 

90 

194 

0-4611 

0-4569 

0-4527 

0-4486 

0-4445 

0-4404 

0-4366 

0-4327 

0-4288 

0-4250 

100 

212 

0-4213 

0-4174 

0-4137 

0-4101 

0-4064 

0-4029 

0-3995 

0-3960 

0-3925 

0-3891 

110 

230 

0-3857 

0-3823 

0-3790 

0-3758 

0-3726 

0-3694 

0-3663 

0-3632 

0-3601 

0-3570 

120 

248 

0-3540 

0-3510 

0-3480 

0-3451 

0-3422 

0-3393 

0-3365 

0-3337 

0-3310 

; 0-3282 

130 

266 

0-3255 

0-3228 

0-3202 

0-3175 

0-3149 

0-3123 

0-3098 

0-3073 

0-3049 

0-3024 

140 

284 

0-3000 

0-2970 

0-2952 

0 2929 

0-2905 

0-2882 

0-2860 

0-2837 

0-2815 

0-2793 

150 

302 

0-2771 

0-2749 

0-2727 

0-2708 

0-2684 

0-2663 

0 2643 

0-2622 

0-2602 

0-2582 

160 

320 

0-2562 

0-2542 

0-2523 

0-2503 

0-2484 

0-2466 

0-2448 

0-2430 

0-2411 

0-2393 

170 

338 

0-2376 

0-2357 

0-2340 

0-2322 

0-2305 

0-2287 

0-2270 

0-2253 

0-2237 

0-2220 

180 

356 

0-2204 

0-2188 

0-2172 

0-2156 

0-2141 

0-2126 

0-2110 

0-2095 

0-2080 

0-2065 

190 

374. 

0-2050 

0-2035 

0-2021 

0-2006 

0-1992 

0-1978 

0-1964 

0-1950 

0-1936 

0-1923 

200 

392 

0-1909 

0-1896 

0-1882 

0-1869 

0-1856 

0-1843 

0-1830 

0-1817 

0-1805 

0-1792 

210 

410 

0-1780 

0-1768 

0-1756 

0-1744 

0-1732 

0-1720 

0-1709 

0-1697 

0-1686 

0-1674 

220 

428 

0-1663 

0-1652 

0-1641 

0-1630 

0-1619 

0-1608 

0-1597 

0-1587 

0-1576 

0-1565 

230 

446 

0-1555 

0-1545 

0-1534 

0-1524 

0-1514 

0-1504 

0-1495 

0 1485 

0-1475 

0-1466 

240 

464 

0-1450 

0 1446 

0-1437 

0-1428 

0-1419 

0-1410 

0-1401 

0-1392 

0-1383 

0-1375 

250 

482 

0-1366 





0-1324 

0-1316 

0-1308 

0-1300 

0-1292 


0 





9-0 

10-8 

12-6 

14-4 

16-2 


Equivalent Degrees and Decimals Fahrenheit. 


Formula c = 0-4213(373-l/r)W3. 

Wliere T = 273'10 + i, Centigrade. 

To reduce to cubic metres per kilo divide by 16'0184. (Divide by 16 and subtract 0‘00115 of 
the result.) 

Since c is a function of the temperature only, the values given in this table apply to dry steam, 
whether superheated or supersaturated, as well as to dry saturated steam. The relative values are 
correct to about 1 in 2000, but the absolute values are uncertain to about 1 per cent. 
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TABLE III.-PBOPEETIES OE SATUEATED STEAM IN TEEMS OF TEMPEEATUEE 
III. {H). — Total Heat Hs op Satubatbd Steam in Mean Calobies 0. pbom 0° to 259° 0. 

FOB EACH DeGBEB. 


Temperature. 

C. V. 

0° 

1° 

2° 

3° 

4° 

5° 

6° 

T 

8° 

9° 

0 

32 

594-27 

594-15 

.595-23 

595-70 

596-18 

596-65 

597-13 

597-60 

598-07 

598-54 

10 

SO 

599-01 

599-49 

599-96 

60G-43 

600-90 

601-37 

601-84 

602-31 

602-78 

603-25 

20 

68 

603-72 

604-19 

604-66 

605-13 

605-60 

606-06 

606-53 

607-00 

607-47 

607-94 

30 

86 

608-40 

608-87 

609-33 

609 80 

610-26 

610-73 

611-19 

611-65 

612-12 

612-58 

40 

lOi 

613-04 

613-50 

613-96 

614-42 

614-88 

615-34 

615-80 

616-26 

616-72 

617-18 

50 

122 

617-63 

618-09 

618-54 

619-00 

619-45 

619-90 

620-36 

620-81 

621-26 

621-71 

60 

140 

622-16 

622-61 

623-06 

623-50 

623-95 

624-39 

624-84 

625-28 

625-72 

626-16 

70 

158 

626-60 

627-04 

627-48 

627-91 

628-35 

628-79 

629-22 

629-65 

630-09 

630-52 

80 

176 

630-95 

631-38 

631-80 

632-23 

632-65 

633-08 

633-50 

633-93 

634-35 

634-77 

90 

194 

635-19 

635-61 

636-02 

636-44 

636-85 

637-26 

637-67 

638-08 

638-49 

638-90 

100 

212 

639-30 

639-71 

640-11 

640-51 

640-90 

641-30 

641-69 

642-09 

642-48 

642-87 

110 

230 

643-26 

643-65 

644-04 

644-42 

644-80 

645-18 

645-56 

645-94 

646-32 

646-70 

120 

248 

647-07 

647-44 

647-81 

648-18 

648-55 

648-91 

649-28 

649-64 

650-00 

650-36 

130 

266 

6.50-72 

651-07 

651-43 

651 78 

652-13 

652-48 

652-82 

653-17 

653-51 

653-85 

140 

284 

654-19 

654-53 

654-86 

655-19 

655-52 

655-85 

656-18 

656-51 

656-83 

057-15 

150 

302 

657-47 

657-79 

658-10 

658-41 

658-72 

659-03 

659-34 

659-65 

659-95 

660-25 

160 

320 

660-65 

660-85 

661-15 

661-44 

661-73 

662-02 

662-31 

662-60 

662-88 

663-16 

170 

338 

663 44 

663-72 

664-00 

664-27 

664-54 

664-81 

665-08 

665-35 

665-62 

665-88 

180 

356 

666-14 

666-40 

666-66 

666-91 

667-17 

667-42 

667-67 

667-92 

668-16 

668-41 

190 

374 

668-65 

668-89 

669-13 

669-37 

669-60 

669-83 

670-06 

670-29 

670-52 

670-74 

200 

392 

670-96 

671-18 

671-40 

671-62 

671-83 

672-04 

672-25 

672-46 

672-67 

672-88 

210 

410 

673-09 

673-29 

673-49 

673-69 

673-89 

674-09 

674-28 

674-48 

674-67 

674-87 

220 

428 

675-06 

675-25 

675-44 

675-62 

675-80 

675-98 

676-16 

676-35 

676-53 

076-70 

230 

446 

676-87 

677-05 

677-22 

677-39 

677-56 

677-73 

677-90 

678-06 

678-22 

678-39 

240 

464 

678-55 

678-71 

678-87 

679-03 

679-19 

679-35 

679-50 

679-66 

679-81 

679-97 

250 

482 

680-12 

680-27 

680-42 

680-57 

680-72 

680-87 

681-02 

681-16 

681-31 

681-45 


0 

1-8 

3-6 

5-4 

7-2 

9-0 

10-8 

12-6 

14-4 

16-2 


Equivalent Degbbes and Decimals Paheenhbit. 


Equation Hs = SqT - {a{n + l)c - ab)p + 464-00. 

Where S„ ~ {« + 1)B = IS X 0-11012/S, and p = sataretion pressure in lbs. per se. in. 
a = 144/1400. c = O-4213(T/673-l)l0/3. i = 0-0160. ^ 

To reduce to British Thermal Units, multiply by 9/6. (Subtract a tenth and multiply by 2 ) 

No reduction required for Metric Units 0. ^ ^ ^ 

To find R for wet steam, given 0 and t. R= T0 — G 

substitute in the 

When 0 and V are given, proceed by trial and interpolation. 
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table m.-PROPERTlES OP saturated steam m TERMS OP 
temperature. 

III. (U). 'Thebmiodynamio Potential fH- 'P/Fi it ^ o n 

n. (r, - 10 ^- OP Satueated Steam in 

Mean Oalobies 0. poe each 1° peom 0° to 259° C. 


Temp 

C. 

erature 

P. 

0° 

10 


0 

32 

0 

O-OOi 

i 0-007 

10 

50 

0-181 

. 0-21f 

i 0-259 

20 

68 

0-714 

t 0-79 

0-86 

30 

86 

1-58 

1-69 

1-79 

40 

104 

2-78 

2-92 

3-08 

50 

122 

4-30 

4-47 

4-64 

60 

140 

6-13 

6-33 

6-53 

70 

158 

8-26 

8-49 

8-72 

80 

176 

10-68 

10-94 

11-20 

90 

194 

13-38 

13-67 

13-96 

100 

212 

16-36 

16-67 

16-99 

110 

230 

19-60 

19-94 

20-28 

120 

248 

23-10 

23-46 

23-83 

130 

266 

28-86 

27-26 

27-64 

140 

284 

30-86 

31-27 

31-68 

150 

302 

35-10 

' 35-64 

35-98 

160 

320 

39-58 

40-04 

40-50 

170 

338 

44-29 

44-77 

45-25 

180 

356 

49-22 

49-73 

50-24 

190 

374 

64-38 

54-91 

65-44 

200 

392 

59-75 

60-30 

60-85 

210 

410 

65-33 

66-90 

66-47 

220 

428 

71-12 

71-71 

72-30 

230 

446 

77-11 

77-72 

78-33 ' 

240 

464 

83-30 

83-93 

84-56 1 

250 

482 

89-68 

90-33 

90-98 i 


0 

1-8 

3-6 


5° 

6° 

T 

8° 

1 

9^ 

9 0-04t 

0-06C 

0-09( 

0-ll( 

0-146 

2 0-40f 

0-45£ 

o-5r 

0-57f 

0'645 

1-10 

1-19 

1-28 

1-38 

1-48 

2-14 

2-26 

2-39 

2-51 

2-64 

3-50 

3-65 

3-81 

3-97 

4-13 

5-17 

5-36 

6-55 

5-74 

5-93 

7-16 

7-37 

7-59 

7-81 

8-03 

9-44 

9-68 

9-93 

10-17 

10-43 

12-00 

12-27 

12-54 

12-82 

13-10 

14-84 

15-13 

15-43 

15-74 

16-05 

17-95 

18-27 

18-60 

18-93 

19-26 

21-32 

21-67 

22-02 

22-38 

22-74 

24-95 

25-33 

25-71 

26-09 

26-47 

28-84 

29-24 

29-64 

30-04 

30-45 

32-94 

33-37 

33-80 

34-23 

34-66 

37-31 

37-76 

38-21 

38-66 

3912 

41-91 

42-38 

42-85 

43-33 

43-81 

46-72 

47-22 

47-72 

48-22 

48-72 

51-77 

62-29 

52-81 

53-33 

.53-86 

57-04 

67-58 

68-12 

68-66 

59-20 

62-52 

63-08 

63-64 

64-20 

64-76 

68-20 

68-78 

69-36 

69-94 

70-53 

74-09 

74-69 

75-29 

75-89 

76-50 

80-18 

80-80 

81-42 

82-04 

82-67 

86-46 

87-10 

87-74 

88-38 

89-03 

92-94 

93-60 

94-26 

94-92 

95-59 

9-0 

10-8 

12-6 

14-4 

16-2 


4° 


0-016 

0-304 

0- 93 

1- 90 

3- 20 

4- 82 
6-74 
8-96 

11-46 

14-25 

17-31 

20-62 

24-20 

28-04 

32-10 

36-42 

40-97 

45-74 

50-76 

65-97 

61-40 

67-04 

72-89 


91-63 


1-01 

2-02 

3- 35 

4- 99 
6-95 
9-20 

11-73 

14-54 

17-63 

20-97 

24-67 

28-44 

32-52 

36-86 

41-44 

46-23 

61-26 

56-60 

61-96 

67-62 

73-49 

79-56 

85-82 

92-28 


5-4 


7-2 


Equivalent Degeees and Decimals Pahebnheit. 


Equation = sT log^ T/Tq — st — 0-003 t/T^ 

= 2-2949T logio 27273-1 i/300 — 0-003 i/273-1 

where s = 0-99666, and 2'= i+ 273-10. 

To reduce Q to British Thermal Units, multiply by 9/5, or subtract a tenth and 
multiply by 2. 

ISTo reduction required for Metric Units Centigrade. 

The value of G is the same for water and saturated steam at the same temperature or 
pressure, and for a mixture of water and steam in any proportions. 
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TABLE IV.— TOTAL HEAT H OE SUPERHEATED OR SUPERSATURATED STEAM 
IH MEAN CALORIES CENTIGRADE. 



1 

Differ- 

Pi-essnre in pounds per sq. in. (Kg. per sq. cm. in italics.) 

Temperature, j 

ence for 

10 lbs. 

20 

30 

40 

50 

60 

70 

80 

90 

100 

c. 

F. 

10 s.c. 

1-woi 

2-1002 

2-S123 

S-515U 

/,-2m 

!t-9215 

5-0210 

0-3276 

7 -0307 

500 

S12 

0-1492 

832-61 

832-46 

832-31 

832-16 

832-02 

831*87 

831-72 

831-57 

831*42 

450 

Hdp. 

0-1904 

808-67 

808-48 

808-29 

808-10 

807-91 

807-72 

807-53 

807-34 

807-15 

400 

752 

0 2464 

784-70 

784-45 

784-20 

783-96 

783*71 

783*47 

783-22 

782-97 

782-73 

390 

7.U 

0-2596 

779-90 

779-64 

779-38 

779-12 

778-86 

778*60 

778*34 

778-08 

777-82 

380 

71 fi 

0-2740 

775-10 

774-82 

774-55 

774-28 

774-00 

m-13 

773*45 

773-18 

772-91 

370 

698 

0-2892 

770-30 

770-01 

709-72 

769-43 

769-14 

768*85 

768*56 

768-27 

767-98 

360 

680 

0-3056 

765-49 

766 19 

764-88 

764-57 

764-27 

763-96 

763-66 

763-35 

763-05 

350 

662 

0 3232 

760-68 

760-36 

760-04 

759-71 

759-39 

759-07 

758-74 

758-42 

758-10 

340 

644 

0-3420 

755-87 

755-53 

755-19 

754-85 

754-51 

754*16 

753-82 

7.53-48 

753*14 

330 

626 

0-3620 

751-06 

750*70 

750-34 

749-98 

749-61 

749-25 

748-89 

748-53 

748*17 

320 

608 

0-3840 

740-25 

745*86 

745-48 

745*09 

744-71 

744-33 

743-94 

743-56 

743-17 

310 

590 

0-4072 

741-43 

741-02 

740-61 

740-21 

739-80 

7.39-39 

738-98 

738-58 

738-17 

300 

572 

0-4324 

736-61 

736-17 

735-74 

735-31 

734-88 

734*44 

734-01 

733-58 

733-15 

290 

554 

0-4596 

731-78 

731*32 

730-86 

730-40 

729-94 

729-48 

729-02 

728-56 

728-10 

280 

536 

0-4888 

726-95 

726*46 

726-97 

725-48 

724-99 

724-50 

724-02 

723-53 

723-04 

270 

518 

0-5204 

722-11 

721*59 

721-07 

720-55 

720-03 

719-51 

718-99 

718-47 

717-95 

260 

500 

0‘5544 

717-27 

716-72 

716-16 

715-61 

715-06 

714-50 

713-95 

713*39 

712-84 

250 

482 

0*5920 

712-43 

711*83 

711-24 

710-65 

710-06 

709-47 

708-87 

708-28 

707-69 

240 

464 

0*6.324 

707-57 

700*94 

706-31 

705*68 

705*04 

704*41 

703-78 

703-15 

702-51 

230 

446 

0*6764 

702-71 

702-04 

701-30 

700*69 

700-01 

699*33 

698-60 

697-98 

697-30 

220 

428 1 

0*7244 

697-85 

697*12 

696-40 

695*67 

694-95 

694*23 

693*50 

692-78 

092-05 

210 

410 

0*7768 

692-97 

692*19 

691-42 

690*64 

689*86 

689*09 

688-31 

687-53 

686-70 

200 

392 

0*8340 

688-08 

687*25 

686-42 

685*58 

684-75 

683*91 

683*08 

682-25 

681-41 

190 

374 

0*8968 

683-19 

682*29 

081-39 

680-50 

679-60 

678*70 

677-81 

076-91 

676-01 

180 

356 

0*9656 

678-28 

677-31 

676-35 

675-38 

674-41 

673-45 

672-48 

671-52 

670-55 

170 

338 

1*0422 

673-35 

672*31 

671-27 

670*23 

669-19 

668*15 

667-10 

666-06 

665-02 

160 

320 

1*1256 

668-41 

667*29 

666-16 

665-04 

663-91 

662*79 

661-66 

1 660-54 

659-41 

150 

302 

1*2187 

663-46 

662*24 

661-02 

659-80 

658-59 

657-37 

656-15 

■ 654-93 

653-71 

140 

284 

1*3208 

658-48 

657*16 

655-84 

654*52 

653-20 

651-88 

650-56 

649-24 

647-92 

130 

266 

1*4345 

653-48 

662-05 

650-61 

649-18 

647-75 

646-31 

644-88 

643-44 

642-01 

120 

248 

1*5615 

648-46 

646*90 

645-34 

643*77 

642-21 

640-65 

639-09 

637-63 

635-97 

110 

230 

1*7027 

643-40 

641*70 

040-00 

638--30 

636-59 

634-89 

633-19 

631*49 

629-79 

100 

212 

1*8608 

638-31 

630*45 

634-59 

632*73 

630-87 

629-01 

027-15 

625-29 

623-43 


1 H. 

642-82 

647-52 

050-95 

653-60 

655-76 

657-60 

659-20 

660-69 

661-82 

A-li 

saturation 

0 . 

108-87 

121-28 

130-67 

138-30 

144-79 

150-46 

155-52 

160-09 

104-28 

temperature. 

1 E. 

227-97 

250-31 

-267-21 

280-94 

292-62 

302-83 

311-93 

320-16 

327-71 


Formula H = Sf^T - SCP + 464-00. Sq = 0-47719. 

To reduce to B-Th.U. Fahr., subtract a tenth and multiply by 2. 
No reduction required for Metric Units (K.M.O.). 

Values below the black zigzag line represent supersaturated steam. 
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table IV.— total heat h oe supeeheated or supersatueated steam 

IN MEAN CALORIES CENTIGRADE. 


Pressure in pounds per square inch. (Kg. per sq. cm. in italics.) 


120 

S*/tS68 

140 

O' 1,830 

160 

ll-3h9 

180 

1M55 

200 

11,-061 

250 

17-577 

300 

31-092 

350 

SU-G07 

400 

SS-12S 

450 

Sl'638 

500 

B'lBt, 

8.11 -12 

830-82 

830-52 

830-22 

829-93 

829-18 

828-43 

827-69 

826-94 

826-20 

825-45 

806-77 

806-39 

806- 00 

805-62 

805-24 

804-29 

803-34 

802-39 

801-43 

800-48 

799-53 

782-23 

781-74 

781-25 

780-76 

780-26 

779-03 

777-80 

llCy51 

775-33 

774-10 

772-87 

777 30 

776-78 

776-26 

775-75 

775-23 

773-93 

772-63 

771-33 

770-03 

768-74 

767-44 

772-36 

771-81 

771-26 

770-71 

770-17 

768-80 

767-43 

766-06 

764-69 

763-32 

761-95 

767-40 

766-83 

766-25 

765-67 

765-09 

763-64 

762-20 

760-75 

759-31 

757-86 

756-41 

762-44 

761-82 

761-21 

760-60 

759-99 

758-46 

756-93 

755-41 

7.53-88 

752-35 

750-82 

757-45 

756-81 

756-16 

755-51 

754-87 

753-25 

751-63 

750-02 

748-40 

746-79 

745-17 

752-45 

751-77 

751-09 

750-40 

749-72 

748-01 

746-30 

744-69 

742-88 

741-17 

739-46 

747-44 

740-72 

745-99 

745-27 

744-55 

742-74 

740-93 

739-12 

737-31 

735-50 

733-69 

742-41 

741-64 

740-87 

740-10 

739-33 

737-41 

735-49 

733-57 

731-65 

729-73 

727-81 

737-36 

736-54 

135-T3 

734-91 

734-10 

732-06 

730-03 

727-99 

725-95 

723-92 

721-88 

732-28 

731-42 

730-55 

729-69 

728-82 

726-66 

724-50 

722-34 

720-17 

718-01 

715-85 

727-18 

726-26 

725-.34 

724-43 

723-51 

721-21 

718-91 

716-61 

714-31 

712-02 

709-72 

722-06 

721-08 

720-11 

719-13 

718-15 

715-71 

713-26 

710-82 

708-37 

705-93 

703-49 

716-91 

715-87 

714-83 

713-79 

712-75 

710-14 

707-54 

704-94 

702-34 

699-74 

697-13 

711-73 

710-62 

709 51 

708-40 

707-29 

704-52 

701-75 

698-98 

696-21 

693-43 

690-66 

700-51 

705-32 

704-14 

702-95 

701-77 

698-81 

695-85 

692-89 

689-93 

686-97 

684-01 

701 '25 

699-99 

698-72 

097-46 

696-19 

693-03 

689-87 

686-70 

683-54 

680-38 

677-22 

695-95 

694-60 

693-24 

691-89 

690-54 

687-16 

683-77 

680-39 

677-01 

673-63 

670-25 

690-60 

689-16 

087-71 

686-26 

684-81 

681-19 

677-66 

673-94 

670-32 

666-70 

663-08 

685-20 

683-65 

682-10 

680-54 

678-99 

675-10 

671-22 

667-34 

663-45 

6.59-57 

655-68 

079-74 

078-08 

676-41 

674-74 

673-07 

668-90 

664-73 

660-56 

656-39 

652-22 

648-05 

674-22 

672-43 

670-03 

668-84 

667-04 

662-56 

658-08 

653-69 

649-11 

644-62 

640-14 

668-62 

666-69 

664-76 

662-83 

660-90 

6.56-07 

661-24 

646-41 

641-58 

636-76 

631-93 

662-94 

660-85 

658-77 

056-69 

654-60 

649-40 

644-19 

638-98 

63.3-77 

628-56 

623-36 

657-16 

654-91 

052-66 

650-41 

648-16 

642-53 

636-91 

631-28 

625-66 

620-03 

614-40 

651-28 

648-84 

646 41 

643-97 

641-53 

635-44 

629-35 

623-26 

617-17 

611-08 

604-99 

645-28 

642-64 

640-00 

037-36 

634-72 

628-12 

621-52 

614 92 

608-32 

601-72 

595-12 

639-14 

6.30-27 

633-41 

630-54 

627-67 

620-50 

613-33 

606-16 

598-99 

591-82 

584-65 

632-85 

029-73 

626-61 

623-48 

620-36 

612-56 

604-75 

596-95 

589-15 

581-34 

573-54 

626-38 

622-98 

619-57 

616-17 

612-77 

604-26 

595-75 

587-24 

578-73 

570-22 

561-71 

619-71 

615-99 

612-27 

608 55 

604-83 

595-52 

586-22 

576-92 

567-62 

558-32 

549-01 

663-92 

665-69 

667-22 

668-63 

669-69 

672-08 

673-97 

675-52 

676*84 

677-97 

678-97 

171-75 

178-31 

184-16 

189-48 

194-36 

205-10 

214-32 

222-45 

229-75 

236-42 

242-57 

341-15 

352-96 

363-49 

373-07 

381-85 

401-19 

417-78 

432-41 

445-55 

457-56 

468-63 


Formula H= S^T- SOP + 464-00. Sq = 0-477 19. 

To reduce to B.Th.U. Pahr., subtract a tenth and multiply by 2. 
No reduction required for Metric Units (K.M.C.). 

Values below the black zigzag line represent supersaturated steam. 
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TABLE V.— VOLUME V OP SUPERHEATED OR SUPERSATURATED STEAM 
IN CUBIC PEET PER POUND, 


Pressure in pounds per sq. in. (Kg. per sq. cm. in italics.) 


'lempera 

C. 

tore. 

F. 

20 

30 

2-1092 

40 

2 -8123 

50 

3-515U 

60 

k-21Sk 

70 

U-9215 

80 

5-621,6 

90 

6-3216 

100 

7-0307 

500 

932 

41-363 

27-569 

20-671 

16-532 

13-774 

11-803 

10-325 

9-1754 

8-2558 

450 

842 

38-678 

25-775 

19-324 

15-453 

12-872 

11-029 

9-6466 

8-6714 

7-7111 

400 

752 

35-988 

23-978 

17-973 

14-370 

11-967 

10-252 

8-9648 

7-9640 

7-1632 

390 

734 

35-450 

23-618 

17-702 

14-152 

11-786 

10-096 

8-8281 

7-8421 

7-0533 

380 

716 

34-912 

23-258 

17-431 

13-935 

11-604 

9-9396 

8-6910 

7-7200 

6-9430 

370 

698 

34-372 

22-897 

17-160 

13-717 

11-422 

9-7833 

8-5537 

T5915 

6-8325 

360 

680 

33-834 

22-537 

16-889 

13-500 

11-240 

9-6266 

8-4162 

7-4748 

6-7217 

350 

662 

33-295 

22-177 

16-617 

13-282 

11-058 

9-4698 

8-2785 

7-3520 

6-6107 

340 

644 

32-755 

21-815 

16-345 

13-063 

10-875 

9-3125 

8-1403 

7-2287 

6-4994 

330 

626 

32-215 

21-454 

16-073 

12-845 

10-692 

9-1551 

8-0020 

7-1052 

6-3878 

320 * 

608 

31-675 

21-092 

15-800 

12 626 

10-509 

8-9973 

7-8634 

6-9816 

6-2760 

310 

590 

31-135 

20-730 

15-528 

12-406 

10-326 

8-8391 

7-7243 

6-8572 

6-1636 

300 

572 

30-594 

20-368 

15-254 

12-187 

10-141 

8-6805 

7-5848 

<5-im 

6-0509 

290 

554 

30-052 

20-004 

14 981 

11-966 

9-9569 

8-5215 

7-4449 

6-6076 

5-9378 

280 

536 

29-510 

19-641 

14-706 

11-746 

9*7718 

8-3620 

7-3045 

6-4821 

5-8241 

270 

518 

28-967 

19-277 

14-431 

11-524 

9-5863 

8-2019 

7-1636 

6-3560 

5-7100 

260 

500 

28-425 

18-913 

14-166 

11-303 

9-4002 

8-0413 

7-0221 

6-2295 

5-5953 

250 

482 

27-881 

18-547 

13-880 

11-080 

9-2134 

7-8800 

6-8799 

6-1021 

5-4798 

240 

464 

27-337 

18-181 

13-603 

10-867 

9-0260 

7-7180 

6-7370 

6-9741 

5-3637 

230 

446 

26-791 

17-814 

13-326 

10-632 

8-8376 

7-6551 

6-5933 

6-8462 

6-2467 

220 

428 

26-246 

17-447 

13-048 

10-408 

8-6483 

7-3913 

6-4486 

6-7156 

6-1289 

210 

410 

25-699 

17-078 

12-768 

10-182 

8-4582 

7-2267 

6-3031 

6-6848 

6-0101 

200 

392 

25-150 

16-709 

12-488 

9-9552 

8-2668 

7-0609 

6-1564 

5-4629 

4-8901 

190 

374 

24-601 

16-338 

12-206 

9-7269 

8-0743 

6-8938 

6-0085 

6-3199 

4-7690 

180 

356 

24-050 

15-966 

11-923 

9-4974 

7-8805 

6-7255 

5-8592 

6-1855 

4-6466 

170 

338 

23-497 

15-591 

11-638 

9-2661 

7-6850 

6-5555 

5-7083 

5-0495 

4-5224 

160 

320 

22-944 

15-216 

11-352 

9-0334 

7-4878 

6-3838 

5-6568 

4-9118 

4-3966 

150 

302 

22-388 

14-838 

11-063 

8-7984 

7-2886 

6-2101 

5-4012 

4-7721 

4-2687 

140 

284 

21-829 

14-458 

10-773 

8-5613 

7-0871 

6-0341 

5-2443 

4-6301 

4-1386 

130 

266 

21-268 

14-075 

10-479 

8-3217 

6-8832 

5-8567 

5-0860 

4-4856 

4-0061 

120 

248 

20-705 

13-691 

10-183 

8-0791 

6-6762 

5-6742 

4-9227 

4-3382 

3-8706 

110 

230 

20-138 

13-302 

9-8840 

7-8332 

6-4661 

5-4896 

4-7572 

4-1876 

3-7318 

100 

212 

19-567 

12-910 

9-5809 

7-5837 

6-2522 

5-3001 

4-6878 

4-0331 

3-5892 

Saturation 

)C. 

108-87 

121-28 

130-67 

138-30 

144-79 

150-46 

155-62 

160-09 

164-28 

Temperature jirJ 

227-97 

250-31 

267-21 

280-94 

292-62 

302-83 

311-93 

320-16 

327-71 


I 


To reduce to cubic metres per kilogram divide by 16'0184 (divide by 16 and subtract 
O'OOllb of the result). 

No reduction required for P.P.P. units. 
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TABLE V.-VOLUME 7 OP SUPERHEATED OR SUPERSATURATED STEAM 
IN CUBIO DEBT PER POUND. 


Pressure In pounds per sq., in. (Kg. per sq. cm. in italics.) 


. 120 

8-U368 

140 

9-/,S30 

160 

11 -U9 

180 

12-655 

200 

lU-061 

250 

17-577 

300 

21-092 

350 

21,-607 

400 

28-123 

450 

31-638 

500 

S5-15U 

6-8763 

5-8910 

5-1620 

4-5772 

4-1173 

3-2897 

2-7379 

2-3437 

2-0481 

1-8182 

1-6342 

6-4209 

5-4993 

4-8081 

4-2705 

3-8404 

3-0662 

2-5501 

2-1815 

1-9050 

1-6900 

1-5179 

6-0009 

5-1043 

4-4609 

3-9605 

3-6601 

2-8395 

2-3591 

2-0159 

1-7586 

1-5584 

1-3983 

5-8701 

5-0260 

4-3911 

3-8982 

3-5037 

2-7937 

2-3205 

1-9825 

1-7289 

1-5317 

1-3739 

6-7776 

4-9452 

4-3209 

3-8353 

3-4469 

2-7477 

2-2815 

1-9486 

1-6988 

1-5046 

1-3492 

5-6850 

4-8663 

4-2506 

3-7725 

3-3899 

2-7014 

2-2424 

1-9146 

1-6687 

1-4774 

1-3244 

5-5921 

4-7852 

4-1800 

3-7093 

3-3327 

2-6549 

2-2030 

1-8803 

1-6382 

1-4499 

1-2993 

6-4989 

4-7048 

4-1091 

3-6459 

1 

3-2753 

2-6081 

2-1635 

1-8458 

1-6075 

1-4222 

1-2740 

5-4054 

4-6240 

4-0379 

3-5821 

3-2175 

2-5611 

2-1235 

1-8109 

1-5766 

1-3941 

1-2483 

5-3117 

4-5430 

3-9665 

3-5182 

3-1594 

2-5137 

2-0833 

1-7758 

1-5452 

1-3659 

1-2224 

5-2177 

4-46 18 

3-8948 

3-4539 

3-1011 

2-4661 

2-0428 

1-7404 

1-5136 

1-3373 

1-1962 

5-1232 

4-3800 

3-8226 

3-3891 

3-0423 

2-4179 

2 0018 

1-7046 

1-4816 

1-3082 

1 1694 

^‘0284 

4-2980 

3-7501 

3-3240 

2-9831 

2-3696 

1-9605 

1-6683 

1-4492 

1-2788 

1-1424 

4-9330 

4-2153 

3-6771 

3-2585 

2-9235 

2-3206 

1-9187 

1-6317 

1-4164 

1-2489 

1-1149 

4-8372 

4-1323 

3-6036 

3-1924 

2-8634 

2-2712 

1-8765 

1-5945 

1-3830 

1-2185 

1-0869 

4-7409 

4 0487 

3-5296 

3-1258 

2-8027 

2-2212 

1-8337 

1-5568 

1-3491 

1-1876 

1-0584 

4-6441 

3-9646 

3-4660 

3-0587 

2-7416 

2-1709 

1-7894 

1-5186 

1-3148 

1-1562 

1-0294 

4-5465 

3-8798 

3-3797 

2-9908 

2-6797 

2-1196 

1-7463 

1-4796 

1-2796 

1-1240 

0'9996 

4-4481 

3-7942 

3-3037 

2-9222 

2-6171 

2-0677 

1-7015 

1-4399 

1-2437 

1-0911 1 

0-9691 

4-3490 

3-7078 

3-2269 

2-8529 

2-5536 

2-0149 

1-6559 

1 3994 

1-2071 

1-0574 

0-9377 

4-2490 

36205 

3-1492 

2-7826 

2-4893 

1-9614 

1-6094 

1-3580 

1-1695 

1-0229 

0-9055 

4-1481 

3-5324 

3-0706 

2-7114 

2-4241 

1-9068 

1 1-5620 

1-3158 

1-1310 

0-9874 

0-8724 

4-0459 

3-4430 

2-9908 

2-6390 

2-3576 

1 8511 

1-5135 

1-2723 

1-0914 

0-9507 

0-8381 

3-9427 

3-3524 

2-9097 

2 5655 

2-2900 

1-7941 

1-4637 

1-2276 

1-0505 

0-9128 

0-8026 

3-8380 

3-2606 1 

2-8274 

2-4906 

2-2210 

1-7360 

1-4126 

1-1816 

1-0083 

0-8736 

0-7668 

3-7317 

3-1670 

2-7434 

2-4140 

2-1504 

1-6760 

1-3598 

1-1339 

0-9645 

0-8327 

0-7273 

3-6238 

3-0718 

2-6578 

2-3368 

2-0782 

1-6145 

1-3054 

1-0846 

0-9190 

0-7902 

0-6872 

3-5138 

2-9746 

2-5701 

2-2555 

2-0039 

1-5508 

1-2489 

1-0332 

0 8714 

0-7456 

0-6449 

3-4016 

2-8751 

2-4802 

2-1731 

1-9273 

1-4851 

1-1902 

0-9796 

0-8217 

0-6984 

0-6005 

3-2869 

2-7731 

2-3878 

2-0881 

1-8483 

1-4167 

1-1290 

0-9235 

0-7694 

0-6495 

0-5536 

3-1791 

2-6681 

2-2924 

2 0001 

1-7663 

1-3454 

1-0649 

0-8645 

0-7141 

0-5972 

0-5037 

3-0482 

2-5599 

2-1937 

1-9089 

1-6810 

1-2708 

0-9975 

0-8022 

0-6557 

0-5417 

0-4506 

2-9235 

2-4480 

2-0913 

1 8140 

1-5920 

1-1926 

0-9263 

^ ! 

0-7461 

0-5934 

0-4826 

0-3937 

171-75 

178-31 

184-16 

189-48 

194-36 

205-10 

214-32 

222-45 

229-75 

236-42 

242-57 

341-15 

352-96 

363-49 

373-07 

381-85 

401-19 

417-78 

43-2-41 

445-55 

457-56 

468-63 


Values below the black zigzag line represent supersaturated steam. 
Formula F---= l-0706ir/.P — 0-4213(Ti/r)^°/3 + 0-0160, 
where T == 273-10 4- t Cent., and = 873-10°. 
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TABLE VI. ENTROPY 0 OE SUPERHEATED OR SUPERSATURATED STEAM 

IN THERMAL UNITS PER DEGREE, CENTIGRADE OR FAHRENHEIT. 


Pressure in pounds per sq. in. (Kg. per sq. cm. in italics.) 


Temperature. 

20 

30 

40 

50 

60 

70 

80 

90 

100 

C. 

F. 

1-mi 

2-1092 

2-S123 

S-ololt 

h-218k 

k-9215 

B-62h6 

6 -327 6 

1-0307 

500 

932 

07640 

03158 

99974 

97500 

95465 

93762 

92274 

90960 

89785 

450 

S42 

04439 

99952 

96762 

94283 

92252 

90534 

89040 

87721 

86640 

400 

752 

01003 

96508 

93310 

90823 

88784 

87058 

85556 

84229 

83040 

390 

734 

00284 

95787 

92587 

90098 

88057 

86329 

84825 

83496 

82305 

380 

716 

99555 

95055 

91853 

89362 

87319 

85589 

84082 

82751 

81558 

370 

698 

98813 

94310 

91107 

88613 

86567 

84835 

83326 

81993 

80797 

360 

680 

98061 

93557 

90350 

87853 

85805 

84071 

82559 

81223 

80025 

350 

662 

97294 

92787 

89577 

87078 

85028 

83290 

81776 

80437 

79236 

340 

644 

96515 

92005 

88792 

86290 

84236 

82495 

80978 

79636 

78432 

330 

626 

95724 

91211 

87995 

85489 

83432 

81688 

80168 

78822 

77615 

320 

608 

94919 

90402 

87182 

84673 

82613 

80865 

79341 

77992 

76781 

310 

590 

94099 

89578 

86354 

83841 

81777 

80025 

78497 

77144 

75929 

300 

572 

93264 

88739 

85511 

82993 

80924 

79168 

77636 

76278 

75059 

290 

554 

92416 

87886 

84653 

82131 

80057 

78296 

76759 

75397 

74173 

280 

536 

91551 

87016 

83778 

81250 

79171 

77405 

75863 

74495 

73266 

270 

518 

90607 

86126 

82882 

80349 

78264 

76492 

74944 

73571 

72336 

260 

500 

89768 

85221 

81970 

79431 

77340 

75562 

74007 

72627 

71386 

250 

482 

88850 

84296 

81038 

78492 

76393 

74607 

73046 

71660 

70411 

240 

464 

87914 

83352 

80087 

77532 

75426 

73633 

72064 

70670 

69413 

230 

446 

86957 

82386 

79112 

76549 

74434 

72632 

71054 

69651 

68386 

220 

428 

85980 

81399 

78116 

75543 

73418 

71607 

70019 

68607 

67332 

210 

410 

84979 

80388 

77094 

74510 

72375 

70553 

68955 

67531 

66246 

200 

392 

83957 

79354 

76048 

73452 

71305 

69471 

67861 

66426 

65128 

190 

374 

82912 

78295 

74975 

72366 

70206 

68358 

66734 

65286 

63975 

180 

356 

81839 

77208 

73873 

71249 

69073 

67210 

65572 

64108 

62782 

170 

338 

80740 

76092 

72740 

70099 

67906 

66026 

64371 

62890 

61547 

160 

320 

79612 

74944 

71573 

68913 

66702 

64803 

63128 

61628 

60266 

150 

302 

78454 

73765 

70372 

67690 

65457 

63536 

61840 

60319 

58935 

140 

284 

77264 

72550 

69133 

66427 

64170 

62225 

60504 

58958 

57550 

130 

266 

76038 

71297 

67852 

65118 

62832 

60859 

59111 

57537 

56101 

120 

248 

74776 

70002 

66525 

63759 

61442 

59437 

57656 

56050 

54583 

110 

230 

73473 

68663 

65149 

62347 

59993 

57952 

56134 

54492 

52988 

100 

212 

72127 

67275 

63720 

60876 

58479 

56396 

54538 

52852 

51307 

Saturation 

1C. 

108-87 

121-28 

130-67 

138-30 

144-79 

150-46 

155-52 

160-09 

164-28 

Temperature jF. 

227-97 

250-31 

267-21 

280-94 

292 62 

302-83 

311-93 

320-16 

327-71 


The characteristic (or figure before the decimal point) and the decimal point are 
omitted. The characteristic is always unity, except for the first four values under 
20 lbs., and the first only under 30 lbs„ for which the characteristic is 2. 

The entropy is the same in all systems of units. 

514 


^ SUPERHEATED OR SUPERSATURATED STEAM 
HERMAL UNITS PER DEGREE, CENTIGRADE OR FAHRENHEIT. 


120 

S'/fS/JS 


87744 

84488 

80972 

80233 

79482 

78716 

77939 

77144 


76334 

75510 

74670 

73809 

72930 

72035 

71117 

70176 

69213 

68224 


67210 

66166 

66093 

63985 

62844 


61664 

60440 

59171 

57852 

56478 

55044 

53539 

51957 

50290 

48525 


171-76 

341-15 


Pressure in pounds per sq. in. (Kg. per sq. cm. in italics.) 


140 

160 

180 

200 

260 

300 

350 

400 

450 

500 

9-IS30 

ll-%9 

n-Gr>5 

U-OSl 

17-S77 

21-092 

21,-007 

28-123 

SI -OSS 

ss-ui. 

86014 

84511 

83180 

81987 

79448 

77357 

75578 

74024 

72647 

71403 

82747 

81233 

79891 

78687 

76120 

74002 

72195 

70614 

69207 

67938 

79215 

77685 

76327 

75107 

72500 

70342 

68495 

66874 

65427 

64118 

78472 

76938 

75576 

74352 

71735 

69567 

67710 

66079 

64622 

63303 

77716 

76177 

74811 

73583 

70955 

68776 

66908 

65266 

63798 

62468 

76946 

75402 

74031 

72798 

70158 

67957 

66087 

64433 

62953 

61611 

76164 

74615 

73239 

72001 

69349 

67145 

65253 

63586 

62094 

60739 

75363 

73810 

72428 

71184 

68518 

66300 

64394 

62713 

61207 

59838 

74547 

72987 

71599 

70349 

67667 

65434 

63512 

61816 

60294 

58910 

73717 

72150 

70755 

69499 

66800 

64551 

62612 

60900 

69361 

57961 

72868 

71295 

69893 

68629 

65913 

63645 

61689 

59958 

58402 

56983 

72000 

70419 

69009 

67737 

65001 

62713 

60737 

58986 

57409 

55971 

71113 

69523 

68104 

66823 

64065 

61755 

69757 

57984 

56386 

54925 

70208 

68608 

67180 

65890 

63108 

60775 

58733 

66967 

55335 

53851 

69280 

67669 

66231 

64930 

62121 

59762 

57714 

55891 

54242 

52732 

68327 

66705 

66255 

63943 

61106 

58718 

56641 

54790 

53113 

51574 

67.351 

65717 

64254 

62929 

60060 

57640 

55531 

53648 

51939 

50368 

66348 

64699 

63222 

61883 

58978 

56523 

54378 

52460 

50715 

49109 

65319 

63654 

62161 

60807 

57863 

65369 

53186 

51228 

49444 

47799 

64257 

62575 

61065 

69693 

56706 

54168 

51941 

49949 

48113 

46424 

63166 

61464 

59934 

58643 

55508 

62922 

50647 

48598 

46723 

44986 

62036 

60313 

68763 

57350 

54261 

61622 

49294 

47191 

45262 

43472 

60870 

59123 

57549 

56112 

52964 

50204 

47876 

45713 

43725 

41874 

69663 

57890 

56288 

54825 

51609 

48843 

46387 

44158 

.42103 

40185 

68410 

56606 

54975 

53481 

50190 

47348 

44817 

42512 

40379 

38388 

57107 

55270 

53604 

52076 

48700 

45774 

43167 

40767 

38550 

36473 

65750 

53874 

52170 

50604 

47133 

44110 

41399 

38914 

36601 

34428 

64332 

52413 

50666 

49057 

45478 

42348 

39527 

36934 

34514 

32232 

62849 

50881 

49085 

47428 

43726 

40474 

37532 

34816 

32274 

29872 

61289 

49265 

47413 

45700 

41859 

38467 

35386 

32631 

29850 

27307 

49643 

47555 

45639 

43863 

39861 

36310 

33071 

30057 

27214 

24513 

47903 

45742 

43754 

41903 

37720 

33988 

30563 

27367 

24345 

21460 

46053 

43809 

41736 

39803 

35410 

31467 

27836 

24429 

21194 

18102 

178-31 

184-16 

189-48 

194-36 

205-10 

214-32 

222-45 

229-75 

236-42 

242-57 

352-d3 

363-i9 

373-07 

381-85 

401-19 

417-78 

43-2-41 

445-55 

457-56 

468-63 


Values below the black zigzag line represent supersaturated steam. 
0 = 1-09876 log {T/T{i - 0-25356 log {P/P{i - ancP/T + 1-16300, 
where Ti = 373-10°, = 14-6890, and the logs are to the base 10. 
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TABLE VII.— THERMODYNAMIC POTENTIAL, G = - -S'. 0^ SUPERHEATED 

OR SUPERSATURATED STEAM, IN MEAN CALORIES CENTIGRADE. 


Pressure in pounds per sq. in. (Kg. per sq. cm. in italics.) 


Temperature. 

20 

30 

40 

50 

60 

70 

80 

90 

100 

C. 

F. 

i-mi 

2-1002 

2-8123 

3-oloU 

h-21SU 

k-0215 

5-62h6 

6-3216 

7-0301 

500 

932 

772-65 

738-16 

713-69 

694-71 

679-20 

666-11 

654-75 

644-75 

635-81 

450 

842 

669-63 

637-37 

614-51 

596-77 

582-27 

570-03 

559-42 

550-07 

541-72 

400 

752 

568-26 

538-24 

516-97 

500-47 

486-99 

475-62 

485-15 

457-07 

449-31 

390 

734 

548-18 

518-63 

497-67 

481-42 

468-14. 

456-95 

447-24 

438-71 

431-04 

380 

716 

528-19 

499-08 

478-44 

462-44 

449-37 

438-34 

428-78 

420-36 

412-85 

370 

69S 

508-28 

479-62 

459-30 

443-55 

430-68 

419-83 

410-42 

402-13 

394-73 

360 

680 

488-44 

460-22 

440-22 

424-72 

412-07 

401-38 

392-12 

383-97 

376-69 

350 

662 

468-65 

440-91 

421-23 

405-97 

393-52 

383-01 

373-90 

365-88 

358-72 

340 

644 

448-96 

421-66 

402-30 

387-30 

375-05 

364-71 

355-76 

347-88 

340-83 

330 

626 

429-35 

402-49 

383-46 

368-71 

356-67 

346-51 

337-70 

329-95 

323-03 

320 

608 

409-82 

383-42 

364-70 

350-20 

338-37 

328-38 

319-73 

312-10 

305-31 

310 

590 

390-37 

364-41 

346-03 

331-78 

320-15 

310-33 

301-83 

294-35 

287-67 

300 

572 

370-99 

345-50 

327-43 

313-44 

302-00 

292-37 

284-03 

276-67 

270-12 

290 

554 

351-72 

326-67 

308-92 

295-18 

283-96 

274-50 

266-31 

259-10 

252-66 

280 

536 

332-52 

307-93 

290-50 

277-01 

266-00 

256-72 

248-67 

241-60 

235-29 

270 

518 

313-41 

289-26 

272-16 

258-92 

248-13 

239-01 

231*13 

224-19 

218-01 

260 

500 

294-38 

270-70 

253-92 

240-94 

230-34 

221-42 

213-68 

206-89 

200-82 

250 

482 

275-45 

252-22 

235-78 

222-94 

212-65 

203-91 

196-33 

189-66 

183-73 

240 

464 

256-62 

233-84 

217-72 

205-25 

195-07 

186-50 

179-08 

172-56 

166-74 

230 

446 

237-88 

215-56 

199-76 

187-54 

177-58 

169-18 

161-93 

156-54 

149-86 

220 

428 

219-23 

197-36 

181-90 

169-93 

160-18 

151-97 

144-87 

138-62 

133-07 

210 

410 

200-66 

179-26 

164-12 

152-42 

142'88 

134-86 

127-91 

121-81 

116-38 

200 

392 

182-22 

161-28 

146-47 

135-02 

125-70 

117-85 

111-07 

105-11 

99-81 

190 

374 

163-88 

143-39. 

128-92 

117-73 

108-63 

100-96 

94-34 

88-53 

83-35 

180 

356 

145-65 

125-63 

111-48 

100-55 

91-66 

84-19 

77-73 

72-06 

67-02 

170 

338 

127-51 

107-95 

94-14 

83-48 

74-79 

67-53 

61-23 

55-71 

50-80 

160 

320 

109-49 

90-41 

76-93 

66-54 

58-08 

50-98 

44-85 

39-48 

34-71 

150 

302 

91-59 

72-97 

59-83 

49-70 

41-47 

34-56 

28-60 

23-38 

18-75 

140 

284 

73-80 

55-65 

42-86 

32-99 

24-98 

18-27 

+ 12-48 

+7-41 

+2-92 

130 

266 

56-14 

38-46 

26-00 

+ 16*41 

+8-63 

+2-11 

-3-50 

-8-41 

-12-77 

120 

248 

37-59 

21-38 

+9-28 

-0-03 

-7-58 

-13-91 

19-34 

24-09 

28-30 

no 

230 

21-18 

+4-46 

-7-30 

16-34 

23-65 

29-77 

35-03 

39 62 

43-68 

100 

212 

+3-89 

-12-35 

23-76 

32-51 

39-58 

45-49 

50-58 

55-00 

58 90 

Saturation 

0. 

108-87 

121-28 

130-67 

138-30 

144-79 

150-46 

155-52 

160-09 

164-28 

'J.’emperature P. 

227-97 

250-31 

267-21 

280-94 

292-62 

302-83 

3il-93 

320-16 

327-71 


The sign of G changes from positive to negative a little below the saturation line, as 
indicated by the signs + and — . 

G = SqT log, - BT log, (P/Pj) + a(c - b)P + {0^ - Uq) T - P 

where = 373-10°, P^ = 14-6890 lbs., 0^ = 1-76300, B = 464-00, Sq = 0-47719. 
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TABLE VII.— THEEMODYNAMIO POTENTIAL, O = T0 - H, OF SUPERHEATED 
OR SUPERSATURATED STEAM, IN MEAN CALORIES CENTIGRADE. 


Pressure in pounds per sq. in. (Kg. per sq. cm. in italics.) 


120 

140 

160 

180 

200 

250 

300 

350 

400 

450 1 

500 


9-/,8S0 

11-U9 

13 '655 

lU-061 

n-5V 

Sl-093 

2/f-607 

2s-m 

31 -ass \ 

35-m 

620-32 

607-24 

595-93 

.585-93 

577-02 

558-12 

542-70 

529-70 

518-44 

508-51 

499-66 

527-27 

515-06 

504-48 

495-16 

486-84 

469-22 

454-86 

442-76 

432-28 

423-05 

414-81 

435-88 

424-55 

414-74 

406-09 

398-37 

382-05 

368-75 

357-55 

347-88 

339-36 

331-78 

417-82 

406-66 

397-00 

388-50 

380-90 

364-84 

351-75 

340-74 

331-24 

322-85 

315-41 

399-83 

388-85 

379-35 

370-97 

363-50 

347-70 

334-84 

324-01 

314-66 

306-44 

299-11 

381-92 

371-12 

361-76 

353-53 

346-18 

330-65 

318-00 

307-36 

298-18 

290-10 

282-91 

364-08 

353-46 

344-27 

336-17 

328-95 

313-67 

301-24 

290-79 

281-78 

273-84 

266-79 

346-33 

335-88 

326-84 

318-87 

311-78 

296-77 

284-57 

274-31 

265-46 

257-68 

250-77 

328-66 

318-38 

309-50 

301-67 

294-70 

279-96 

267-98 

257-91 

249-23 

241-60 

234-83 

311-06 

300 96 

292-25 

284-56 

277-70 

263-23 

251-48 

241-60 

233-09 

225-60 

218-98 

293-55 

283-63 

275-07 

267-53 

260-80 

246 60 

235-07 

225-39 

217-05 

209-73 

203-23 

276-13 

266-39 

257-98 

250-57 

243-98 

230-05 

218-75 

209-*27 

201-10 

193-94 

187-58 

258-79 

249-23 

240-98 

233-72 

227-24 

213-60 

202-53 

193-24 

185-26 

178-24 

172-04 

241-54 

2.32-18 

224-08 

216-96 

210-62 

197-25 

186-40 

177-32 

169-51 

162-67 

156-60 

224-38 

215-20 

207-26 

200-29 

194-07 

180-99 

170-38 

161-50 

153-87 

147-18 

141-27 

207-31 

198-32 

190-54 

183-71 

177-63 

164-82 

154-45 

145 78 

138-34 

131-81 

126-05 

190-34 

181-54 

173-93 

167-24 

161-29 

148-77 

138-63 

130-17 

122-91 - 

116-56 

110-96 

173-47 

164-84 

157-40 

150-86 

145-04 

132-80 

122-92 

114-67 

107-60 

101-42 

95-98 

156-71 

148-27 

140-98 

134-60 

128-91 

116-96 

107-33 

99-30 

92-42 

86-42 

81-14 

140-04 

131-79 

124-68 

118-43 

112-89 

101-24 

91-86 

84-04 

77-36 

71-55 

66-42 

123-47 

116-41 

108-47 

102-38 

96-97 

85-63 

76-50 

1 68-91 

62-43 

56-80 

61 85 

107-01 

99-14 

92-38 

86-44 

81-16 

70-13 

j 61-26 

53-74 

47-64 

42-19 

37-42 

90-67 

83-00 

76-40 

70-63 

65-50 

54-77 

46-17 

39-04 

32-99 

27-75 

23-16 

74-44 

66-97 

60-55 

54-93 

49-95 

39-54 

31-21 

24-32 

18-50 

+ 13-45 

+9-05 

58-35 

51-07 

44-83 

39-38 ' 

34-55 

24-46 

16-41 

+9 77 

+4-17 

-0-67 

-4-87 

42-30 

35-29 

29-24 

23-94 

19-26 

+9-51 

+ 1-74 

-4-64 

-10-01 

-14-62 

-18-62 

26-51 

+ 19-65 

+ 13-77 

+8-66 

+4- 12 

-5-28 

— 12-75 

-18-86 

-23-99 

28-48 

32-17 

+ 10-78 

+4- 14 

— 1-54 

-6-50 

-10-87 

-19-93 

-27-07 

32-91 

37-78 

41-94 

45-50 

—4-80 

-11-22 

-16-71 

-21-48 

-25-69 

34-39 

41-22 

46-77 

5r.38 

55-29 

58-61 

20-22 

-26-43 

31-72 

36-31 

40-35 

48-67 

55-17 

60-42 

64-74 

68-39 

71-48 

35-49 

41-48 

46-57 

50-96 

54-84 

62-76 

68-91 

73-84 

77-87 

81-24 

84-07 

50-61 

56-36 

61-22 

65-43 

69-11 

76-63 

82-42 

87-02 

90-75 

93-82 

96-36 

65-56 

71-06 

75-71 

79-72 

83-21 

90-30 

95-70 

99-95 

103-36 

106-11 

108-36 

171-75 

178-31 

184-16 

189-48 

194-36 

205-10 

214-32 

222-45 

229-75 

236-42 

242-57 

341-15 

352-96 

363-49 

373-07 

381-85 

401-19 

417-78 

432-41 

445-55 

457-56 

468 63 


To reduce to B.Th.U. Eahr., subtract a tenth and multiply by 2. 
No reduction required for Metric Units (K.M.C.). 

Values below the black zigzag line represent supersaturated steam. 
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table VIIL-ADIABATIC heat-drop to 1 LB. ABS. IH CALS. C. FROM 
INITIAL STATES:— 


Initial Pressures in Lbs. per Sq. In. Abs. 


120 

140 

160 

180 

200 

250 

300 

350 

400 

450 

500 

248-27 

253-37 

257-77 

261-63 

265-05 

272-23 

278-01 

282-81 

286-86 

290-47 

293-56 

2o^* 10 

239-14 

243-48 

247-29 

250-68 

257-72 

263-36 

268-02 

272-00 

275-47 

278-47 

220-52 

2f2t)*t) J. 

229-78 

233-55 

236-86 

243-74 

249-25 

253-77 

257-59 

260-90 

263-73 

217-89 

222-87 

227-15 

230-88 

234-16 

241-02 

246-50 

250-98 

254-76 

258-03 

260-83 

215‘30 

220-25 

224-51 

228-22 

231-49 

238-32 

243-77 

248-21 

251-95 

255-17 

257-94 

212-74 

217-65 

221-90 

225-59 

228-85 

235-65 

241-05 

245-46 

249-16 

252-33 

255-07 

210-20 

215-10 

219-32 

223-01 

226-24 

233-01 

238-34 

242-72 

246-40 

249-52 


207-67 

212-58 

216-80 

220-45 

223-66 

230-40 

235-69 

240-00 

243-66 

246-71 

249-38 

205-18 

210-10 

214-28 

217-93 

221-13 

227-80 

233-04 

237-31 

240-92 

243-93 

246-54 

202-76 

207-65 

211-78 

215-42 

218-62 

225-22 

230-42 

234-65 

238-19 

241-18 

243-73 

200-36 

205-22 

209-33 

212-94 

216-12 

222-68 

227-82 

232-01 

235-49 

238-44 

240-93 

197-97 

202-81 

206-93 

210-51 

213-67 

220-16 

225-25 

229-39 

232-80 

235-70 

238-14 

195-64 

200-44 

204-54 

208-09 

211-23 

217-65 

222-69 

226-78 

230-13 

232-97 

235-35 

193-33 

198-12 

202-21 

205-71 

208-82 

215-19 

220-17 

224-18 

227-48 

230-25 

232-58 

191-09 

195-84 

199-90 

203-39 

206-47 

213-77 

217-69 

221-62 

224-85 

227-57 

229-84 

188-88 

193-59 

197-60 

201-08 

204-13 

210-39 

215-24 

219-10 

222-26 

224-90 

227-10 

186-68 

191-37 

195-38 

198-81 

201-83 

208-02 

212-80 

216-59 

219-69 

222-25 

224-38 

184-64 

189-18 

193-18 

196-69 

199-59 

205-70 

210-39 

214-10 

217-12 

219-61 

221-65 

182-46 

187-08 

191-01 

194-39 

197-37 

203-38 

208-00 

211-63 

214-57 

216-97 

218-93 

180-41 

185-00 

188-88 

192-25 

195-17 

201-10 

205-64 

209-19 

212-04 

214-35 

216-18 

178-40 

182-97 • 

186-82 

190-14 

193-01 

198-88 

203-31 

206-77 

209-50 

211-65 

213-36 

176-46 

180-98 

184-80 

188-09 

190-92 

196-68 

201-04 

204-33 

206-90 

208-89 

210-42 

174-65 

179-06 

iS2-83 

186-07 

188-87 

194-51 

198-68 

201-81 

204-21 

206-04 

207-40 

172-70 

177-14 

180-88 

164-08 

186-84 

192-31 

196-28 

199-23 

201-44 

203-09 

204-28 


175-31 

179-00 

182-14 

184-80 

190-05 

193-83 

196-57 

198-59 

200-03 

201-04 

169-19 

173-52 

177-09 

180-13 

182-70 

187-73 

191-27 

193-81 

195-62 

196-85 

197-66 

167-47 

171-68 

175-16 

178-09 

180-66 

185-34 

188-64 

190-96 

192-54 

193-55 

194-12 

165-70 

169-81 

173-16 

175-99 

178-35 

182-87 

185-94 

187-99 

189-32 

190-07 

190-39 

163-91 

167-89 

171-13 

173-83 

176-09 

180-33 

183-12 

184-90 

185-96 

186-44 

186-49 

162-07 

165-93 

169-03 

171-61 

173-74 

177-67 

180-17 

181-65 

182-41 

182-61 

182-35 

160-19 

163-89 

166-87 

169-31 

171-30 

174-91 

177-07 

178-23 

178-67 

178-54 

177-96 

158-25 

161-81 

164-63 

166-93 

168-77 

172-03 

173-83 

174-64 

174-71 

174-23 

173-28 

156-27 

159-65 

162-31 

164-45 

166-13 

168-99 

170-40 

170-81 

170-49 

169-61 

168-26 

169-47 

175-00 

179-79 

183-96 

187-71 

195-59 

202-03 

207-37 

211-99 

216-02 

219-66 

171-75 

178-31 

184-16 

189-48 

194-35 

205-10 

214-32 

222-45 

229-75 

236-42 

242-57 

341-15 

352-96 

363-49 

373-07 

381-85 

401-19 

417-78 

432-41 

445-55 

457-56 

468-63 


To reduce to B.Th.U. Fahr., subtract a tenth and multiply by 2. No reduction required for 
Metric units, final pressure 0-07031 kg./cm.^. For fuller explanation see Chapter IX, § 92. 
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TABLE IX.— VALUES OE 100 SC (CALORIES CENT. PER 100 LBS. PRESSURE). 


Temperature 


Values of 100 SC for each degree Centigrade. 


4° 5° 6° 7° 8° 9° 


18-61 18-45 18-29 18-13 17-97 17-81 17-66 17-50 17-34 17-18 

17-03 16-88 16-73 16-58 16-44 16-30 16-17 16-03 15-90 15-76 

15-62 15-49 15-36 15-23 15-10 14-97 14-85 14-72 14-59 14-46 

14-34 14-22 14-10 13-99 13-87 13-76 13-65 13-54 13-43 13-32 

13-21 13-11 13-00 12-90 12-80 12-70 12-59 12-49 12-39 12-29 


12-19 12-09 12-00 11-91 11-82 11-72 11-63 11-53 11-44 11-35 

11-26 11-17 11-08 11-00 10-91 10-82 10-74 10-66 10-58 10-50 

10-42 10-34 10-26 10-18 10-11 10-03 9-96 9-88 9-81 9-73 

9-45 9-38 9-31 9-24 9-18 9-11 9-04 

8-78 8-71 8-65 8-59 8-52 8-46 8-40 


0 1-8 3-6 5-4 7-2 9-0 10-8 12-6 14-4 IG-l 


Equivalent degrees and decimals Fahrenheit. 
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INDEX OF PARTIAL DIFFERENTIAL 
COEFFICIENTS OF E, G, H, P, Q, O, T, AND V 


To find a general expression for any coefficient in terms of the specific 
leat S at constant pressure, and the cooling- effects, namely: 

C — Cji — {dTfdP)^, in a throttling process at constant H. 

= Ci, = (dTjdP),^, in adiabatic expansion at constant O. 

Cy = {dTldP)y = ll{dPjdT)y, in cooling at constant volume. 

C/S 'i-l{dpjdt), in expansion of a saturated vapour. 

Cjg = {dTfdP)j^ ^ C.J, (1 — CyPlT)l{l — C,yPlT), in expansion at 
constant E. 

Cq = {dTjdP)^ = aVjfbi in expansion at constant potential G. 

The last two cannot be measured experimentally, but are easily 
ialculated. 


(1) The six coefficients of the type (dZ/dT)p are as follows: 

{dnjdT)p = {dQldT)p = T id^{dT)p = S ] 

{dVldT)p = VjT + SC/aT = SCJaT I (1) 

{dEjdT)p = S{1~ C„P/T); {dGjdT)p = O J 

i (2) In terms of the above six, any eoefficient with respeet to T or P 
2 an be written down by the general relation : 

{dX/dT)^ - {dXldP)z {dXldT)p (C^ - Cy) (2) 


(3) Any other coefficient is given by the ratio of two of the above; 


{dXldY)z = 


{dXldP)z {dXldT)p {Cz - Cj,) 
{dYjdP)z {dYjdT)p(Cz — 


(3) 


When Z = P, this reduces to {dXjdT)pl{dYldT)p, since Cp is infinite. 
When Z = T, it becomes (C^/Cy) {dXjdT)pl{dY/dT)p, since Cy 
i zero. 


(4) These expressions may be transformed by the general relations : 

Cj, = a idV/d^)p =-- aT {dVldT)plS = C + aV/S ) 

Cy^a {dVld^)p = - aT {dVldT)JSy = SiCy- J’ 


c. s. 
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(5) The special relations for Dry Steam are as follows : 

C =SCIS =CE~abJS =C^-aVjS =Cy-{H-B)jSP \ 

= 13ac/3S=C + abJS = C^ — a{V — b)jS = CyttcPjRT | 

C^, =8Tll3P = C + aVIS =acTlSPCj^ =3SoCyll3S ' , 

Cy = SoTJSP =C + {H- B)ISP = Cj^ETjacP = C,, + (F - R)/FP 

Cq = aVTf{H — st) = avTj{Ii — st) (wet or dry saturated). 

( 5 ) 

S = So + 144acP/T. <S'o = 13R/3- 0-4772. R = 464 cals. C. = 835-2 B.Th.U. 

Note. When Sq is known by experiment S - 8^, SO, Gy, and (7^ may be deduced from 
the characteristic equation; or conversely, the characteristic equation may be verified by 
experimental measurements of Oy and 0, or and any other coefficient which may be 
required can be obtained from (3) as shown in the following list. The omission of the value 
for dry steam in any case may be taken to imply that the general expression does not 
simplify materially on substituting the special values from (5). In such a case it is pre- 
ferable to calculate the coefficient by inserting the appropriate numerical values of 8, Gy, 
etc. in the general expression. The suffix 8 refers to the state of saturation. The suffix Z 
stands for any suffix, including 8. X and Y represent any two of the six quantities. 
E, Q, E, Q, #, and V. 


INDEX OF COEFFICIENTS 


Coeflacient 

General Expression 

Value for Dry Steam 

■ {dEldG)p 

^ (1 - C„PlT)j(^ 

lOS/18^ 

{(lE/dG),^ 

SyCyPIT (0 - aF/CJ 

{E - B){{m - 13aPF/3) 

] {dE{dG)p 

SC,, (1 - CyPlT)laV 

10c/3F 

1 {dEldG)p 

SyCyliCydi-aV) 

{E - B)l{S^miS - aPV) 

1 (dEldH)p 

1 - C,PjT 

10/13 

1 {dE/dHU 

SyCyC^PfaVT 

10 (F - &)/13F 

{dEldH)p 

(1 - CyPIT) CJC 

10/(13 - 3&/c) 

1 {dEldH)y 

{Cy - C,)l{Cy ~ C) 

10/(13 + 8bl{V - b)) 

r {,/E/<iP)H 

SC„ {Cy - C)PIT - aV 

~ lOab/lS 

i: (dEidP)., 

SyCyC,,PlT 

10a (F - &)/l3 

{dE/dP)p 

- Sa, (1 - CyPjT) 

- 10«c/3 

1 {dEldP)y 

SyCy = S{Cy-C,,) 

{E~B)(P=10a{V -b)l3 

1 idEjdQ)2; 

(1/T) {dE/dO)z 

See {dEfdO) 

1 {d.Eld^)jj^ 

T~G^P{Cy-C)l{C„-C) 

10&T/13F 

i \dEfd^)p 

T ~ C„P 

lOT/lS 

« (dE/d(^)p 

T - CyP 

laOacPjQS 

{dEld(!>)y 

T 

T 

'dEldT)(^ 

S{1~ C^PjT) (1 - CpIC^) 

lOS/lS - 10cO/3F 

{dE/dT)p 

S{1- C,,PIT) (1 - Cp/C) 

- (10;S/13)/(13c/3&- 1) 

idEldT)p 

S{1- C^PjT) 

10S'/13 

[dE/dT)^ 

SP {Cy - C^) 

{E - B)IT 

(dEldT)y 

.. Sy = S {Cy - C^yCy 

(10*9/13) (1 - acP/RT) 

(dEldV)p, 

{aTIG,-aP){Cp-C)l{Cy- 

C) aP/(13F/10& - 1) 

' idEidy)p 

aT/C,,, — aP 

lOaP/8 

{dEldV)^ 

— aP 

— aP 

' {dE/dV)p 

aTjCy - aP 

aP {lOacPjmT) 

idG/dE)y 

lJ{dEldG)z 

See Reciprocals above 

V {dG/dH)p 

® (Ce - Co)I{Ce - C) 

18c(D/3&*9 - Vjb 

{dG/dH)p 

0/^ 

^jS 

1 {dG/dH\„ 

C,i.O/aF - 1 

8T(t>ll3aPV - 1 

■ idG/dH)p 

aV/SC 

F/(13c/3 - b) 

{d,G/dH)y 

{(^Cy ~ aV)l{SCy - SC) 

{S^mjS-aPV)l{H~B) 




f 


INDEX OF COEFFICIENTS 


Coefacient 

General Expression 

{clGldP)j, 

® (Ce - Cg) 

{dGldP)jj; 

C<t> - aV 

(dGIdP),,. 

® (C„ - Co) 

{dGldP)T 

~aV 

(dGldP)y 

<!)C[, - aV 

{dGldP)s 

® (Cg - Cg) 

(dGld^)E 

TO (Cp — Gq)I{Cp — Fj,) S 

{dG/d^hj 

T (1 - CO/aF) 

{dGld^)p 

TO/S' 

(dGld^)p 

aVTlSC^. 

(dGld^)y 

(TOC^ — aVT)jSyCy 

{dGJdT)p 

0 (1 — CgJCp) 

{dGldT)pr 

0 (1 - Cg/C) 

(dGldT)p 

0 

(dG/dT),, 

0 - flF/C„ 

{dGldT)y 

0 - aVjCy 

{dGfdT)s 

0 — aVdpjdt 

{dGIdV)^ 

am(Cp-Cg)ISC„{CE-Cy) 

{dGfdV)s 

a.m{C-Cg)/SCv{C-Cy) 

{dGldV)p 

aTO/*SC,, = 0 {dT/dV)p 

{dG/dV)„ 

am{ai-Cg)isc,^{c,-Cy) 

{dG/dV)T 

amCglSC^Cy 

{dHldE)z 

ij{dEjdn)z 

{dHjdG)z 

l/{dG/dH)z 

idHjdP)p 

S {Cp - C) 

{dHldP)g 

S{Cg-C) 

{dHldPl, 

aV 

{dHldP)p 

-SC 

{dHJdP)y 

S (Cy - C) 

{dI-IldP)s 

S{Cg-C) 

{dHld^)E 

T{Cp-C)l{Cp-C,) 

{dHld^)cf 

T(l-C'0/«F)/(l-Fi.O/aF) 

{dHld(i>)p 

T 

{dHjd^)p 

CTIC,, 

{dHjd^)y 

TiCy-C)l{Cy-C,) 

{dHjd(^)y 

T + aVTjSyCy 

ldHld^)s 

T + aVTfS {Cg - C.,) 


Value for Dry Steam 

ISacO/S.S' - aV \ ' 

{lSac/S-ab)(^/S~aV j 

3TO/13P - aV : 

-aV ) 

S,m/SP -aV ^ 

aV{T^/{H-st)-l) I 

T{V- l8c^/SS)l{V - b) ' , 

T (1 - C^jaV) 

T<^IS 

UaPVjSS 

T{S,miS-aPV)l{E-B) \ | 

0) - 8VS/1SC * ( 

(D - aV/C 1 ( 

® . 

$ - l8aPVl8T ! ( 

^-SaPV/SoT ( 

€)-(//- 5^/2^ ( ^ 

P(«F-C^O)/(F-&) F ( 

P{aV-m)/{V-10b/18) ' , 

18aP(^/8S ' I 

«P [aPVfRT) I 

See Reciprocals ( 

55 55 ^ 

ab ^ 

aVSI(b - SC 

aV ( 

— 18acl8 + ab ( 

{E - B)IP - 13«r - lOab ( 

SaVTj{E - si) - iSC ( 

- TbHV - 6) J 


13CP/8 

T {H - B)/{E - B) J' 

13r/10 + 8bT/{V - b) I 

(« 

(< 


525 


INDEX OF COEFFICIENTS 


Coefacient 

General Expression 

Value for Dry Steam 

{dl-I/dT)^ 

s{i~ qcj,) 

8hS]lSc 

{dHldT)(^ 

sii-qcg) 

S - 13cO/3F + b^jV 

{dHldT)p 

s 

No + ISOacP/QT 

{dEjdTl^ 

s (1 - qq) = av/q 

13flPF/3T 

{dBldT)y 

S(l~ CjCy) 

N (1 - SCPjSoT) 

(dHldT)s 

S {1 — Cdpjdt) 

S -SC {H - st)jaVT 

{dHldV)p 
{dII/dV)g , 

{Cp-C)IC^,{Cp-Cy) 

■ ^T{Cg~-C)IC^{Cg-Cy) 

- aPbjiV - b) 

{dHldV)p 

aTjC^ 

ISaPfS 

{dll/dVl, 

- aWTISyCyC., 

- 13aPF/lO {V -b) 

{dHldV)p 

{dTIIdV)s 

aTClGxfiy 

aT {Cs-C)IC„{Cs-Cy) 

aP (SCP/RT) 

{dPldX)z 

lj{dXJdP)z 

See Reciprocals 

{dQldE)^ 

Tl{dE/d^)z 

55 55 

{dQldG)z 

T/{dGld^)z 

55 5 5 

{dQldH)z 

TI{dHld^)z 

55 5 5 

(dQIdP)^ 

T {d<PldP)z 

See {d(PldP)z 

{dQ/d(p)^ 

T 

T 

{dQldT)p 

Sp = S{l- C„lCj,) 

-3S(V - &)/13c 

{dQldl\ 

Sg = Sil-C,ICg) 

N (1 - 3TO/13flPF) 

{dQ/d7% 

Sjj = S{1- C,,IC) = - aV/C 

-aVjC 

{dQldT)p 

Sp = SyCyj{Cy — C^,) 

13P/3 + ISOacPjQT 

{dQldT)y 

Sy = S{1- C„ICy) 

{E-B)S/SoT 

{dQ/dT)s 

Ss = s {1 - a,ics) 

S{l-3{H- st)ll3aPT 

{dQldV)y^ 

T {d<PjdV)z 

See {d(PldV)p 

{d<P/dE)z 

lj{dEld(p)z 

See Reciprocals 

{d(p/dG)y^ 

lj{dGld^^)z 

5 5 5 5 

{d,(PldII)z 


5 5 55 

{d(P/dPh 

{SIT) {Cp - C,) 

-a{V-b)IT 

(d(PldP)g 

{SjT) {Cg - C,) 

aVS/TCp - 3N/13P 

{dcPldP)p 

- aVjT 

- aV/T 

{d(PldP)p 

- SC,i,IT = - a {dVldT)p 

- 3N/13P 

{d(PldP)y 

SyCyjT = - fl {dVldl\ 

10a (F - b)jST 

(diP/dP)^ 

{SjT) (Cp-C,) 

aVS/iH - St) - SS/18P 

{d(P/dQ)^ 

1/T 

1/T 

{d(P/dT)z 

( 1 /T) {dqidT)y 

See Specific Heats 

{d(pjdV)p 

{d(p/dV)g 

a {Cp - C,,)/C,, {Cp - Cy) 
a{Cg-C,:)/C,{Cg-Cy) 

aP/T 
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Coefiacient 

(dfS>/dV)p 

{d^ldV)p 

(dt'ldF)f. 

{dTldE)z 

{dTjdG)^ 


llidEldr)^ 

llidG'ldV)^ 

iimidr)l 

- (SCJaT) (Cy - Cy.) 

- (SC,JaT) (Cy - Cg) 

- (SCJaT) (Cy - C) 

- (SCJaT) (Cy ~ C„) 

- (SCJaT)Cy 

- CyF/T ~ CySCjaT 

- (SCJaT) (Cy - Cs) 
ll(d(S>jdF}y. 

{SC.„/aT) (1 _ Cy/Cy.) 
(SC,./aT) (1 - CylCg) 
(SC,/aT) (1 - Cy/C) 
SCJaT 

VjT + SCjaT 

- GyCyjaX 

iSC,,/aT) (1 - Cy/Cg) 


Value for Dry Steam 

aPjT (1 - lOhjlQV) 
IQaPjST 
SaPjS^T 

See Reciprocals 

JJ 55 

” 55 

[■e 

See Specific Heats 
See Reciprocals 

55 55 

55 55 

55 55 

-{V - byp 

~ {V/P) {BTIaPV-nSlim) 

- (F - 106/13)/P 

- 10 (F - 5 )/isP 

- (F + c - h)IP 

~ RTjaP^ 

See Reciprocals 

~3S{V ~ b)ll8acP 
(SSIlSaP) (1 - *^0 m/aPVS) 

- (F - 10b/l3)/CP 
8Sjl3aP 

R/aP + lOc/ST 

- 10 (F - bysT 


General Expression 

« (c - c,,ya, (c - Cy) 

= fl {dPIclTl, 

a/Cy = a {dPldT)y 
® i^S (C^ — Cy) 

ll{dEldT)z 
llidG{dT)z 
llidllldT)^ 

See Cooling-Effects on first page 
TI{dQ/dT) 
llidVIdT), 


{dTjdll)^ 

{dTIdP)^ 

(dTym)^ 

(dTjdV)^ 

idVldE)z 

idVjdOz 

{dVIdPDz 

idVldP)z 

(dVIdP)^ 

(dVIdP),, 

{dVIdPl, 

{dVldP)^ 

{dVjdP)^ 

(dVIdP)^ 

{dvym)z 

{dVldT)y 

{dVjdT)^ 

{dVldT)Tr 

{dVldT)p 

idVldT)p 

(dVIdT),, 

{dV/dT), 


GENERAL INDEX 

The numbers refer to the 'pages. The letter T indicates 
a numerical table. 


Abbreviations and references, 3 
Absolute scale of temperature, 14 
Acceleration of steam, 254 
Adiabatic, compressibility, 431 
curves on diagram, 328, 473 
discharge through nozzle, 236 
elasticity, 432 

ocpiation for dry steam, 52, 229, 487 
expansion or flow, 210, 446 
empirical formulae, 212, 223 
index for steam, 15, 52 
heat-drop, 209, 475, T 518 
for wet saturated steam, 21 1 
for wet supersaturated, 230, 252 
Air, specific heat, 100, 496 
standard, 204 
-thermometer, 495 
Araagat, E. H., 89, 154 
Andrews, J. D., 154 
Ashcroft, Prof., 76 
Atmospheric pressure, 6 
Available energy, 287, 346, 352, 447 
Avogadro’s Law, 87 
Axial angle and velocity, 270 

Back-pressure, 128, 243, 267, 479 
Barnes, H. T., 11, 495 
Barometer, 6 
Battelli, A., 85, 195 
Baumann, K., 284, 310, 404 
Behn, A., 157, 187 
Blade-angle, 269 
-condensation, 417 
-height, 287 
-velocity, 268 
wing-, 380, 419 

Boiling-point, 6, 10, 155, 484, 495 
Boundary curve, 171, 174, 208 
Boyle’s Law, 54, 433 
Brake horse-power, 480, 481 
Brinkworth, H., 56, 101, 496 
British Thermal Unit, 7, 485 
Bubbles, ccpiilibrium of, 172 
By-pass, 413, 422 

C.G.S. system of units, 4 
Cailletet and Mathias, 156 
Calorie Centigrade, 7, 485 
Calorimeter, continuous electric, 12, 496 
steady flow, 24 
steam, 496 
throttling, 45 

Capillary pressure, 173, 239, 496 


Carbonic acid, COo, 153-194 
tables, 162, 179,' 186 
Carnot, S., 126, 465 
cycle, 127, 201 
function, 128, 466 
principle, 126, 458, 465 
Cell, Clark, 10, 36, 495 
Weston, 36 

Change of state, 336, 416 
Characteristic curve, 295, 318, 328 
equation, 53 
of steam, 56 
of COa, 164, 173, 184 
Clapeyron’s equation, 26, 129, 134, 468 
Clark cell, 10, 36, 495 
Clausius, R., 130, 178, 206, 454, 467 
Clearance leakage, 383 
Cloudy condensation, 239, 425 
Coaggregation volume, 56, 60, T 507 
Coefficient, of expansion, 429 
of performance, 195, 231 
of pressure, 434 

Compensated air-thermometer, 495 
Compensating leads, 53 
Compound wheels, 284 
Compressibility, 433 
Compression-ratio, 204, 212 
Condensation, 34, 417 
law of surface-, 44, 52, 495 
Conduction of heat, 496 
Conservation of energy, 20, 22, etc. 
Constants for steam, 15 
Consumption, 222, 274, 397 
Continuity of state, 170 
Continuous expansion, 295 
calorimetry, 10, 496 
Cooling-effect, 47, 62, 163, 439 
Correction for pressure, 399 
superheat, 310 
vacuum, 402 

Corresponding states, 198 
Covolume, 57, 168 
Critical pressure-ratio, 236, 266 
Critical relations, 180 
state, 153-200 
temperature, 39, 153 
Curtis wheels, 284 
Cut-off, 275, 480 
Cycles, ideal, 127, 201 
temperature , 495 
Cylinder condensation, 482, 495 

Dalby, Prof. W. E., 76, 482 
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Dalton, J., 128 

Davis, Prof. H. N., 72, 110, 113, 119, 
450, 460 
De Laval, 279 
Density, 5, 157, 484 
Diagram, entropy-, 207, 470 
indicator, 207, 469 
HlogP, 189, 328, 471 
MoUier, 470 

Diameter, rectilinear, 157 
of rotor, 292, 352, 378 
Dieterici, C., 11, 28, 34, 181 
Differential-calorimeter, 11, 54, 62, 76 
Differential coefficients, 428, 521 
Differential, exact, 184, 456 
Differential-gauge, 55, 76 
-thermometer, 11, 55 
Dimensional constants, 351, 377, 380, 
407, 419 

Discharge -angle, 271, 288, 354, 356, 419 
-constant, 351, 390 

Discharge through an “expansion,” 350, 
366, 372 

a nozzle, 233-267 
a turbine, 271, 390 

Discontinuous expansion, 295, 342, 355, 
370 

Discontinuity-correction, 339, 355, 367, 
375 

Distribution of pressure, 31 3,325,406-427 
Division of ■work, 312, 325 
Dodge, A. R., 75 
Drmdnovg'h.t -trials, 379 
Drop, of pressure, 287, 350 
to receiver, 382, 412, 422 
Drop of total heat, 1, 23, etc., T 518 
Drops, equilibrium of, 172,-239 
Dry steam, adiabatic, 52, 229 
entropy, 136, T 514 
potential, 141, T 516 
total heat, 59, T 510 
volume, 56, 59, 85, T 512 
Dryness-fraction, 134 
Dummy-leakage, 262, 422 

Ebullition, 172 

Efficiency, absolute, 128, 219, 478 
brake, 480, 481 
-constants, 352, 356 
kinetic, 274, 287 
mechanical, 480 
reaction-, 287 
relative, 221, 276 
stage-, 289, 296, 451 
Efficiency of, Carnot cycle, 131, 203 
conversion, 451 
constant V cycle, 203 
Rankine cycle, 219, 478 
Efficiency and superheat, 220, 261 
Efficiency-ratio, 222 
Elasticity, 433 
Electric calorimeter, 11, 496 
thermometers, 12, 52, 495 


Electromotive force, 11, 36, 495 
Encyclopaedia Briiannica, 3, 496 
Energy, available, 287, 352 
conservation of, 9, 20, etc. 
intrinsic, 17 
kinetic, 22, 233 
surface-, 182 
total, 22, 277 
Entropy, 131, 134, 458 
Entropy-diagram, 208, 470 
Entropy of dry steam, 136, T 514 
saturated, 135, T 498-503 
water, 134, T 498 
wet saturated, 135 
Equal division of work, 312 
Equilibrium of drops and bubbles, 172, 
239 

Equivalent of heat, 9 
Equivalent number of stages, 378 
Ewing, Sir J. A., 44 
Exact differential, 184, 456 
“Expansion” of N stages, 286, 350 
Expansion, adiabatic, 210 
continuous, 295 
incomplete, 478 
isothermal, 230 
Expansion-coefficient, 429 
-curve, 318, 328 
-ratio, 212, 383, 480 
Extrapolation to 374° 0., 39, 81, T 196 

E.P.C., E.P.E., systems, 4, 484 
Factor, reduction, 4, 18, 484 
reheat, 300, 303 
integrating, 458 
Fairbairn and Tate, 85 
Fan-action, 291 

Feed-pump work, 30, 209, 220, 478 
First law, 22, 132, 201, 442 
Flow, adiabatic, 210, 252 
/ constant, 297 
isen tropic, 213, 235, 363 
isothermal, 230 
steady, 22, 276 
mass-, 222, 234, 275 
Flow through, an “expansion,” 286, 350 
a nozzle, 235 
a turbine, 268 
Friction, 296, 444 
blade-, 281 
nozzle-, 243, 253 
turbine-, 276 
wheel-, 281, 291 
Fraction, dryness-, 135 
Function, Carnot-, 128 
Gibbs-, 140 
Fusion, 496 

Gas, adiabatic of, 234 
perfect and pluperfect, 88, 93 
specific heats of, 129, 496 
Gas-constant, 15, 91 
•engine, 203 
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Gas-thermometer, 14, 130, 495 
Gauge-pressure, 6 
Gibbs, J. Willard, 141 
Gibbs’ function, 140, 488 
Gray, J. MacFarlane, 25, 43 
Griessmann, 70 
Griffiths, E. H., 10, 34 
Griffiths, Ezer, 35 
Grindley, C. H., 44, 68 

H log P diagram, 189, 471 
IPb diagram, 189, 470 
Heat, Article, 496 
latent, 15, 38, 96, T 196, T 498 
-engine, 126 
equivalent, 9, 18, etc. 
specific, 15, 42, 45, 98, 496 
total, 19, 24, 29, etc. 
units of, 7 

Heat-drop, 209, 475, T 518 
loss of, 257 
in steady flow, 23 
subdivision of, 321 
Henning, H., 36, 95, 99, 142 
Him, G. A., 168 
Holborn, L., 99, 142, 152, 197 
Horse-power, 222, 427, 480 

Ico molecules, 27 
Ideal cycles, 126, 201 
.[deal gas or vapour, 42, 130 
.1 mpulse and reaction, 268 
Impulse turbine, 269, 321-349 
Incomplete expansion, 478 
Index, adiabatic, 52 
Index of symbols, 1 
Indicated power, 222, 479 
Indicator diagram, 208, 469 
Initial and final states, 3 
Institution of Civil Engineers, 204 
Integrating factor, 458 
Integration of H, 4q and E, 460 
Internal or intrinsic energy, 17, 58, 165, 
T498 

Internal combustion engine, 204 
International Commission on Symbols, 

Interpolation, 146, 213, 218, 431, 434, 
450, 494 

Iflcntropic expansion, 209, 447 
Isotliermal, expansion or flow, 230 
curve.s, 174, 192, 475 
elasticity, 432 

Jakob, M., 104, 108, 114 
Jaquays, H. Mi, 63 

Jcnkin and Pye, 155, 158, 164, 169, 193 
Joly, Prof. J.; 34, 163, 167 
Joule, J. P., 9, 22, 50, 130 
J oule-Thomson effect, 47, 62, 79 

K.M.C. system of units, 3, 484 
Kelvin, Lord, sea Thomson 


Kilowatt, 282, 489 
Kinetic, efficiency, 274, 287 
energy, 22, 233 
King, R. 0., 11, 496 
Kirchhoff, G., 42, 47 
Knoblauch, Prof. 0., 88, 101, 123, 142 
Kuenen and Robson, 155, 187 

Labyrinth pacldng, 264 
Latent heat, of CO 2 , 158, 186 
of compression, 455 
of steam, 15, 96, T 196, T 498 
Tbiesen’s formula, 39, 112, 196 
Laval, G. de, 279 
Law of, Avogadro, 87 
Boyle, 54, 154, 433 
condensation of steam, 44, 52, 246, 
495 

conservation of energy, 22, 126, 442 
corresponding states, 198 
pressure distribution, 408 
rectilinear cUameter, 157 
thermodynamics, 22, 126, 201, 442 , 
463, 466 

Leakage-clearance, 383 
dummy-, 264, 422 
-losses, 482 
valve-, 482, 495 
Leaving-loss, 274, 281 
Limiting, discharge, 235, 363, 372, 394 
supersaturation, 246, 425 
surface condensation, 417, 495 
Linde’s equation, 90, 97, 105, 114, 122 
Liidin, 8 

MacFarlane Gray, J., 25, 43 
Makower, W., 56, 99 
Marks, Prof. L. S., Ill, 450 
Marine turbine, 273, 276, 351, 379 
Martin, H. M., 249, 265, 302, 362 
Mass-flow, 222, 234, 271 
Mauretania, 276, 351, 406 
Maximum MjX for, “expansion,” 372 
labyrinth, 264 
nozzle, 235 
turbine. 394 
Maxwell, J. C., 175, 248 
Mean specific heat, 123, 163 
Thermal Unit, 7, 485 
Mechanical efficiency, 480 
equivalent, 9 

Mellanby, Prof. A. L., 245 

Missing quantity, 482 

Molecular weight, 15 

Mollier, Prof. R., 28, 70, 189, 470 

Mollier, K., 101, 123 

Moorby, W. H., 10 

Motive power, 126 

Multistage turbine, 285 

Munich experiments, 88, 101, 143 

Nicolson, Prof. J. T., 44, 56, 495 
Non- condensing turbine, 396 
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Notation, international, 1 
Nozzle, discliarge of, 235 
expanding, 241 
friction of, 242 
steady flow, 22, 49G 
Stodola’s, 254 
throat of, 235 

Nucleus for condensation, 239 
Number of stages, 286, 378 

Osmotic pressure, 496 

P-T diagram, 48, 65, 68 
P-V diagram, 208, 469 
Parsons, Hon. A. C., 270 
Partial differential coefficients, 3, 428, 
521 

Peabody, Prof. C. H., 43, 450 
Peake, A. H., 70 

Perfect or pluperfect gas, 42, 88, 97 
Performance, coefficient of, 195, 231 
Perry, Prof. J., 42 
Planck, Dr M., 112 
Platinum thermometer, 14, 52, 495 
Power-consumption line, 274, 282 
Potential, thermodynamic, 140, 213, 

230, 467 

Pressure, -coefficient, 54, 164, 180, 434 
-correction, 260, 390 
-distribution, 314. 406 
-drop, 287, 350, 377 
observations of, 408 
saturation-, 137, 146, 151, 155, 186, 
198 

Pump, feed-, 209, 220 

Q, quantity of heat, 20, 296, 455 
external loss or gain, 63, 277, 445 
frictional loss, 296, 445 

Eanldne, Prof. W. J. M., 130, 150, 164 
Rankine cycle, 205, 208 
Ranlcine’s equation, 164 
Ratio, efficiency-, 221 
expansion-, 212, 480 
pressure-, 266 
Reaction turbine, 270 
Reaction-efficiency, 287 
Receiver-drop, 381, 412, 422 
Reciprocating engine, 24, 478-482 
Recovery from supersaturation, 415, 
' 424 

Rectilinear diameter, 157 
Reduction factors, 5, 18, 398, 484 
References, 3, 495 
Refrigeration cycle, 193, 231 
Regnault, V., 8, 27, 31, 42, 87, 101, 143, 
155 

Regulation by throttling, 282, 348, 481 
Reheat factor, 300, 303 
Relations, between coefficients, 435 
thermod 5 mamical, 428, 463 
Relative efficiency, 221, 276 


Reversible cycle, 127 
Reynolds, Prof. 0., 10, 42, 70, 235 
Rotor of turbine, 380 
Rowland, Prof. H. A., 9, 114 

80, 50, 58, T 498, T 520 
Saturation-pressure, 137, 142, 155, 

T 196, T 499-505 
Saturation specific heat, 135, 453 
Saturation-volume, 150, 183, T 499- 
503, T 506 

Scale of temperature, absolute, 14, 130, 
496 

platinum, 14, 495 
Schuster and Gannon, 10 
Second law, 112, 126, 143, 201, 463, 465 
Shaft horse-power, 277, 427 
Smith, A. W., 36 
Sound, velocity of, 235, 363 
Specific heat of, air, 99, 496 
carbonic acid, 162, 169, 188, 496 
steam, 15, 42, 45, 98, 103, 452, 493 
water, 8, 13, 454 

Specific heats at constant P and V, 20, 
441 

difference of, 53, 129, 442, 463 
ratio of, 129, 442 
Specific volume, see Volume 
Speed and power, 272 
Speed-ratio and efficiency, 290 
Speed, variation of, 290, 360, 396 
Stage of expansion, 285, 287 
Stage -efficiency, 289, 296, 451 
State, change of, 336, 416 
continuity of, 170 
Steady flow, 22, 234, 275 
Steam, see Entropy, Latent Heat, 
Specific Heat, Total Heat, Volume 
Steam-speed, 268, 378 
Steam Tables, 498-520 
Step-by-step method, 118, 369, 386 
Stodola, Prof., 254, etc. 

Superheat, 219, 261, 305, 332, 401, 
493 

Supersaturation, 238, 246, 260, 307, 496 
limit, 248, 307, 334, 387, 425 
Surface-condensation, 417, 495 
Surface-energy, 182 
Surface-tension, 182, 239 
Swann, W. E. G., 99, 163, 496 
Symbols, index of, 1 
Systems of units, 4, 484 

P# diagram, 208, 470 
Temperature scales, 14 
Temperature-cycles in cylinder, 495 
Theorem, Maxwell’s, 175 
Thermal efficiency, see Efficiency 
units, 7 

Thermodynamical, correction, 14, 496 
potential, 140, 213, 230, 467, T 499- 
503, T 509, T 516 
properties of gases, 495-6 
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TliormodyneT,mical, relations, 435, 463, 

466 


scale, 130, 496 
Tliermoelectricity, 496 
Tliennomaters, 8, 14, 52, 145, 495 
Thiesen, M., 39, 112, 143, 158 
Tliomas, Prof. Carl C., 106, 108 
Thomson, Prof. James, 172 
Thomson, Sir W. (Kelvin), 47, 79', 1 65, 467 
Throat of nozzle, 235, 242, 254 
Throttle, 22, 45, 64, 264, 496 
Throttling, calorimeter, 43, 45, 55, 64 
regulation by, 275, 282, 348, 481 
Tip-leakage, 383 
Total energy, 19, 22, 276 
Total ]ieat,'l9, 124, 438, 444, 456 
of COa, 160, 169, 188 
of dry steam, 59, T 64, T 510 
at saturation, 29, 46, 109, 122, T 499- 
503, T 508 

^ of water, 21, 24, 135, 196, 496, T 498 
Traube and. Teiclmor, 39 
'.briatomic gas, 198 
Tumlirz, 6() 

O’urbino, Be Laval, 279 
impulse, 2(59, 285, 321 
reaction, 270, 350 
niarino, 276, 352, 379 
Turbo-oleofcric generators, 281 

Units of heat, etc., 7, 484 

Vacuum-corroction, 402 
Valvo-lcakago, 482, 495 
Van dor Waals, Prof. J. D., 173, 198 
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Vapour-pressure, 239, 496 
Variation of, E.M.P. of Clark ceU, 495 
pressure, 364, 390, 401 
speed, 290, 360, 396 
specific heat of water, 8, 13, 454, 496 
Velocity and heat-drop, 23, 231 
Velocity- compounded wheels, 284 
Velocity-head, 260 

Velocity-ratio, 269, 288, 290, 342, 353. 
396, 415 

Volume, coaggregation-, 56, 165, T 507 
of carbonic acid, 157, 183, T 162, 186 
of steam, 85, 150, 196, 211, T 506 
T512 

of water, 195, T 196, T 498 

Water, see Entropy, Specific Heat, Total 
Heat, Volume 
Watt, James, 128 
Watt-second or joule, 10 
Weddle’s rule, 449 
Weston cell, 36 

Wetness of steam by throttling, 43, 64 
Wheel-friction, 291 
WiUans, 30, 275, 282 
Wilson, C. T. R., 239, 248, 425 
Wing-blades, 380, 419 
Work, 7, 9, 18, 20, etc. 
of feed-pump, 30, 209, 220 
of vaporisation, 176, T 498 
Working-fluid, 127, 203 

Zeleny and Smith, 165 
Zero absolute, 15 

Zeuner, 43, 65, 86, 212, 225, 237, 488 
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